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Radiative Transfer in Packed
Fluidized Beds: Dependent Versus

M. Q. Brewster

C. L. Tien
Fellow ASME
Department of Mechanical Engineering,

University of California,
Berkeley, Calif. 94720

Independent Scattering

Experimental measurements are compared with theoretical predictions for radiative
transfer in suspensions of 11.0 u dia Dow latex particles using 0.6328 y He-Ne laser
light. Both absorbing and nonabsorbing particles are studied with particle volume
Jraction ranging from 0.01 to 0.7 (close-packed). Predictions based on the classical
assumptions that particles act as independent point scatterers are shown to give
close agreement with experimental data even for close-packed conditions, as long as

the interparticle clearance is greater than about 0.3 wavelengths. Evidence is
presented indicating that interparticle spacing measured in wavelengths is the most
critical parameter to gauge the importance of dependent scattering and that high
particle concentration alone is no indication that scattering is dependent. The
results have direct application to the design of packed/fluidized bed systems
wherein thermal radiation is a significant heat transfer mode.

Introduction

Many modern technologies and industrial processes utilize
packed and fluidized beds of particles which operate at
temperatures high enough or pressures low enough that
thermal radiation is a significant mechanism of heat transfer.
Among these are coal combustors, chemical reactors, and
cryogenic microsphere insulations. Since these systems are
characterized by relatively high particle concentrations, the
unresolved issue of dependent versus independent scattering
of radiation [1-3] has consistently hampered their design and
optimization, which could result in substantial energy savings.

The classical theory of radiative transfer in particulate
media is based on the assumption that the particles are
separated by very large distances (relative to the particle
diameter) and therefore act as independent point scatterers
(Fig. 1(a)). Hence, the Mie solution [1, 2] for scattering by a
single homogeneous sphere can be employed to define the
radiative properties-in the transfer theory. Dependent scat-
tering, on the other hand, is said to occur when the particle
spacing becomes so small that the interaction of individual
particles with radiation begins to be influenced by the close
proximity of neighboring particles (Fig. 1(b)). Under these
circumstances, a rigorous analysis utilizing electromagnetic
theory (comparable to the Mie theory) is not feasible.
Nevertheless, it is still of prime importance from both fun-
damental and practical viewpoints to be able to characterize
the limit(s) of independent scattering theory and thereby be
able to predict under what conditions dependent scattering
will be appreciable.

Initially, the limit of independent theory was suggested as
occurring at some maximum value of the particle con-
centration or particle volume fraction, f,, which is also
equivalent to 8/d, the ratio of center-to-center particle spacing
to diameter. The two can be related by the formula for a
rhombohedral array, which gives the maximum concentration
for a given spacing, 6/d =0.905/f,'*. Thus, tentative limiting
values ranging from f, =0.05. to 0.30 (or 6/d=2.5 to 1.3)
were put forth [4-7]. Since the value of f, (typically 0.3-0.6)
in packed and fluidized beds nearly always exceeds these
limits, the occurrence of dependent scattering in
packed/fluidized beds has been a foregone conclusion [8].
Subsequently, in an important step forward, the particle
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(b)

Schematic illustrations of (a) independent and (b) dependent
multiple scattering

Fig. 1

spacing measured in wavelengths, ¢/\, was also employed to
correlate dependent scattering effects. Using multiple
wavelengths, particle sizes, and concentrations, so that a
range of values for 6/d and c¢/A could be tested ex-
perimentally, Hottel et al. [9] found that dependent scattering
effects were actually better correlated by ¢/A than 6/d (or f,).
Furthermore, the values f,=0.27 (6/d=1.4) and ¢/A=0.3
were suggested as simultaneous limits of independent theory
{9, 10].

The preceding experimental studies collectively suffer two
limitations. First, only nonabsorbing particles have been
tested. Second, and more important, particle diameters have
been restricted to the neighborhood of 1 x or less, placing the
particle size parameter x( = wd/\), in the so-called Mie range
(x~1). By testing only particles in the Mie range it is difficult
to establish sufficiently wide ranges of f, (or 6/d) and c¢/\ to
assess their relative roles in the occurrence of dependent
scattering independently.

In this paper, results are presented of both experimental
and theoretical studies of radiative transfer among closely
spaced, uniform spheres. Large particles (x> >1) are em-
phasized (/) to simulate typical radiative conditions in
packed/fluidized beds and (i) to allow further independent
testing of the relative roles of f, and ¢/\ in the phenomenon
of dependent scattering, which has not been possible in
previous studies using smaller particles. Both absorbing and
nonabsorbing particles are considered and the particle spacing
is varied from the independent regime (f, <0.1) to packed
conditions (f, =0.7). For theoretical predictions, independent
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Fig.2 Experimental apparatus

scattering is assumed, and, to the extent that extraneous
sources of error have been minimized, discrepancies between
experimental and theoretical results are taken as indicative of
the occurrence of dependent scattering.

Experimental System

Rectangular spectrophotometer cells (1 cm by S cm) with
pathlength ranging from 0.1 mm to 1.0 mm were filled with
aqueous suspensions of polydivinyl benzene particles
manufactured by Dow Chemical Company. The mean
particle diameter, as measured by a scanning electron
microscope, was 11.15 u, with a standard deviation of 1.66 u.
These particles, which are nonabsorbing to visible light, were
made absorbing by a dyeing process which implanted blue dye
deeply and uniformly in the particles. While the refractive
index of the undyed particles is well-known (approximately
1.6 in air and 1.2 in water at visible wavelengths) the complex
component introduced by dyeing had to be determined ex-
perimentally, This was done by making transmission
measurements on dye solutions which had the same con-
centration of dye as the solution used to color the particles,
assuming that the concentration in the particles reached the
equilibrium value of the solution. The real part of the
refractive index was assumed to remain unchanged.

A He-Ne laser beam (circularly polarized with wavelength
0.6328 u) was directed normally at the cell (Fig. 2). The

photomultiplier tube mounted on an optical rail which was
made to pivot in a circular arc with the test cell at the center.
Thereby, the azimuthally symmetric radiation field could be
measured by traversing a single plane. The diameter of the
incident beam was made at least five times larger than the test
cell pathlength in order to approximate a one-dimensional
plane-parallel medium. Details of the equipment may be
found in [11].

Analysis

For analysis, the medium is treated as a pseudo-continuum
(Fig. 1(g)). An energy balance on a beam of radiation with
intensity 7 traversing a plane-parallel one-dimensional
elemental volume Ax in the direction u, results in the transfer
equation [11, 12]!

ol (x,
w2 (o) + att
1!
+ 2| ot pGun M

which must be supplemented by the scattering coefficient, o,
the absorption coefficient, a, and the scattering phase func-
tion, p. Strictly speaking, o, a, and p are properties of Ax
which is mathematically passed to the limit Ax—0. In order to
express g, , and p in terms of the corresponding properties of

Upolarization effects, which have been shown to be negligible at sufficiently

scattered light was measured using an RCA-4526 largeoptical thicknesses (7y = 1) [9] are ignored.
Nomenclature
No = wavelength of radiation in
a = absorption coefficient R = bi-directional reflectance, vacuum
b = collimated back-scatter wI(0,w)/ 1, u = cos 8, also micron
fraction T = bi-directional transmittance, o = scattering coefficient
B = diffuse back-scatter fraction wl (7o,)/ I 7 = optical depth, (s+a)x
¢ = inter-particle clearance, 6-d Xx = particle size parameter, 10 = (c+a)l
C = cross-section factor wd/\ or slab coordinate Y = azimuthal angle of slab
d = particle diameter Ax = elemental slab volume w = single scattering albedo,
S, = particle volume fraction & = center-to-center particle o/ (o+a)
i =+=1 spacing .
I = intensity, watts/sr cm2p € = emissivity Subscripts
I, = incident intensity, watts/ © = particle scattering angle eff = effective quantity
cm?y, ' from incidence N = monochromatic
L = slab thickness 6 = polar angle of slab e,s,a = extinction, scattering,
n = real part of refractive index, - x = imaginary part of refractive absorption
A=n-—ik index, i=n—ix a,w,g = air, water, glass
p = scattering phase function A = wavelength of radiation u = unscattered
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the particles in Ax, it is necessary to assume that they act as
independent point scatterers (f, < <1). Assuming a
monodispersion of spherical particles, the radiative properties
can then be expressed as [3]

o=CN=1.5Q, f,/d (2a)
a=C,N=1.5Q, f,/d (2b)

1 27
POy == | (Ot 91y @0)

where N is the particle number density, C,, are the single
scattering and absorption cross sections, Q;, the corre-
sponding efficiencies, and p(©) is the single scattering phase
function. The single scatter properties Q;, Q,, and p(6) are
given by either the laws of geometric optics (x> >1) or the
Mie equations (x ~ 1). (See [1] or [2] for a complete treatment
of single scattering.) Regarding the assumption of
monodispersity, it should be noted that this assumption does
not greatly affect the accuracy of the theoretical results due to
the fact that at large values of x, the scattering properties are
relatively constant. The same, of course, would not be true
for particles in the Mie range where scattering properties are
very strong functions of the assumed mean particle diameter,
The solution of the transfer equation, modified to account
for Fresnel reflection at the boundaries by the glass slides,
follows closely the development of [13] using the method of

Journal of Heat Transfer

discrete ordinates and is outlined adequately in that work.
However, special treatment of the phase function was
necessary due to the extreme forward scattering for large
particles (see the Appendix).

Discussion of Results

To test the importance of particle concentration f, in the
occurrence of dependent scattering, a set of experiments was
devised in which f, was varied from a very low value
(f, =0.07), indisputably in the independent scattering regime,
to the maximum value (f, =0.7) occurring at close-packed
conditions. As the value of f, was increased, the test cell
pathlength was proportionately decreased to keep the optical
depth 7, constant. Thereby, each set of experimental data
corresponded to only one independent scattering theoretical
curve. Those results are presented in Fig. 3 for nonabsorbing
spheres and Fig. 4 for absorbing spheres. As can be seen,
dependent scattering effects are plainly absent, even at close-
packed conditions. It should also be pointed out, though, that
due to the relatively large particle diameter
(d=11.154,x=73.7), smallest value of wavelength spacing
parameter ¢/\ (occurring at f, =0.7) was 0.45, well above
Hottel’s recommended critical value of 0.3.

A contrasting situation is presented in Fig. 5, where smaller
particles (d=0.10 p) were tested and therefore lower values of

NOVEMBER 1982, Vol. 104/ 575
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¢/ could be achieved. Notice that the data represented by
circles in Fig. 5 for ¢/A=0.2 readily exhibit dependent
scattering effects even though the value of f, is only 0.1, while
the data corresponding to ¢/A=0.49 evidence no significant
departure from independent scattering theory. Further tests
using large particles confirmed the use of ¢/A=0.3 as a
criterion for determining the onset of dependent scattering.

In Fig. 6 the particles were allowed to settle (f, =0.7) and ’

the water evaporate so that the surrounding fluid matrix was
air. In air, since the speed of light is greater, the value of ¢/A
decreased from 0.45 (for the water matrix) to 0.34. Yet,
within experimental error, the independent assumption was
still found to be valid. Figures 7 and 8 also present similar
results for dyed particles, demonstrating the effect of ab-
sorption.

Comparison with Packed Bed Studies

The results of this investigation indicate that if particle
clearance exceeds 0.3 wavelengths, dependent scattering is
negligible. A comparative study was made to determine if this
conclusion is supported by previous investigations of
radiation in packed beds. Comparison with the theoretical
study of Chan and Tien [8], which assumed a cubic lattice
arrangement of the particles in order to calculate the radiative
properties, revealed that while general trends with varying
particle emmissivity, etc., were similar, the corresponding
transmitted and reflected energy fluxes from a slab of par-

576/ Vol. 104, NOVEMBER 1982

ticles were different by as much as an order of magnitude.
This discrepancy, however, could very well be due to their
assumption of a cubic particle array, since they reported
substantial disagreement between their own predictions and
experimental results of Chen and Churchill [14] anyway.

In the experimental vein, the most suitable work for
comparison here is that of Chen and Churchill [14] because it
appears to be the only experimental study in which radiation
has been completely separated from the conduction con-
tribution. Using the familiar two-flux model and properties as
outlined in the Appendix, results of independent scattering
theory are compared in Fig. 9 with Chen and Churchill’s
experimental results for both glass and steel spheres. Con-
sidering the uncertainty in the particle properties, especially
for the steel spheres, the agreement seen in Fig. 9 is very
encouraging,.

Independent scattering theory was also compared with the
numerous conduction-radiation cell models reviewed by
Vortmeyer [15], which utilize an effective radiative con-
ductivity, k,, and found to consistently predict high values of
k.. This is not seen, however, as a contradiction to the in-
dependent scattering assumption. for the reason that when
conduction is also present, it is'a very difficult and complex
problem to distinguish between what is radiative heat flux and
what is conductive heat flux. For example, at very high
temperatures, most of the heat conducted through a particle
will be radiated from the back side to the next particle. It is

Transactions of the ASME
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Fig.9 Comparison of independent scattering theory with experiments

of Chen and Churchhill [14]
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mainly a matter of choice whether that heat flux is called
radiative or conductive since it is actually both modes in
series. The important point is that independent scattering
theory accounts for it as radiative flux (through the assump-
tion of local thermodynamic equilibrium) while conduction-
radiation cell models either include it in the conduction
contribution or obscure the issue. Therefpre, theoretical
predictions of k, are understandably larger than those of cell
models. More work is still needed in the area of design and
analysis of practical packed/fluidized beds to unravel the
complicated coupling between radiation, conduction, and
convection of heat in those systems.

The findings of this study can be usefully displayed as in
Fig. 10, where the particle size parameter x is plotted verses f,
and the approximate domains of different radiative scattering
systems included. The curve ¢/A=0.3 demarcates the in-
dependent scattering regime (c/A>0.3) from the dependent
regime (¢/X<0.3) and is given by the equation

B (c> £ c
=N/ 0905—f,% " N

where use has been made of the rhombohedral correlation for
random particle spacing. Various limits of independent
scattering, as reported by other investigators, are also in-
cluded in Fig. 10. Notice that these points (excluding the
present work) tend to cluster around values of x between 1 and
10, such that the variation among the different values of f, at
which dependent effects were noticed might easily be in-
terpreted as being within the realm of experimental error. This
leads to the erroneous conclusion that the approximate
condition 0.1<f,<0.3 marks the limit of independent
scattering. If such were the case, packed and fluidized beds
would certainly fall in the dependent regime. However, by
extending the range of values of x which were tested ex-
perimentally, it has been shown here that the domain of
packed and fluidized beds, for the most part, actually falls
well in the independent scattering regime.

=0.3 3)

Summary and Conclusions

The classical theory of independent multiple scattering
actually incorporates two distinct assumptions: (f) the par-
ticles act as point scatterers in that distances separating the
particles are much greater than .the particle dimensions,
(0/d>>1 or f,< <1) and (i) the interaction of individual
particles with incident radiation is independent of, that is,
uninfluenced by, the presence of neighboring particles
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(¢/A> >1). With this in mind, it would therefore seem logical
that the domain of validity of the independent scattering
theory be defined in terms of two separate criteria, namely, f,,
less than some critical value of ¢/\ greater than some critical
value. The interesting result of experimental investigation,
however, is that ¢/\ alone monitors the onset of dependent
scattering (¢/A~0.3) and that f, (or §/d) is irrelevant in-
dicating that the point geometry assumption (/) is only an
artifice in the derivation of the theory and not crucial to its
application or validity.

The implications of these results for the design and analysis
of packed and fluidized beds are far-reaching and only yet in
the initial stages of being explored. Since most
packed/fluidized beds systems of engineering interest fall in
the independent scattering regime, radiative transfer in such
systems can now be calculated with confidence using only first
principles and fundamental optical properties. For those
systems, such as cryogenic microsphere insulations, which
exhibit dependent scattering, it is recommended to use the
empirical correlation of Hottel et al. [9]

log;0l0g10(Qs/ Qs ) =0.25 - 5.1(c/N)

to calculate an effective dependent scattering efficiency, Qs .
And for the absorption efficiency and phase function,
although there is yet no experimental justification, it is
recommended to simply retain the single scatter quantities
because in the limit, as close-packed particles are compressed
and form a homogeneous medium, it is only the scattering
property which is lost — the absorbing nature of the material,
if present initially in the particles, still remains.
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APPENDIX

Due to large size of the particles used in this study, the
phase function could not be represented by a series of
Legendre polynominals with a reasonable number of terms as
is customarily done in the case of smaller particles, and thus
the integration of p(©) over azimuthal angle y could not be
avoided. (Note that O, the scattering angle of a single particle
is not # the polar angle of the plane-parallel geometry).
Therefore integrating over the appropriate limits,

Pun)= — | plOGuw' )1 dy (A
where
cosO=pp’ +(1 —p?)* (1 —p' )" cos(y—y") (A2)
gives
1 (%
P = |,
»(0)sinbdo
[(1 =1 = p'?)— (cosO — pp')*] " A3
with
cosOg =pu’ +(1 —pu?)" (1 —p' 1% (A4)
and
cosO, =pup’ —(1-u®) 1 —-p'?)” (A5)

Because the denominator of the integrand in (A3) goes to zero
at the bounds (A4) and (AS), ordinary numerical integration
was impractical. Instead the integral was performed
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analytically over each small interval A© assuming p(0) to be
constant over the interval. The use of one degree intervals
resuited in sufficiently accurate representation of p(u,u’).

The Two-Flux Model

Based on the assumption of semi-isotropic intensities, £+

and I, the familiar two-flux equations
dr+ i o
— =—(g+al* +al (A6)
dx
dl~
—E=~(a+d)1~+61+ (A7)

with boundary conditions I* (0) = 1, I~ (L) =0, result in the
expressions for transmittance (7) and reflectance (R).
- 26
(1 + B2)sinA(yL) + 2Bcosh(yL)

_ (1 - 6)sink(xL)

"~ (1 + B?)sinA(yL) +2Bcosh(yL)
where 8= [@/(@+2)]", y=[a(d@+25)]", d=2a, =200, and
B=1/28} {%, p{u,n’) du’ is the back-scatter fraction.

For large opaque spheres the efficiency factors are [3]
Q. =€\, Qs =1—¢, and the phase function is p(8) =1 (giving
B=0.5) of the spheres are specularly reflecting and the
specular reflectivity is assumed uniform with direction, and

(A8)

(A9)

8
p(0)= — (sin® — OcosO)
In

(giving B=0.667) if the spheres reflect diffusely.

For large transparent spheres the absorption and scattering
efficiencies can, of course, be taken as zero and one,
respectively, while the phase function must be determined by
ray tracing (see [1] or [11]).

In the examples cited in the text the following properties
were assumed,

Steel spheres: e, = 0.4, 0<A<oo, diffusely reflecting

Glass spheres: ¢, 0.03,
€\ = 0.9 N

The fact that absorption is so small for the glass spheres
below 2.7 p allows the phase function to be calculated as for
transparent sphere in that region. Assuming a real refractive
index of n=1.5 resulted in B=0.265 for that wavelength
region.

0<A<2.7u, smooth transparent

2.7u< A<, specularly reflecting
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Transfer With Scattering

Radiative heat transfer in an isotropically scattering and nongray absorbing planar
medium is investigated. General wide-band absorption quantities, including the
effects of gray absorption and scattering by the scattering components and nongray
absorption by the gaseous components, are considered. Analysis for the reflection,

transmission, and emission from isothermal layers is presented. Numerical
calculations are presented for the wide-band absorption quantities in the high-
pressure limit. The effects of the scattering and absorption properties on the wide
band absorption quantities are discussed.

introduction

Radiative heat transfer in many practical engineering
situations must include general nongray absorption by the
gaseous constituents and scattering by the particulates. Many
radiation calculations neglect scattering, which is an accurate
assumption when the characteristic length of the scattering
components is small relative to the dominant wavelengths.
The emphasis of the problem is then placed on the spectral
dependence of the absorbing components. The other limit in
radiation calculations is the situation of dominant scattering
where the absorption can be. neglected or considered in-
dependent of wavelength over a spectral interval. The
equation of transfer including all scattering contributions
must then be solved for the particular geometry in question.
This work considers the effects of nongray absorption by
molecular gases and isotropic scattering.

The basic method is solving radiative heat transfer
problems where there are rapid changes in the absorption
spectra and significant scattering contributions is to solve the
equation of transfer for each wave number and integrate over
all wave numbers. Generally, the absorption spectra of the
gases are divided into a number of spectral intervals and the
solution to the equation of transfer is obtained for the
specified absorption coefficient and scattering properties
[1-3]. The solution to the equation of transfer is valid for
these specific properites and must be repeated for each set of
radiative properties in each spectral interval. An alternate
approach is to determine all the possible path lengths of
photon travel and use these photon path lengths to include
absorption [4]. This last approach can easily include any
nongray absorption yet requires the solution for the
distribution of photon path lengths.

Radiative heat transfer in a planar medium with ex-
ponential wide-band absorption has been investigated by
Edwards [5, 6]. The usefulness of the slab-band absorptance
for molecular gas radiation without scattering is clearly
demonstrated. The objective of this paper is to consider the
effects of scattering and molecular gas radiation for a plane
parallel layer. Numerical solutions are presented for the
radiative heat flux and intensities.

Formulation

The planar medium investigated is an isothermal
homogeneous layer at 7T, which scatters isotropically and

Contributed by the Heat Transfer Division for publication in the JOURNAL oF
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absorbs spectrally. The absorption and scattering by the
scattering constituents are independent of wave number or
gray, and the molecular gas absorption is banded. Blackbody
radiation at a temperature 7 is incident at k=0, and the
boundary at k=, is transparent. The resulting expressions
for the intensities for this isothermal medium are [7]

i (ko) =l (T)e™ 7k +(1—w,)i,y (To)(1—e™ ")
_S v GV(Ky) _(K — )l‘ dK,, (la)
2o 27 P
i7 (ks = 1) = (L= 0,0y (To)[1 — €~ o2 ~0)]
* 5 SKI’L GV(K"‘—yl)e_(“vl_“v)/#ﬁ (1b)
2 Ky 21 u

where the average incident intensity is G,(x,)=27 fL,
i,(k,,u")du’. The solution for the intensity is completed with
the expression for the average incident intensity. From the
definition of G, (x,), the governing equation is

G,(x,)
27

wv)ivb(TO) *

[2 - Es(k,) = Ex(x,, — k)]

=i, (T)E (k) + (1 -

S SO”L G g (e, — ! Dk, @)

2 2T

The preceding expressions include the spectral variation of all
the constituents within the medium. The positive and negative
heat flux, g, («,) and q; («,), are determined dlrectly from the
intensities.

Total expressions for the intensity and heat flux are ob-
tained by integrating the above equations over all wave
numbers. The scattering constituents with gray extinction
have an optical depth denoted as kg[=(ag+ 0)y] and a single
scattering albedo denoted as wg[=0/(ag+ a)]. The in-
corporation of the spectral gaseous absorption is denoted with
a subscript, », and is included through v (= /(a5 + 0)). Note
that the optical depth including gaseous and particulate
constituents is k, = k(1 ++) and the albedo is w, = wg/(1 + 7).
The total intensity and heat flux are represented by i* (xg, u,
KsL, ws, ) and qF(xg, x5, wg, ¥), respectively, where the
dependences are explicitly denoted. The gray absorption and
scattering by the scattering constituents are the base values for
the quantities and the band absorption depletes the total
values.

The exponential wide-band absorption is used to include the
gaseous absorption. The three parameter per band description
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is expressed as A,*(ky, n,) where xy is the optical depth at
band head or center and 4, is the effective broadening
parameter. The third parameter is the exponential decay
width w,. Regional expressions for the exponential band
model are available [6] yet for many heat-transfer problems, a
simplified model is applicable. In the large pressure limit
(1, — ), an explicit expression for the absorption coefficient
is obtained as

3)

Ky = Kpri,™
where

&, =exp[ —(v; ~ v)/wy v <y,

1C))
A discussion of the extensive applicability of this represen-
tation for various conditions is given in reference [5]. There it
is noted that symmetrical bands can be approximated with
this representation.

The scattering wide-band absorption quantities are defined
as the difference between the total quantity including only
gray scattering constituents (gray absorption and scattering)
and the total quantity with both gray and wide-band ab-
sorption. A boundary source is considered and the medium is
assumed to be at zero temperature. The wide band is assumed
to be sufficiently narrow so that the Planck function can be
removed from all integrals and evaluated at the band head or
center. The total intensity for a single band, i, is defined as

IF (kg tto Ko s WKy ) = 0 [ (Ko ptskgr s 05,7=0)

ol

. v
_lf(stl‘sKSstSi’Y)]d("_)
Wpi

(5)
and the heat flux is

Qi *(KgyKsp, sWs, Ky ) =

*® v
0 (g (kssk5,w5,y=0)—qF (Ks,KSL»ws/Y)}d(T)
bi

©)

where the 7, is not denoted since the results presented are
applicable only in the limit 5, — . Equations (5) and (6) are
transformed using equation (4) to yield

ot

100
F

g

P K g r<y )
3
N

T KsL=0l ]
Ks =05
———— K5.=10 :

———— K5z 20

10° 0! 02
KhL
Fig.1 Hemispherical wide-band absorption for reflection
Qi *(Ksy kg s 0ss Ky ) =
e | =
[0 (e s 050) — 0 Gos s sm)| ®)
leib(Tl) 0 q, ( SyRSL WS v ’ KV*

The radiative heat flux and intensity that exit the plane
layer are also expressed as the reflectance and the trans-
mittance. Considering the boundary source problem, the
directional spectral reflectance and transmittance are given as

I; (09#9KSstSsIY)

iii *(KS!I"’KSL ’wS’KHL) = pvl(l"'sKSL ’wS!’Y) = i b(Tl) (90)
! de,* "
a5 Jo 12 s 05,00 = i (s 5, | S5 ) and
vib 1 v 7"( X © )_ l:_ (KSLy#aKSL’wSa'Y) (9b)
and P Ea(T)
Nomenclature
A;* = wide-band absorption
E, = exponential integrals n, = pressure broadening w = scattering albedo
G = average incident intensity parameter ws = o/{as+0)
i* = intensity 6 = angle wp = exponential decay width
iF* = scattering-band k, = optical depth, (y+ )«g .
absorption intensity ks = (ag+a)y Subscripts
q* = heat flux xy = optical depth at band head or b = blackbody or band
gr* = scattering-band absorption center parameter
heat flux w = cosd i = band number
S, = source function vy = wavenumber L = total layer thickness
T = temperature p = reflectance S = scattering
y = distance p;* = wide-band absorption y = wavenumber dependent
a = absorption coefficient - for reflection * = dimensionless
v = a,/(as+0) ¢ = scattering coefficient, 0,1,2 = positions
vg = Euler’s constant Stefan-Boltzmann constant .
€ = emittance 7 = transmittance Superscripts
¢;* = wide-band absorption for 7;* = wide-band absorption for + = positive or negative direction
emission transmission * = directional
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Fig.2 Hemispherical wide-band absorption for transmission

The hemispherical spectral reflectance and transmittance are

q, (OsKSL ,ws,’Y)

3 s = « 10
0,(Ksp,Ws5,7) i, (T)) (10a)
and
q, (ks Ksp,Ws,¥)
7, (Ksp 0g,y) = ——p 5L 8 (10D)

Wiﬂb(Tl )

The corresponding emission from an isothermal layer at T
without boundary incidence is obtained directly from these
quantities. The directional spectral emittance is given by

év/(.“"KSL ’wSr'Y) + pv’(””KSL ’wS"Y) + Tv’(.”'!KSLin ,'Y) =1 (1 1)
and the hemispherical spectral emittance is given as
6u(KSL yWs "Y) + pv(KSL sWg 1')’) + TV(KSL s Wg ,'Y) =1 (12)

The total intensity and heat flux exiting a plane layer for a
single wide band can be expressed in terms of the reflectance
and transmittance. The directional wide band absorption for
reflection and transmission are obtained from equations (7)
and (9),

p,' *(M’KSL sw31KHL) = ii‘ *(O,#’KSL9U’S’KHL)

: de,*
N So [p”I(M’KSL’wSO)_pv/(l"’KSL,ws,’Y)] o * (13a)
»
and
77 (s Ks s, KEL) = I (KL, o by Kz »@s 5K HL)
l dk,*
= S() [T,,’ (H’)KSL ’wS:O) - Tl,’ (I‘La Ksr sWg 17)] o (13b)

The hemispherical wide-band absorption for reflection and
transmission are given with equations (8) and (10) as

pi*(ksy wssKEL)=qi *

*

! . dx,
(0, xg;. ’wS»KHL)=SO I:pu(KSLawS,O)—‘pv(KSwaS”Y):I P

(14a)

and
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7% (Ksr » 05, Kp ) = Qi *(Ksp s Ksp s Wss Ky )
*

1 dk,
= SO [TV(KSL’stO)_ Tv(KSL,wS,'Y)] P (14b)

The total emission for a single wide band from an isothermal
layer is obtained directly from equations (11-14), The
directional wide-band absorption for the emission is

! dk
& " (b KL > W35 Kprr) = So I:eu'(.u"KSL’wS7O) - Gv'(M,KSL,ws,’Y)] ’K—V;‘
v

(15)

= — 0 *(ty ks s wg K ) — 7 * (s Ksp W5, Kpip )

and the hemispherical wide-band absorption for emission is

! dx,*
€% (Ksp,WsskpL) = So [Ey("suws,o)—GV(KSL,O-’S,‘Y)] *
v

= —p;" (ks 05, k4.) — 7" (K51 005, Kp1) (16)
Thus the emission from an isothermal layer is obtained
directly from the reflectance and transmittance for the
boundary source problem.

The total quantities defined in the previous paragraphs
incorporate the nongray gaseous absorption and gray scat-
tering for a single wide band. The radiant heat flux at the
walls of the plane layer for the realistic multiband situation is
evaluated from these quantities. If the walls of the medium
are black at' 7, and T, and the medium is isothermal at 7§,
then the radiant flux incident on the wall at kg =0 s

q~ O,xs.,05,7)=T7,(Kg, ,ws,O)aT§ +€,(Ksg, ,ws,0)0T§
n
+0,(Ksp,ws5,0)0T] = E wpil7i* (ksp ws » ke Y7 y,6(T72)
i=1

+ € (51,05, )y 5 (To) + 0 * (Ksp w5, kp )Ty 5 (T (A7)
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Fig. 6(b) Wide-band absorption heat flux verses «g with xf;; = 1.0

where the first three terms on the right-hand side are the gray
contributions and summation includes the gaseous effects of n
bands. The gray transmittance and reflectance have been
presented in reference [8]. The radiant heat flux is then

q(O’KSL !wS”Y) = q+ (O7KSL :wSy'Y) -q- (OyKSL ’wS,'Y)

=0’T‘11_qA(O!KSL1wS,’Y) (18)

The scattering wide-band absorption quantities are func-
tions of three variables —ws, ks;, and kg, . Limiting ex-
pressions in various regions of these variables are possible. In
the nonscattering limit as wg—0 for a medium at zero tem-
perature, the positive heat flux is
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23
Table 1 Pi (1 “SL"’SKHL)
- . 0.5 1.0 2.0
ug 1.0 0.9 n.%5 n 1.0 n.o 0,5 0.1 1.0 n.9 0.5 0.1 1.0 n.9 0.5 0.
p‘(]‘KSL.wg‘n) 0.0477 0,042 00217 0,004+ 3.2025  0.1690 N.0730 0.0120 N.3413 n.2674 0.0991 0.0150 0.5175 0.3617 0.1128 0.0163
v
“HL
0,0t 0,001 0,00097 0,00045 0.000075| 0.0039 0,0030 2.0010 0.00M4{ N ANGZ N.0N42 0,0011  0,00013 | N,.0089 0.0047 0.00080 0.00008
0.1 0.0100 0,0086 0.0040 0.00069 0.0361 0.0282 N.0098 0n,0013 N,0574 n.N398 0,0103 0.0012 0.0833 0,0449 0,0078 0.00082
1.0 0.0569 0.0495 0.0243 0.0043 0,2245 0,179 0,068 n,0N97 0.3630 0.?2613 N,0752 0,0095 n.524n 00,3053 0.0613 0,0068
10.0 0.1534 0.1346 0.0678 n.n124 0.6284 0.5135 N.2058 0.0317 1.0327 N,7759 0.2524 0.n34R 1.5096 00,9623 0,2384 0.0297
100.0 0.2611 0.2297 0.1169 N.0214 1.0871 n,8961 n,3703 0.0586 1.8043 1.3791 0n.47400 0,0631 2.6734 1,7710 0,4854 0.0646
’
Table2 7;"*(1,ks,ws,kHL)
Ko 0.1 0.5 1.0 2.0
wg 1.0 0.9 0.5 0.1 1.0 n.9 n.s 0.1 .n n.9 n.s 0.1 1.0 Nn.9 0.5 0.
T'(].KSL‘wS.O) 0.9523 0.9468 0.9265 0.9089 0.7975 0.7654 0.6742 N.6175 N.6587 N.5916 0N.4461 10,3792 0.4825 0.3565% 0.1893 0.1421:
v
“HL
0.m 0.01N2 0.0100 0.0095 0.009) 0.0102 11,0093 0.0072 0.0062 a,0101  0,N0R1  N.0049 N,NN38 0.n100 0,0059 0.0021 0.0014
0.1 0.0986 0.N1972 0.0925 0.0890 0.0977 0.089% 0.0701 06,0607 0.09%9 0N.0780 N.0475 0.N374 0.0930 0.0557 0.0206 0.0140
1.0 0.7818 0.7741 0.7471 0,7255 0.7266 0.6795 0,5588 0,4945 0.A728 0.R700 N,3765 10,3041 0.5947 n,3869 0,1626 0.1140
10.0 2,710 2,7510 2.,6794 ?.6163 2.4108 2.2921 11,9698 |1.7818 2.NR22 1.8290 1.3127 11,0949 1.6500 11,1576 0.5613 0.4104
100.0 4.9631 4,9304 4.8125 4.7120 4.2464 4.054% 3,5222 3.2037 3.5981 3.1909 2,340 1.9681 2.7597 1.9782 0,9972 0,7375
+ . . N . .
4, (KSstL,ws=0,'y=0)=27r1,b(T, YE;(kg) (19) then the heat flux. The integral in equation (2) contains a
singular kernel which was evaluated by the method of
for no gaseous absorption and singularity subtraction [12]. The integrations in optical depth
+ = =Y i were performed by improved Gaussian quadratures of order
g, ks, ws =0,7) =27, (T )E3(Ks + KK ypr) (20) p y mmp a

including gaseous absorption. The scattering wide-band
absorption for the positive heat flux is then given in equation
(8) as ’

1
qi" " (xs,Ks1,0,Kp) = 250 [E3(ks)

*
dk,

*

—E3(ks + k")) @n

KV
This expression yields the linear result of 2 xy; E5(xg) for kg
small and the limit for «y; large could not be obtained in
closed-form. In the limit of x5 —0, equation (21) yields the
slab band absorption [5]
. 1
q; " (0,0,0,k)=1n(ky) +E (kp) +v5 + 3 ~E3(ky) (22)
Exact limiting expressions for the spectral radiative heat flux
including scattering at finite and large wg have been obtained
[9, 10] yet the forms do not permit convenient closed-form
solutions for the scattering wide-band absorption quantities.

Results and Discussion

The determination of the total quantities in equations (7)
and (8) requires the numerical evaluation of the spectral or
gray intensity and radiative heat flux. The solution for the
average incident intensity in equation (2) is obtained by the
method of successive approximation [7, 11]. This result is
then used in equation (1) to evaluate the spectral intensity and
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40 [13]. The integrals over «,* in equation (7) and (8) were
evaluated by Gaussian quadratures of a maximum order of 25
[14]. The results for the transmittance and reflectance were
compared with those-in reference [8]. The directional and
hemispherical values indicated a maximum difference of less
than 0.1 percent even for xg =10.0 and wg=1.0. Com-
putations were also compared to the results for radiative
equilibrium [15] up to kg, =30.0 and the maximum difference
was 0.4 percent.

The normal and hemispherical values of the wide-band
absorption quantities exiting the layer are presented in Tables
1-4. The corresponding values for the reflection and trans-
mission quantities without gaseous absorption are also given.
The hemispherical wide-band absorption for reflection and
transmission are also plotted in Figs. 1 and 2, respectively.
The reflection-band absorption is strongly dependent upon
the scattering contribution since the quantity would be zero if
wg=0. The value decreases by more than an order of
magnitude as wg decreases from 1.0 to 0.1. For conservative
scattering, the reflection-band absorption increases with
increasing kg, , and the increase with increasing «; is similar
to the dependence of the slab-band absorption. The small
albedo results indicate a clear shifting of the transistion (from
the linear to logarithmic asymptotes) to larger xy; as kg
increases.

The transmission-band absorption (Fig. 2) shows a strong
albedo dependence yet not of the magnitude observed in
reflection. The effect of wg decreases as kg; decreases since
the scattering contribution are reduced. In the limit of no
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Table3 p;*(kgy,wg,kp) 4

SL 0.1 0.5 1.0 2.9
wg 1.0 0.9 0.5 0.1 .o 0.9 0.5 0.t 1.0 n.9 0.5 0.1 0 0.9 0.5 ol
‘)u(‘SL‘wS‘D) 0.0843 0.0744 0.0384 0.0072 | D.2958 0.2475 8.1077 0.0178 {0.4466 0.3527 0.1342 a.0208 0.698 1.4377 0.1451 0.07216
= .
HL
0.01 0.0026 0.0023 0.0011 0.00019| 0.0064 0.0051 0.0018 0.00025 [ 0.0084 0.0058 N.0016 0.00019 | 0.0101 0.0055 9.0010 0.00011
0.1 0.0230  0.0200  0.00962 06,0017 | 0.0593 0.0468 0n,NI68 0.0024 | N.O780 N.NSAY D,MSD  0.0019 N.N940 6.0521 0.0HN99 N.DO1Y
1.0 0.1203 0.1052 0.0522 0.0094 | 0.3555 N.2863 0,1093 0D.M62 |[0.486) N.3549 0,1064 0.0139 N.5942 (.3567 A.0778 0.0091
10.0 0.2966 0.2605 0.1319 0.0242 |0.9543 00,7831 0.3186 0.0498 |1.3632 1.0344 0.3480 0.0492 17360 1.1372 0.3036 0.9397
100.0 0.4869 0.4286 0.2188 0,0405 | 1.6250 11,3439 0.5619 0.0898 |2.3724 1,8299 1.6480 Nn.0N952 3.103% 2.1120 0.6206 0.0861
*
Table 4 T (KSLin’KHL)
Ko a. 0.5 1.0 2.0
wg 1.0 0.9 0.5 0.1 1.0 0.9 0.5 0.1 1.0 0.9 0.5 o 1.0 0.9 0.5 0.
TU(KSL .ms.ﬂ) 0.9157 0.9060 0.8704 0,8397 [ 0.7042 0.6599 0.5350 0.4580 | 0.5534 0.4748 0.3067 0.2319 | 0.3901 0.2656 0.1071 0.0659
“HL
0.0l 0.0172 0.0168 0.0155 0.0146 | 0.0134 0.0120 0.0085 0.0068 | 0.0115 0.AN89 01,0046 0.1032 | 0.0097 0.0054 0.0015 0.000R3
0.1 0.1608 0.1576 0.1466 0.1381 [0.1263 0.1133 0.n814 0.0654 | 0,1076 0.0845 0.0443 0.0307 | n.0903 0.0512 0.0147 00081
1.0 1.0748  1.058% 1.0010 0.9537 | n.A8829 D.7700 0.5834 0.4804 | N A9RQ N,5696 10,3243 n.2314 | H.5514 0.3372 0,1095 00623
0.0 3.0822 3.0439 2.9065 2.7902 {2.3900 2.2i83 1.7501 1.4756 1.9211  1.613%9 0.9914 0.7326 1.4219 0.9252 0.3417 0.2037
100.9 S.AR7S  5.1271 4.9089 47222 |4.0101 3.7369 2.9817 2.530} 3.1942  2.7065 1.5976 1.2664 | 2.3186 1.5364 0.5882 0.3554

scattering, the slab-band absorptance is obtained which is
indicated in the figure.

The directional distributions of the exiting quantities are
presented in Figs. 3 to 5. The directional results are given
relative to the normal value which have been given in Tables 1
and 2. The larger changes in the wide band absorption for
transmittance and reflectance occur at small g, ’s. Figure 3
shows these variations as well as the significant changes for
the reflectance quantity. The wide band absorption quantities
became more uniform in angle as the scattering optical depth
increases because the intensity distribution itself becomes
more uniform. An increase in the wide-band optical depth
reduces the wide-band absorption variation with angle as
indicated in Fig. 4. If the scattering optical depth is increased
beyond those presented, the distributions show less depen-
dence upon «y; and are also less dependent upon angle. The
effect of the scattering albedo is closely coupled with the
scattering optical depth since these quantities control the
scattering processes. Figure 5 indicates the large variations at
small optical depths. The wide band absorption for trans-
mission show large variations with large scattering albedos
and a decrease as the albedo decreases. The wide band ab-
sorption for reflection exhibits the opposite trend. Note that
all the distributions are presented relative to the normal value
so that the magnitude of the wide band absorption quantities
s assessed by use of the entries in Tables 1 and 2.

The internal distribution of the wide-band absorption heat
flux is presented in Fig. 6. This heat flux is

qi*(KsyKsy WKL) =g *(KsyKs1,»Ws5Kpy,)

—qi *(ks, Ksp s K1) X
The slab-band absorptance prediction as given in equation
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(22) is also presented. This nonscattering result has no con-
tribution in the negative direction and, therefore, increases
from zero to the value at x;; . All the scattering results have a
negative contribution to the heat flux and exhibit negative
values at kg =0. These negative values are greatest for large
albedos and large scattering optical depths where the negative
contribution is significant. The wide-band absorption heat
flux for wy; = 1.0 has the same trends with «g/«g; as the slab-
band absorptance, i.e., linear at small «y; (Fig. 6 (q)) shifting
to logarithmic at larger xg; (Fig. 6(b). As wgs decreases, the
wide band absorption heat flux tends to level off and then
decrease as kg increases. This occurs since the absorption of
the positive heat flux exhibits an increase and then a decrease
as kg/kg increases. The wide-band absorption heat flux
decreases because the scattering heat flux decreases as xg/xsy
increases, and the gaseous absorption increase does not offset
this trend. Note that the magnitudes and trends are much
different for wide-band absorption quantities than the slab-
band absorptance.

Conclusions

General wide-band absorption quantities for a planar
medium have been defined. The effects of molecular gas
absorption have been included for an isotropically scattering
problem. Exact solutions have been presented for the intensity
and heat flux for a single wide band. Analysis has also been
given for the computation of the directional and total
emission from an isothermal layer. The effects of multiband
problems can also be determined from the results presented.
The directional and hemispherical quantities have indicated
the importance of scattering properties on both the exiting
intensities and heat flux as well as the internal distributions.
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Attenuation of Thermal Radiation
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by Pulverized Coal and Char

The absorption and scattering of thermal radiation within a dilute cloud of
pulverized coal and char is investigated. Resulls are presented of monochromatic
absorptivity measurements on particles 50-150 ym in diameter under conditions

representative of the early pyrolysis zone of a combustion chamber. No dependence

S. L. P. Monteiro

Department of Physics,
Washington State University,
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of absorptivity on coal composition could be discerned for the three lignite and
bituminous coals selected. A slight increase in monochromatic absorptivity with
temperature and extent of char was observed. For the spectral region investigated,
1.2-5.3 um, an empirical equation of the form oy, = 0.78 + 0.18/\"* was found fto
represent the data for all coals and chars within 5 percent. A single total

hemispherical absorptivity of 0.89 is recommended for heat-transfer calculations in
pulverized coal and char clouds if the particles can be assumed to act as Mie scat-
ters, and if the volume fraction of ash and soot particles is small.

Introduction

Combustion of coal dust suspensions can occur in both
desirable and undesirable situations. It is desirable to have
pulverized coal as a fuel, primarily in large furnaces, but also
in advanced design MHD generators, gas turbines, and Diesel
engines, It is undesirable to have ignition of coal dust
suspensions in mining or coal processing operations, with the
ultimate hazard being a disastrous explosion. In both con-
trolled and uncontrolled combustion the primary driving
force is the transfer of heat from the exothermic oxidation
back to the unheated fuel. Conduction, convection, and
radiation all play a role in this process; but because of the
nature of the suspension, the temperature of the products,
and the speed of the combustion reaction, radiation is often
the dominant mode of heat transfer. Thermal radiation is also
the primary mechanism of energy transfer from the burning
coal particle cloud to the water-cooled walls of a boiler
furnace because of the large enclosure dimensions, relatively
low gas velocities, and high temperature.

Within a suspension of particulate matter, thermal
radiation can be either enhanced or attenuated, depending
upon the size and concentration of particulates, the tem-
perature distribution, and the radiative properties of the
matter. Even for a pure material such as carbon, the
specification of the pertinent radiative properties is not
straightforward. The crystalline structure of the carbon and
the surface conditions can greatly affect the spectral
emissivity. For example, Kibler et al. [1] reported that the A-
face of pyrolytic graphite has about double the emissivity of
the C-face in the near infrared for temperatures above 1800 K.
For a heterogeneous substance such as coal, the difficulties
are multiplied since the particulate cloud can be made up of
varying fractions of unreacted coal, char, ash, and soot, each
of which has its own optical properties dependent upon
wavelength, temperature and particle size. Viskanta et al. [2]
have recently examined the importance of some of these
parameters (mean particle radius, size distribution, tem-
perature, back-scatter) for polydispersions of various coals
and fly-ash using a numerical model with average spectral
properties.

Research into the optical properties of carbonaceous
materials extends back to work done by Senftleben and
Benedict [3] in which they measured the reflectivity of elec-
trode carbon in the infrared wavelengths. Whitson [4] has

Contributed by the Heat Transfer Division for publication in the JOURNAL OF
HeaT TRANSFER. Manuscript received by the Heat Transfer Djvision December
14, 1981, Paper No. 81-HT-23,

Journal of Heat Transfer

compiled comprehensive data from more recent
measurements of the refractive index and emissivity of
graphite and carbonaceous material at high temperatures. The
results of over twenty-five references are summarized in
graphical and tabular form for the spectral region between 0.4
and 12.5 um. Blokh (5] has reviewed the results of many
experiments on bulk coal, soot, and pulverized coal. Using
Mie theory, the absorption and scattering coefficients of
different coals were calculated as a function of particle size.

As an indication of the variation in properties between coal
and ash, Sato and Kunitomo [6] estimated their total
emissivities to be 0.83 and 0.58, respectively, at moderate
temperatures. The strong spectral dependence of the
emissivity of Al,QO,, a significant component of boiler ash, is
given in the handbook by Whitson [4]. The total emissivity
changes from about 0.75 at room temperature to less than
0.40 above 1200 K [7].

The optical constants of polished specimens of several coals
have been determined by Foster and Howarth [8]. They
measured significant differences between the spectral
refractive index for coal and polycrystalline graphite. Little
work has been reported on the monochromatic properties of
coal in pulverized form, or the effect of heating the coal. This
study was undertaken to determine the absorptive properties
of different coals under conditions similar to the early
pyrolysis zone of a pulverized coal furnace. Three different
coal types were investigated: a bituminous, a sub-bituminous,
and a lignite. Particle diameters were typical of furnace
operation, ranging between 40 and 150 pum. Chars formed
from the coal were conditioned up to 1200 K. Spectral
measurements were made of the absorptivity in the
wavelength region between 1.2 and 5.3 um, the region
corresponding to over 80 percent of the radiant energy from a
blackbody at temperatures ranging from 1400 to 2400 K.

The theoretical background on thermal radiation at-
tenuation is briefly reviewed in the next section. With this
background, the design of an experimental facility in which to
determine the spectral absorptivity of coal and char particles
is discussed. The results of the experimental measurements are
then presented. In the final section, the importance of scat-
tering to the attenuation process is investigated.

Theoretical Background

On a monochromatic basis, the change in intensity of a
beam of radiation in a given angle in space is determined by
the solution of the equation of transfer ([9], Ch. 14})
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dl,
—* == (K, + K +K, I,
dl
K,
+ 20 na@ren g 0) a -
47 Q;

The importance of individual terms in this equation vary with .

the physical properties of the medium and the size of the
particles in the medium relative to the wavelength of
radiation, as characterized by the size parameter, 27r/\.

For particles not too closely spaced (distance between
centers greater than 3r [10]), the effect of a cloud of particles
can be found by summing over all individual particles. In the
large size parameter limit, the absorption coefficient becomes

K,,=S:N(r) A(r) aydr=ay A @)

where «, is the hemispherical spectral absorptivity of the
particles, N(r) is the particle size frequency distribution per
unit volume, and A (r) is the effective geometric cross section

of the particles. The particle cross section per unit volume, A4,
is defined by

S:N(r) A(r)dr.

The integral term in equation (1) accounts for all scattering
into the line-of-sight. For large specularly reflecting particles,
the scatter is predominantly in the forward direction, so that
the final term becomes approximately K 7,. (The extent to
which this is true for coal dust is explored in & later section.) If
the particles can be assumed to both emit and absorb
radiation equally from all angles, equation (1) can be written
dl, - -
———=—a>\AI)\+akAIb>\ (3)
di
Solving for the individual particle absorptivity in an
isothermal, homogeneous cloud,

_ 1 Iy —L(L)
AL 1”[ I —1,(0) ] @

If the particle cross section per unit volume, the total path-
length, L, and the temperature are known, then the particle

Oy =

FLOWMETER—»—
S0

N PULVERIZED
No F COAL

OPTIGAL PATHX‘E

tee—v |OQ cm —={

COLLECTION
SYSTEM

Fig.1 Testchamber configuration

by measuring /7, at / = 0 and L. This is the basis of the
procedure used in the experimental facility described next.

Experimental Apparatus

The experiment was carried out in a sealed steel chamber
50-cm high, 10.2-cm deep, and 2.5-cm wide. Pulverized coal
was fed in vertically from the top of the chamber. The optical
path was along the depth, 10.2-cm long. At each end of the
optical path an Irtran infrared transparent window was at-
tached (see Fig. 1). The stainless steel chamber served as a
heat exchanger as well as to maintain the samples in an inert

hemispherical spectral absorptivity can be easily determined atmosphere. Three chromel/alumel thermocouples were
Nomenclature
A(r) = projected area of par- K, = monochromatic ab- u, = absolute particle velocity
~ ticles of radius r sorption coefficient v, = particle specific volume
A total particle cross- K; = monochromatic scat- o = total hemispherical
sectional area per unit tering coefficient absorptivity of solid
volume of cloud ! = distance along optical material
A, cross-sectional area of path o, = monochromatic-hemis-
duct L = total length of optical pherical absorptivity of
a curve-fitting constant, path solid material
equation (8) m, = mass flow rate of par- f = scattering angle
b curve-fitting constant, ticles x = imaginary part of
equation (8) n = curve-fitting constant, refractive index
c proportionality constant, equation (8), or real part T'(n) = gamma function
equation (6) of refractive index A = wavelength
C,C Planck’s first and second n = complex refractive index, p» = monochromatic-hemis-
radiation constants n—ik pherical reflectivity of
F; normalized size  N;N(r) = number of particles of solid material
frequency distribution given radius per unit ¢ = Stefan-Boltzmann cons-
function ‘ volume of cloud tant
I, monochromatic intensity r,r; = particle radius & = phase function for
I,, = monochromatic black- T, = radiation source tem- scattering
body intensity perature Q = solid angle
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located inside the test chamber just below the optical path.
These measured the test chamber temperature close to the
wall, a quarter, and a half of the way along the optical path.
Temperature variations of less than +5 K were measured,
allowing the assumption of isothermal conditions to be made.
At the bottom of the chamber a collecting filter received the
pulverized coal for mass and size distribution determination.
Coal was fed by a Vibra-screw auger feeder to the top of the
chamber. Dry inert nitrogen gas transported the coal and
served, by varying its flow rate, as a control on the sample
density as the cloud moved down past the windows through
the optical path. The nitrogen line was equipped with a
pressure gage and a calibrated rotameter for volume flow rate
determination.

The stainless steel chamber was located inside a propane-
fired furnace, internally lined with a zirconia casting and
externally insulated with a Cotronics ceramic blanket. The
two Irtran windows provided optical access to the chamber.
Approximately 30 cm of the coal feeding line was also within
the furnace, flowing counter to the exhaust, thus increasing
the heat-exchanging length. This precaution was taken to
ensure that the sample would be at the desired temperature as
it passed through the optical path.

The radiation source was a blackbody cavity manufactured
by Infrared Industries (Model 263). A mechanical chopper
(PAR Model 125-A) was used in conjunction with a lock-in
amplifier (PAR Model 120). The monochromator used was a
1/4 meter Spex with two different gratings, covering the
whole spectral region scanned by the Judson series 10 InSb
detector (i.e., 1.2 to 5.3 um). To-ensure spectral consistency,
data points were taken with each grating in the overlapping
region. The gratings were adjusted using the harmonics of a
He-Ne laser. The estimated half-width of the signal at the
output of the monochromator was .01 pum or less. The
collection optics had an included angle of 12 deg.

Journal of Heat Transfer

Figure 2 is a schematic of the optical path passing through
the test chamber. Radiation from the infrared source was
chopped and then focused with front-surfaced mirrors M1
and M2 in the experimental chamber. The chopping was
necessary to improve the signal-to-noise-ratio and to reject
emission by the surrounding chamber and coal particle cloud
for the high-temperature measurements. Within the ex-
perimental chamber, one could control the cloud density by
adjusting the mass flow rate of pulverized coal, the size
distribution, and the volume flow of nitrogen. A thin cloud
was always used, with density varying typically from 0.0002
t0 0.001 g/cc (volume fraction between 0.00014 and 0.0007).

The optical components were purged with dry nitrogen, but
some atmospheric CO, and H,O were still present. To take
into consideration the atmospheric absorption within the
spectral region studied, the monochromator was fixed at a
specific wavelength and the signal recorded with no coal
present. Keeping all conditions constant, pulverized coal was
then fed into the chamber, creating additional absorption.
The stronger signal (without coal) was proportional to the
incident radiation on the cloud, while the weaker signal
(passing through the coal cloud) showed the coal absorption
in addition to any previous atmospheric absorption. When the
blackbody emission is eliminated, equation (4) involves only
the ratio of the intensities, so that atmospheric absorption is
automatically discounted. A typical run consisted of a steady
signal (noise < 1/2 percent) corresponding to the source
output at the selected wavelength, attenuated by the prevailing
circumstances, followed by a drop in signal when the coal
feeder was turned on. The coal attenuated signal showed a
maximum noise of 5 percent due to fluctuations in the cloud
density. Cases with larger fluctuations were rejected as
unreliable. The time constant in the lock-in amplifier was kept
at 1 s in all runs, maintaining a standard cutoff of very short
term fluctuations in cloud density.

An important part of the experiment was the sample
preparation. Mechanical sieving gave good results with 8 in.
dia sieves as small as 45 um (325 mesh) if batches of 50 gm of
well dried pulverized coal were used. Moisture tends to
conglomerate the particles, and consequently small particles
would stay together with the large fraction. An
aerodynamical separator was also used with equivalent results
in a much shorter time. To determine the particle size
distribution, a Coulter counter was used. This instrument
determines the size of small particles by measuring the
capacitance variations as the particles pass through a small
aperture. Fifty thousand particles can be easily counted this
way in approximately 15 min., giving a very good statistical
distribution.

The char was prepared from the presieved coal samples.
The test chamber, itself, served to devolatize the coal. With
the temperature set at the desired level between 600 and 1200
K, the particles, suspended in dry nitrogen, were allowed to
pass through the heated chamber. The transit time was about
10 s at the elevated temperatures. The partially devolatized
char was recovered, and the process repeated three times. A
size distribution measurement was made after the final pass,
and this material was used in all the char measurements.

Experimental Results

The blackbody emission from the particle cloud was
eliminated in the experimental measurements by mechanically
chopping the incident radiation, and by amplifying only the
synchronized transmitted intensity. Thus, the particle
spectral-hemispherical absorptivity could be determined using
equation (4), which becomes

ar=—In[I (L)/\(0)/AL (5)
The pathlength, L, is fixed at 10.2 ¢cm, the intensity ratio is the
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primary dependent variable which is measured, and A4 is an
experimental variable which can be computed from the cloud
density.

A is evaluated by a discrete sum with sixteen terms, the
number of channels in the Coulter counter which furnishes the
particle size frequency distribution, F;. (A typical distribution
is shown in Fig. 3.). The particle number density, N,, in each
discrete radius increment, r;, is directly proportional to F;, so
that

16
A=) cF (6)

i=1

where c is a constant of proportionality and = r? is the cross-
sectional area of the assumed spherical particles. The con-
servation of mass flowing through the test section was used to
evaluate ¢ in terms of the coal mass flow rate, #1,, the coal
particle specific volume, v,, the absolute particle velocity, u,,
and the cross-sectional area of the duct, A.. Theresultis

. 4
c=m vp/<AcupEFi—3— 7rr,3) ¢
7
Maximum random errors of less than 5 percent were
associated with r1,, v,, and u,. A, was fixed by the ex-
periment and F; and r; were based upon a large statistical
average. Replication of experiments for a fixed wavelength,
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Fig. 3 Typical size frequency distribution for lignite coal as deter-
mined from Coulter particle counter

Table 1 Experimental parameters
Parameter Range
wavelength, um 1.2-5.3
coal types 3 (see Table 2)
temperature, K 300-1200
coal mass flow rate, g/s 0.06-0.15

particle cloud density, g/cm> 0.0002-0.001

coal-type, and temperature was used to keep uncertainty in
the computed value of «, within + 3 percent. Details on
computing A and a more complete discussion of errors can be
found in the dissertation by Monteiro [11] and the paper by
Monteiro and Grosshandler [12].

Table 1 shows the range of variation of the principal
parameters used during the experiment. Of particular interest
were the effects of wavelength, coal type, and the temperature
on the particle absorptivity. The composition of the three
coals tested, before charring, is given in Table 2.

The wavelength effect on the spectral absorptivity was
found to be appreciable. Figure 4 shows the experimentally
determined particle spectral-hemispherical absorptivity as a
function of wavelength, with all coal types plotted in a single
curve. The temperature is 300 K. The figure indicates a
general decrease in the absorptivity from about 0.95 at 1 ym .
down to about 0.87 at a wavelength of 4 pum. There is no
statistically significant difference among the three coal types,
in spite of the 50 percent increase in ash content between the
lignite and the bituminous coal. This is not too surprising
considering recent measurements [13] of coal ash deposits,
indicating that their emissivity is close to that measured in the
present work.

"The effect of temperature, or degree of charring, is
demonstrated in Fig. 5. Changing the temperature does not
change the general spectral trend of the absorptivity for the
lignite coal and char. There is a noticeable increase in ab-
sorption by the higher temperature, more highly devolatized
char. This is consistent with a decrease in hydrogen content
and increase in porosity of the charred material. (Inspection
of the charred material under an electron microscope [11]
revealed that the particles were sponge-like, with fewer jagged
edges than the parent coal particles.) The least squares plot of
the 300 and 900 K temperature measurements may not be
significantly different, but the 5 percent increase in ab-
sorptivity at the short wavelengths for the 1200 K char is
larger than the estimated uncertainty of 3 percent in the data.
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95F 4
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!_
S s0f -
=
o
o
8 85 A UTAH BITUMINOUS ® 1
a ® WASHINGTON SUB-BITUMINOUS
P @ NORTH DAKOTA LIGNITE
80F .
.75 i 1 1. 1 1 1 1 I 1
0 | 2 3 4 5

particle solid density, g/cm 1.4
nitrogen speed, cm/s 1.4-8.8 WAVELENGTH’ F'M
measured intensity ratio, I, (/) /I (0) 0.60-0.85 Fig. 4 Monochromatic absorptivity of three different coals at room
blackbody source temperature 1200K temperature
Table2 Coal analysis
C/H Ash, Carbon,
. ) atom % % Moisture,
Designation Type ratio dry wt. dry wt. % as received
I Utah bituminous 1.10 17.4 66 3.4
II + North Dakota 1.22 11.4 63 29.8
* lignite
11 Washington sub- . 1.29 14.9 65 7.0
bituminous
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Fig. 6 Correlations of all spectral absorptivity data for three types of
coal and char, and temperatures between 300 and 1200 K

The absorptivity data from all temperature conditions and
all coal types and chars is plotted versus wavelength on a
single curve in Fig. 6. The extent of measurement fluctuations
for all of these cases is indicated for each spectral region
investigated. The data can be correlated with a polynomial of
the general form

ay=a+bN (8)

where a, b, and n are constants. For a simple linear ex-
pression, it is found that the spectral absorptivity can be
represented by o, = 0.975 — 0.025A in the spectral region
between 1.0 and 5.3 pm. Close inspection of th data, however,
suggests that the absorptivity levels off after 4 um, so that a
preferred expression is

oy =0.78 +0.18/\% )

This expression is shown plotted as the dashed line in Fig. 6.
The spectral reflectivity, p, = 1 —a,, is compared in Fig, 7
with the results of Foster and Howarth [8] for a low ash coal
(dot-dash curve) and polycrystalline graphite (solid curve). It
should be pointed out that Foster and Howarth used
specimens of polished lump coal and graphite for their
reflectivity measurements. Their spectral reflectivity
measurements agree well with the present results for
wavelengths between 1 and 2 um. At 5 pum, however, the
reflectivity of the particulate matter is about 0.15, which is
twice what Foster and Howarth calculated. A recalculation,

Journal of Heat Transfer

100

L T T T T
[ emmmeew POLY~CRYSTALLINE GRAPHITE, ]
(FOSTER AND HOWARTH)
BOF aweem COAL, C/H=1.23, ASH =2.3%
(FOSTER AND HOWARTH)
- === COAL AND CHAR 7
a0 (MONTEIRO AND GROSSHANDLER)
- 60 .
=
> I
'._
O 40 -
w
my
W[ 1
@
20| .
F - - - -_
outlinn o comms o cmEW o cnem o G 6 ammn o
>
1 1 ! 1 1
0 2 4 6

WAVELENGTH, uM

Fig. 7 Monochromatic hemispherical reflectivity of coal and char
compared to results of Foster and Howarth [8] for polished bulk
specimens of coal and graphite

though, based on their own data indicates that their curve
may be in error, and a value of p, closer to 0.12 may be more
appropriate.

The total hemispherical absorptivity is defined as the source
spectral-distribution function weighted average of the
spectral-hemispherical absorptivity. For a gray or blackbody
source at T, this is written

ma)\be(TS)d)\

T 10)

(T =|

Using equation (8) for ), the integral can be broken into two
terms, with the first term integrating exactly to “‘a.”” The
second term, involving the coefficient b, becomes

T

oT}

Planck’s blackbody distribution function, [, has been
approximated by Wien’s distribution in (11), which is
reasonable for the temperature-wavelength region of interest
in furnace calculations ([9], Ch. 2). Equation (11) can be
integrated analytically, with the result that the total
hemispherical absorptivity is

T 5"" 2C, DN
oT? Jo Nexp(C,/AT;)

SO BN I dh= dn (n

2bC\ T4 —n)
UC‘Z‘""TS"
The gamma function, I', depends upon the order of the

wavelength dependence, n, in equation (8).
For the negative half-order dependence given in equation
(9), the total hemispherical absorptivity becomes

a(T,) =0.78+0.00269 T, * (13)

This is a weak dependence upon the source temperature. For
conditions typical of furnace combustion, between 1200 and
2200 K, o is bounded between 0.87 and 0.91. The linear
relation plotted in Fig. 6 yields results which are only 1 per
cent higher. It should be pointed out that neither of these

a(T,)=a+ (12)
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algebraic expressions predict the actual spectral behavior for
wavelengths in the visible or far infrared region. In one case,
the spectral absorptivity exceeds 1.0 for A < .67 um, and in
the other, o, becomes negative for A > 39 um. However,
since about 90 percent of all radiant energy within a furnace at
1500 K is located between 1.0 and 6.0 um, the nonphysical
aspects of the data correlation should not have a significant
effect on the absorptivity. Thus, it appears that for the range
of conditions investigated, a single value of total
hemispherical absorptivity equal to 0.89 is sufficient for
reasonably accurate coal and char cloud absorption
calculations.

Scattering in Coal Particle Clouds

The reliability of the experimental results presented
depends upon the accuracy of the assumptions used in
arriving at equation (3). In general, radiation can be
refracted, diffracted, or reflected from an optically large
particle. Important assumptions that have been made are that
all the refracted radiation is absorbed,. all the diffracted
radiation directed into the forward direction, and all of the
reflection is also forward. One can be convinced of the ap-

592/ Vol. 104, NOVEMBER 1982

propriateness of these assumptions by examining each of
these processes in order.

A fraction of the radiation which is refracted into the coal
particle will be absorbed before it passes through to the far.
surface of the particle. The fraction which is transmitted can
then undergo reflection or refraction at the second interface.
This phenomena can be important in individual particles of
small or moderate optical depth, as determined by Simpson
[14] in his ray-tracing study of heavy fuel oils. The absorption
coefficient of coal can be estimated from the data of Foster
and Howarth [8] to be about 1.9 x 10° m~! at a wavelength
of 3 um; so that for a particle diameter of 10 um, less than
108 of the incident radiation will penetrate to the far surface.
The remainder is absorbed.

The scattering efficiency due to diffraction is equal to one.
When the size parameter is greater than 30, the phase function
for diffraction drops below .004 for angles greater than 12
deg off of the forward direction ([9], p. 584). What these two
facts imply is that if the collection optics encompass all of the
radiation passing through a coal/char particle cloud within 12
deg of the forward direction, then the out-scatter along the
line-of-sight will be balanced by the in-scatter represented by

Transactions of the ASME
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the diffraction contribution to the integral in equation (1).
Since the size parameters used in the experiment are mostly
greater than 50, and since the collection optics encompass a
cone angle of 12 deg, it is appropriate to treat diffraction as
was done in developing equation (3). '

The directional distribution of radiation reflected from a
large spherical particle is strongly dependent upon the surface
condition. The surface will be optically smooth (specular) if
the average roughness and pore size are significantly less than
the wavelength of radiation; say, of the order of 0.5 um. The
spectrum investigated went up to 5.3 um, so that a random
roughness or pore size above 10um would lead to a diffuse
surface on a particle greater than 60um in diameter. Crevices
of the order of tens of micrometers were observed over a
portion of the surface of the coal particles [11]. Heating the
coal to the highest temperature increased the number of pores
in the submicron to 0 micrometer range, but neither material
could be classified by their electronmicrographs as being
solely specular or diffuse. Figure 8 compares the phase
functions for the two limiting cases, computed from the
equations in any of a number of textbooks (e.g., [9], Ch. 16).
In the large particle limit, neither diffuse nor specular
reflection depend upon diameter. The diffuse phase function
is also independent of the optical properties of the material.
The specular phase function is based upon a typical coal
refractive index of A = 1.6-0.3/ [8], for which the
hemispherical reflectivity can be calculated to be 0.12, While
the specular phase function is not as sharply peaked as that
for diffraction, it is still predominantly in the forward
direction. In contrast, diffuse scatter is predominantly in the
backward direction, with no component for § = 0 deg. From
equation (1), then, the effect is to increase attenuation of the
incident radiation by reflection, and to contribute nothing
along the line-of-sight with the integral term. The absorptivity
as calculated by equation (4) is, thus, an upper limit on the
true particle absorptivity if the particle surface is diffuse to
any degree.

Viskanta et al. [2] estimated the effect of backward scatter
on the overall absorptance of a polydispersion of bituminous
coal in a plane layer. They found about a 5 percent decrease in
effective absorptance if the particles were assumed to scatter
isotropically rather than predominantly in the forward
direction when the volume fraction was equal to that used in
the present work. The size distribution used in their
calculations had a mean radius of only 6.1 um, so that it is
impossible to compare quantitatively the results of their
estimates with our experiments. However, their estimates are
consistent with the statement regarding the measured particle
absorptivity as being an upper limit.

The Mie theory can be applied if the particles are assumed
to be true specular, spherical reflectors. The numerical code
of Grehan and Gousbet [15] was used to estimate the direc-
tional intensity scattered by Mie-type coal particles with the
same refractive index as used above. Figure 9 is a plot of the
phase function for the perpendicular component of intensity
for a size parameter of 50. The phase function, on the or-
dinate, is reduced about three orders-of-magnitude by an
angle # from the forward direction (plotted along the abscissa)
of 15 deg. If the intensity is integrated over the solid angle
viewed by the detector, using this phase function, it is found
that 0.990 of all the scattered radiation is collected by the
optics. Similar calculations on both the parallel and per-
pendicular components for size parameters between 26 and
256 indicate that over 98 percent of the scattered radiation is
incident on the detector.

Therefore, it can be concluded that the assumption of
forward scatter is as reliable as the assumption that the coal
and char behave as specular, spherical scattering centers. To
the extent that some of the particles act in a diffuse manner,
the reported absorptivities are upper limits.

Journal of Heat Transfer

Summary and Conclusions

The spectral absorptivity of pulverized coal and char in the
near infrared has been studied. Measurements were made with
particle sizes between 50 and 150 um suspended in an inert
nitrogen cloud. The coal rank and ash content were varied,
and chars were formed at temperatures up to 1200 K. The
results can be summarized as follows:

1 Pulverized coal and char absorb from 85 to 95 percent of
the radiation between 1.2 and 5.3 um.

2 The spectral absorptivity decreases with increasing
wavelength, and can be approximated by the relation a) =
0.78 + 0.18/\".

3 No effect on the absorptivity was found due to coal rank
or ash content.

4 The absorptivity increases slightly with the extent of
charring at temperatures above 900 K.

Radiation is only one phenomena which must be considered
in engineering calculations of heat transfer in coal-fired
furnaces and combustors, so that a simple total hemispherical
absorptivity applicable to all coals and chars is highly
desirable. Based upon the findings of the present study it is
recommended that a value of 0.89 be used in regions of the
flame where the coal and char contribute significantly more to
the solids volume fraction than either soot or ash.
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medium of cylindrical geometry. The medium is bounded by grey diffuse surfaces at
known temperatures. The problem was solved by the Galerkin finite element
method using linear interpolating functions. The transient terms were handled using
the Crank-Nicolson scheme with the time steps chosen to avoid temperature
Sfluctuations at early times. The results were compared with exact solutions for the
extreme cases, i.e., pure conduction and radiative equilibrium. Results are also
compared with an approximate solution for the case of combined conduction and

radiation. The effects of various parameters on the solutions are presented in
tabular as well as graphical forms. The results obtained compare well with the exact
solutions. The Galerkin finite element technique is well suited to this problem
because of the ease with which integrals with variable limits can be handled.

Introduction

With the advent of the recent energy crisis and rapidly
spiraling energy prices, conservation of energy has become a
primary concern. One of the many ways to reduce com-
sumption of energy is the use of insulation to reduce heat
transfer. However, the analysis of heat transfer through some
insulating materials is rendered difficult because of the
combination of simultaneous conductive, convective, and
radiative heat transfer. The combination of these three modes
vastly increases the complexity of the analysis of any system,
and, consequently, makes the modeling of any real system
much more difficult. There are many practical problems
where these combined mode studies must be addressed. We
have chosen to investigate the cylindrical geometry problem
for an insulating material in the annular region between two
concentric right circular cylinders. This geometry has ap-
plications ranging from the obvious insulation on a pipe or
insulation on cylindrical vessels to the rather complex hot wire
thermal conductivity apparatus. For many insulating
materials the heat transfer by convection is negligible. In this
study the problem of combined conduction and radiation in a
cylindrical medium with known temperatures on the bound-
aries is investigated.

Combined conduction and radiation in a medium has been
analyzed by numerous authors using various geometries.
Viskanta and Merriam [1] studied the problem for a spherical
geometry using various boundary conditions. Fernandes,
Francis, and Reddy [2], as well as Viskanta [3] have been
among the many authors who have studied the problem of
combined conduction and radiation for the planar geometry.
Chang and Smith [4] have studied the transient and steady-
state problem using the Eddington approximation for a
medium between coaxial cylinders, while Howell [5] solved
the steady-state problem using exchange factors. Saito et al.
[6] investigated the hot wire method analytically and ex-
perimentally with combined conductive and radiative heat
transfer. A number of solutions [7-10] were obtained which
considered radiative equilibrium for the cylindrical geometry.
Of these only the solutions obtained by Perlmutter and
Howell [10] can be considered the most accurate. Azad and
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Modest [13] have solved the problem of heat transfer by
radiative in a solid cylinder. Wu et al. [14] have described a
system in radiative equilibrium using a finite element for-
mulation. The results were linked with a second finite-element
model, which included conduction for the planar geometry.

This paper presents an exact formulation and solution using
finite elements to the problem of combined conduction and
radiation in a long concentric annular medium with known
temperatures at the boundaries. The medium is considered to
be isotropically scattering, absorbing, and emitting with
diffuse boundaries.

Analysis

The problem will be formulated using the procedure of
Kesten [11] or Kuznetsov [12]. For the cylindrical geometry
infinitely long in the z-direction, the intensity, /, depends on
the radius, r, polar angle, 9/, and the azimuthal angle, y. The
following notation will be used to specify the angles shown in
Fig. 1:

B=horizontal projection of the acute angle between the
direction of intensity and a line from the point of entry into
the medium to the center of the cylinder

y=horizontal projection of the angle measured clockwise
from the radius to the direction of the intensity

0 =angle between the direction of the intensity and the
outward drawn normal to the surface

« = angle between the ray and the horizontal
The integrated intensity

G,(n= S Ildw= ZS
The net radiative flux directed radially outward is given by

q,()= gw I,cosfdw= — ZSOW/Z S:w 1,cos? acosydyda )
The transport equation using the coordinates shown in Fig. 1.
for a material with refractive index, #, is given by
dl,
ds
where 8, =0, +«,
G, =integrated intensity defined in equation (1)

/2

27
. So I,cosadyda )]

= —BVIV+KVn21bV+ %{_Gu (3)

Transactions of the ASME

Copyright © 1982 by ASME

Downloaded 19 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



12 =x%+ R? - 2xRcosf )

The transport equation will be rewritten by denoting I, as the
intensity in the range 0 < x < Rcosw and ;7 as the intensity
in the range Rcosf < x < 2Rcosf3. While I'™ and I are defined
in terms of the location from the outer cylinder it should be
noted that these are equivalent to the notation used in planar
problems indicating positive and negative directions.

From Fig. 1 we obtain

rsin y=R sinf for 0<y<w ©)

We now divide the annular region into one in which the rays
intercept the inner cylinder, subscripted 1, and a region in
which rays to not intercept the inner cylinder, subscripted 2.
Utilizing the above equation and assuming gray and tem-
perature independent properties, we can rewrite equation (3)

as
H
RS e o -
\§>~/\P dr F(r*,B)cosc
g’ \\“B\Q_Q _(—woyr*nl, wp*G -
| For*,fcosae 4nF(r*,B)cosa
and
dart r*
+ It
dr* F(r*,B)cosa
_a —wo)r*n’l, wor*G @
® h F(r*,B)cosax 4nF(r*,B)cosa )

Fig. 1 Coordinate geometry (inner cylinder of radius ry has not been

shown for clarity) where F(r*,08) = [r**sin?f] .

By solving equations (7) and (8) and using the following

d I,, is the black body intensity or Planck’s function. From
and fo 18 The viast DoAY HHensity conditionsat *=R*I, - =1~ (R*)=I,, at r*=ry*I,*

Fig. 1, it is seen that

ds= dx @) =1, *(ry*) and at r*=R*sinBl, " (R*sinB) =1, ~ (R*sinf) we
cosw obtain
Nomenclature
C, = specific heat at constant
pressure , _ . .
G = incident radiation or y = local gZ}muthal angle ¥ interpolating function and
irradiation ¢ = emissivily q’
[ = radiative intensity # = outward drawn normal to WT—“
2 the cylindrical surface reference
k = thermal conductivity ,
n = refractive index 9" = polarangle . !
; o "k = asborption coefficient b, = 53— 7.4
N = conduction radiation 105 T eference
parameter v = frequency
g = radiative heat flux p = density - . _
g” = conductive plus radiative o = scattering coefficient ro= Br
heat flux o, = Stefan-Boltzmann con- re* = Bry
r = radius stant R* = BR
ro = inner radius 7 = optical distance . k@t
0 X ®,¢ = radiation potential o=
R = outer radius ¥ = azimuthal angle rCy
s = coordinate along the ray - d &
{ = time w = solid angle ™ = T
T = temperature _ % _ albedo T eference
T.wer = temperature at the outside ®0=gT x* = Bx
radius 7= R*—ry*
Timer = temperature at the inner  Nondimensional Variables .
radius G Subscripts
x = coordinate along the n = s vy = monochromatic
horizontal projection of 1?05 T reference b = black body
the ray e = element
o = thermal diffusivity and 0, = T’L_ r = radiative
angle between a ray and 0203 T* peference .
the horizontal kB Superscripts
B = extinction coefficient and = e * = dimensionless
angle 4n o;T reference 1,2 = node index
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Rsing F(r’,Bcosa
F ’
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2 ’ o ’ ’
. {(1 —wn*ly(r'y+ — G(r )}r
r 41
R*sinf F(r',B)cosa
K,
exp[M]dr’ (12)
coso

forsin~! ry*/R* < B < sin~'r*/R*
Because of symmetry, equation (1) may be written as
w/2

/2
G(r*)=4§ So (It + I )cosadyda

0
which in nondimensional form becomes:

*
r

4R* w/2 psin”!— cosacosf
= o (R* S S e
)= —— & RM) |, 7.0
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R*
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F(r',B)
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cosa

where ®; * (ry*) and ¢~ (R*) are the dimensionless intensities
at the boundaries.
From equation (2) the expression for radiative flux directed
radially outward in nondimensional form is
&
4R* /2 psin! ;%;
wr* g 0 S 0

Q)= (617 (0,8

— ¢~ (., P) Jcos? acosfdBde
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The energy equation
oT
pCpT + v '(—kV T+q)=0
written in nondimensional form becomes
aT* 2T 1 oT* 1 4@ 1 Q
- + + — = r _ =
ar* or*? r* o 4N or* 4N r* s

Substituting equation (14) into the above equation we obtain

the following equation:

AT+ 2T 1 aT*  (1—w)
- + +— =
ar* ar*? r* or* N

(16)

Boundary Conditions. Most insulating materials have
surfaces which appear rough when compared to wavelengths
in which heat transfer by radiation dominates. As a result we
can associate an effective diffuse reflectance with the two
surfaces of our cylindrical geometry. Thus, assuming diffuse
surfaces of reflectances p, and p,, the boundary conditions
(® (R*)and &, * (ry*) can be obtained as follows:

At the outer radius, R*:

xl~ (R*)=(1— p,)[Emitted Flux] + p, [Incident Flux]

or
7wl (R*)=(1- pl)wnzlouter

: =1 r*
w/2 o sin ?
+4p, So So I+ (R*,a,B)cos? acosBdBdo
/2 pw/2 »
+4p, Xo 55_ _1ro* LT (R*,a,B)cos?acosfdBdo
10 R—*

In nondimensionalized form this becomes:
*

4,01 72 psin ) :%p

R = (1= o)+ 2 |
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cosa
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exp[ M] d~ (R*)dBdu

cosa
dp, (™2 (T R*
+——S S it S .. Cosacosf
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{a-anre+ 2aen] | T —Recoss
g ey
F(r',p)
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{exp[F(rl ’B)] -+ exp[ —M]} dr'dBda

CoSx COSx

Similarly the other boundary condition can be obtained as
follows:

amn

E 3
B (70" = (1 = p2) T e+ 02
wry*
1 ’0*

/2 in~ | =%
Sw Ssm Ik
0 [

exp[—l— (F(ro*,B) —R*COSB}] @~ (R*)dpda
cCOosx

cos?acosf

*
y
4R*p, (™2 psin T (R
+ S . cosacosf
7rr0* 0 0

o

{1-onT)+ L 0]

F(r',0

1
exp[aa {F(ro*,ﬁ)—F(r’,6)}]dr’d6dot (18)

Equations (16) and (13), along with the boundary conditions
given by equations (17) and (18), are an exact formulation of
the problem for diffuse boundary surfaces. The Galerkin
finite element method was used to solve this problem.

Heat Flux. The total heat flux, q” = — kdT/dr + g, which
in dimensionless form (at r* = ry*) is given by

ar* 1

‘I,r*zro*z“ ar* r*=r0*+ﬂvQ’° (19)
where .
_170
4R* /2 psin 1 -
0= go 50 " cos?acosBl e * (ro*,,6)
0

=17 (1", 0,8) }dBdo

Finite Flement Formulation

The finite element procedure is to divide the radial domain
ro* to R* in to a finite number of elements. The unknown
functions T*(r*) and n(r*) are approximated over each
element in the form

2
T, = Y, ¥.20"T,® (0)
i=1

and

2
nr*)= )5 %O (r*)n,©
i=1

where . are linear interpolating functions, the subscript
‘‘e” applies to an element, e, and the superscript, /, denotes
the node index. Linear interpolating polynominals are chosen
for this problem since they represent the simplest functions
which satisfy the conditions for completeness and com-
patability. The expressions for ) and ¥ are given as
@ >
YD) = PCPEO) 2n

and
* _ . %(1)
VD)= o
0

where r, (¥ represents the location of the first node of element,
e, and r,*® represents the location of the second node of
element, e.
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The integral terms integrated with respect to »* and r’ are
represented by a summation of integrals over the individual
elements in the radial domain ry* to R*. Substitution of the
assumed form of the unknown functions, i.e., equation (20),
into the governing equations, multiplication by the in-
terpolating functions ¥, (r*), j=1, 2, and integrating over

the individual elements, constitutes the Galerkin formulation.

More details of this formulation are available in reference [2].
Some terms in the governing equations which are integrated
. with respect to r’ do not have limits which coincide with the
nodes of the elements. An example of such terms are those
whose lower limits are R*sing.
If R* sing lies within some element, say e, it is easily shown
that
2) 2

Te Te 2 ) .
dr = S Oy, D (Pdr
SR‘sinﬁ K Resing = ne ¥ ()

where the superscripts (1) and (2) are the nodes of element, e,
and ¥,9(), i=1, 2 are the interpolating functions for
element, e.

The assembled equations along with the boundary con-
ditions

22)

at r*=ry* T'=Tyne”

and at *=R* T*=Tou* 23)
can now be solved for the steady state problem by any suitable
method.

Formulation of the Transient Term. The method used to
evaluate the transient term in equation (16) is the Crank-
Nicolson scheme.

A computer program was written to solve both the steady-
state and transient problems. Since the equations are
nonlinear, an iterative procedure was used. A linear solution
for T was assumed, and thereby 7** was evaluated. The
resulting equations were solved and the new value of 7™
compared with the initial guess. If convergence to within
0.001 was not obtained for T*, the system of equations was
solved again updating 7*, and hence T**, as the initial guess.
After T* converged the results were printed.

Numerical Approximations to the Integrals

Before obtaining a solution to the problem given a par-
ticular set of parameters, a number of integrals need to be
evaluated. One method of evaluating integrals consists of
employing a Gauss quadrature. The Gauss quadrature has
been used to evaluate all the integrals in the study. Some of
the integrals have one or more singularities at the limits. The
integrals themselves exist but the integrands approach infinity
at one or more limits. While evaluating the integrals it was
“found that they were highly sensitive to any change in the
quadrature used for the variable 8, but not sensitive to the
change in quadrature of the other variables, namely r*, r’,
and «. Thus in order to improve the answers, the limits on S
were divided into two equal parts and a six point quadrature
applied over each part. A four point quadrature was used for
the integrals with respect to r*, r’, and «. On comparing
solutions for the radiative equilibrium case (N=0) with those
obtained by the Monte Carlo technique [10] good results were
obtained for the cases involving black surfaces, i.e.,
€; =€, = 1. But the results for surface emissivities other than 1
were extremely poor. The difficulty arises in the singularities
of the integrals. By observing the integrals in the expressions
for the irradiation % and the boundary terms ®(R*) and &, *
(ro*), we recognize that some integrands are singular at the
limits of 8 or r’ or both. Since the integrals were sensitive to
the quadrature on §, they were approximated by the largest
value of the exponential term in the integrand near the
singularity in 8. Thus any approximations with respect to
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singularities in r’ were ignored. It should be noted that
because the Gauss quadrature is used the integrands do not
approach infinity since the function is never evaluated at the
limits. Using this procedure, the finite element and Monte
Carlo compared favorably for all radiative equilibrium cases.
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Results

Known exact solutions for the problem of combined
conduction and radiation in the cylindrical geometry exist
only for the extreme cases, i.e., conduction only or radiative
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equilibrium. Pure conduction is a trivial problem, and the
results can be readily verified by consideration of the cases
where wy =1.
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Fig. 9 Effect of scattering on transient temperature distribution for
N=0.01, ¢ =¢e5 =0.5,7y* =1.0, B* = 2.0, T*jnner = 1.0, T*guter =0.1, and
T*initiat =0.1
Table1 Heat-transfer rates for surface emissivities of 0.1
ro=1.0 R*=2.0 Tinner* = 1.0 Touer* =0.1 € =€, =0.1
dT* Or
v
dr* r"=r0‘ r.=r0;
N=0.5
0 —1.388 0.076 1.426
0.5 —1.348 0.079 1.387
1.0 —1.298 0.062 1.329
N=0.1
0 —1.731 0.076 1.921
0.5 —1.541 0.079 1.738
1.0 —1.298 0.062 1.454
N=0.5
0 —2.118 0.076 2.500
0.5 —1.769 0.079 2.164
1.0 —1.298 0.062 1.608
Table2 Heat-transfer rates for surface emissivities of 0.5
T*inner = 1.0 T* outer =0.1 €1 =¢€,=0.5 ro*=1.0 R*=2.0
dT*/dr* o
“0 r=rg * r=rg * ‘I’
N=0.5
0.0 —1.333 0.379 1.523
0.5 —1.307 0.383 1.498
1.0 —1.298 0.340 1.468
N=0.1
0.0 —-1.499° 0.372 2.430
0.5 —1.363 0.378 2.308
1.0 —1.298 0.340 2.148
' . N=0.05
0.0 —1.728 0.368 3.566
0.5 —1.464 : 0.373 3.330
1.0 —1.298 0.340 2.998
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Table3 Heat-transfer rates for surface emissivities of 1.0

Tinner = 1.0 T outer =0.1

dar*/dr*
r=rg

- 1.274
~1.270
—1.298

—oo
o w

—1.273
-1.212
—1.298

—oo
(=203

- 1.366
-1.218
—1.298

—ee
[NV}

Radiative equilibrium solutions were compared with those
obtained by the Monte Carlo technique [10]. Figure 2 shows
results obtained by the finite element and Monte Carlo
methods for various surface emissivities. In Fig. 3 the two
methods were compared for black surfaces and different
radius ratios and optical depths. The radial domain was
divided into twenty equal elements. The results compare well
with those obtained by the Monte Carlo technique.

Combined conduction and radiation solutions were
compared with those obtained by Chang [4]. Although
Chang’s solution is based on an Eddington’s first ap-
proximation model of radiation heat transfer, it is one of the
few known solutions that exists for this problem even though
scattering is omitted. The steady-state results are compared in
Fig. 6, while the transient case is compared in Fig. 8. The
radial domain was divided into nineteen elements of which
twelve closest to the inner cylinder were of length 0.025, and
the remaining seven were of length 0.10.

Figure 4 shows the effect of the conduction radiation
parameter, /N, on the temperature distribution. N equal to
infinity heat transfer by conduction only, and thus we expect
a log curve. N=0 implies heat transfer by radiation only, and
we would expect temperature slip at the boundary.

Figure 4 shows the effect of scattering on the temperature
distribution. For wy =1, the medium does not absorb but only
scatters radiation, and this we would expect a log curve. For
other values of w, the medium absorbs incident radiation.

Figure 7 shows the effect of surface emissivity on the
temperature distribution. It is seen that the initial slope of the
temperature increases with decrease in emissivity.

Figure 9 shows the effect of scattering on the transient
temperature distribution. Nineteen elements were used of
sizes 0.025 and 0.1, and the time step was selected to avoid
any temperature fluctations at early times. On the average the
time required to achieve steady state is t* =1.0.

Table 1, 2, and 3 present results for the conductive,
radiative, and total heat flux at the inner cylinder. It is seen
that descreasing N increases the conductive and total heat
flux. Decreasing the surface emissivities reduces the radiative
heat flux. The conductive fluxes obtained in these tables are
solved as part of the system of equations rather than being
calculated after the temperatures profiles are obtained.

Conclusions

This study, has solved the problem of combined conduction
and radiation in an absorbing, emitting, and scattering
medium of cylindrical geometry bounded by grey surfaces at
known temperatures. Solutions compare well with known
exact solutions of limiting cases, i.e., pure conduction and
radiative equilibrium. The authors believe that the finite-
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6 =e=1.0 re*=1.0 R*=2.0
O
r:ro* v
N=0.5
0.773 1.660
0.765 1.653
0.702 1.649
N=0.1
0.748 3.144
0.751 3.088
0.702 3.053
N=0.05
0.731 5.019
0.738 4.907
0.702 4.808

element technique is well suited for the problem because of the
ease with which integrals with variable limits can be handled
and the accuracy with which the conductive flux can be
evaluated for the steady-state case. Another advantage lies in
the fact that the elements do not have to be of equal length
and the programming was such that very few changes needed
to be made to change the length of each element or to increase
the number of elements. Nineteen or twenty elements were
found to be sufficient for reasonable accuracy.
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The weighted sum of gray gases model postulates that total emissivity and ab-
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temperature dependent factor. The gray gas emissivity is expressed in terms of a

temperature-independent absorption coefficient, absorbing gas partial pressure,
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and path length. The weighting factors are given by polynomials in gas temperature
with associated polynomial coefficients. For absorptivity, a second polynomial for
the irradiation temperature is introduced. A regression scheme is employed to fit the

model to total emissivity and absorptivity values obtained from the exponential
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wide-band model. Absorption and polynomial coefficients are reported for carbon
dioxide, water vapor, and mixtures of these gases. The model with these coefficients

more accurately represents the total properties over a wider range of temperatures
and partial pressure-path length products than previously available coefficients.

Introduction

Evaluation of radiant exchange within a gas as well as
between a gas and surrounding surfaces may be accomplished
by the zone method [1]. The zone method is attractive since
the computational effort associated with the spectral and
spatial integrations common to radiant exchange analyses is
minimized by introduction of the weighted sum of gray gases
model for the radiative properties of total emissivity and
absorptivity. This model represents these properties by a
summation of a number of terms, each given by the
multiplication of a weighting factor and a gray emissivity.
The weighting factors are expressed in terms of polynomials
in temperature with associated coefficients. Gray gas
emissivities are expressed in terms of a temperature in-
dependent gray gas absorption coefficient and the product of
the partial pressure of the absorbing gas and path length.
Total emissivity and absorptivity may then be evaluated once
absorption and polynomial coefficients are available.

In several energy systems, radiant exchange in gases
resulting from combustion of a hydrocarbon fuel is to be
evaluated. The systems generally exist at a total pressure of
one atmosphere and exhibit temperatures ranging from about
600 to 2400 K. The gases contain carbon dioxide and water
vapor where the radiant participation by these gases depends
on several parameters of which gas and irradiation tem-
peratures, total and absorbing gas partial pressures, and path
lengths are the most important. Partial pressures of carbon
dioxide and water vapor are near 0.1 atm for stoichiometric
combustion of oil and 0.1 and 0.2 atm, respectively, for
stoichiometric combustion of methane [2]. The path length
range is approximately 0.1 to 10 m as characteristic of
combustion chambers and boilers. The partial pressure-path
length products, therefore, acquires values from 0.01 to 10
atm-m. Values for absorption and polynomial coefficients
must be available for these cited parameteric ranges as well as
for carbon dioxide, water vapor, and mixtures of these gases.

Absorption and polynomial coefficients are available from
several sources [3-9]. Coefficients reported in [3-7] are ap-
plicable for P,/P. = 1. In addition, coefficients were also
presented in [4-6] for P,/P. = 2. For these coefficients, P,
= 0.1 atm and P; = 1 atm. Linear and third-order
polynomials were utilized in [4-6] and [3, 7], respectively.

Contributed by the Heat Transfer Division and presented at the 20th
ASME/AIChE National Heat Transfer Conference, Milwaukee, Wisconsin,
August 2-5, 1981. Manuscript received by the Heat Transfer Division, October
1, 1981. Paper No. 81-HT-55.
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Two gray gas components were found adequate in [4, 6]
whereas three components were employed in [3, 5-7]. A
second order polynomial and six gray gas components were
utilized for carbon dioxide in [8]. Four gray gases were em-
ployed in [9] for water vapor. Incorporation of four or more
gray gases in the zone method may result in significant
computational effort. Since the temperature and partial
pressure-path length product ranges varied over which the
coefficients are applicable, it is not meaningful to compare
the magnitudes of the absorption and polynomial coef-
ficients, the order of polynomials, as well as the number of
gray gas components and emissivities. There exists, therefore,
a lack of well-defined and representative coefficients for
employment in the weighted sum of gray gases model. This
deficiency is partially attributed to the absence of
representative total emissivity and absorptivity values.

The objective of this investigation is to develop a set of
absorption and polynomial coefficients for the weighted sum
of gray gases model. Emphasis is placed on acquiring coef-
ficients for carbon dioxide and water vapor, as well as
mixtures of these gases for a wide range of partial pressure-
path length products and temperatures. This investigation
also examines the number of gray gas components and
polynomial orders required to represent the total emissivity
and absorptivity values, taking into account the intended
application of evaluation of radiant exchange. In order to
develop these coefficients, total emissivities and absorptivity
values must be available. Radiative gas property models
capable of yielding total emissivity and absorptivity values are
examined first. From this discussion, a model is selected to
provide the total properties. Following this, the weighted sum
of gray gases model and procedure for computing the
coefficients are briefly described. This discussion is then
succeeded by that for the results of this investigation.

Radiative Gas Property Models

Radiative gas property models which yield total emissivities
and absorptivities may be conveniently classified into four
general categories associated with narrow-band models [10],
exponential wide-band models [11, 12], weighted sum of gray
gases models [3-9], and charts and correlations [1, 2, 10, 11,
13-17]. It should be noted that some methods may rely on
results of other models. Comparisons of total emissivities and
absorptivities evaluated from the various models are available
in [8, 9, 14, 15, 17, 18]. A total emissivity chart prepared by
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Fig.1 Emissivities for carbon dioxide and water vapor mixture

De Ris [19] compares emissivities [1, 5, 13, 17] for P,,/P, =
1, P, = 0.1 atm, and Py = 1 atm. Emissivities from [1, §, 17]
are similar at high temperatures. The Leckner [13] and Hottel
[1] results are lower at the low and high temperatures,
respectively. Other comparisons [18] of models for carbon
dioxide [1, 11, 13, 15, 17] and water vapor [1, 10-14, 17]
reveal significant differences, particularly for water vapor at
high temperatures. Representative comparisons of the models
for a carbon dioxide and water vapor mixture are illustrated
in Fig. 1 for total emissivity at P, = 1 atm and P,,/P. = 1
with P, = 0.1 atm. Results are subdivided into two general
categories related to total emissivities based on spectral
models which include narrow and wide-band models [5, 6, 11,
12] and charts [2-4, 7] which vyield total emissivities.
Emissivities from the Hadvig charts [2] are denoted by data
symbols to imply that they are based on total emissivity
measurements. At each partial pressure-path length product,
two curves related to two and three gray gas components for
the Truelove results [6] are illustrated. Other comparisons
revealed that results from the Leckner [13] and Modak [17]

correlations are similar to those from the Edwards-Modak
model [11, 12].

Emissivity results from the total models are in general
agreement with each other and with the Hadvig results. The
latter finding is expected since these emissivities have a
common source, namely, the Hottel charts. The spectral
models yield higher emissivities than the total models, par-
ticularly at the higher temperatures. This has also been ob-
served by Taylor and Foster [5]. The models attributed to
Taylor and Foster [5] as well as Truelove [6] exhibit similar
trends with the Truelove two gray term approximation in
closer agreement with the Taylor and Foster model which
employs three gray terms. Results from these models, par-
ticularly at the lower partial pressure-path length products,
differ considerably from those of the Edwards-Modak model.
Based on these comparisons, the exponential wide-band
model with correlation parameters from [11, 12] was selected
to provide total emissivities and absorptivities for utilization
in this study. It should be noted, however, that considerable
differences, particularly at low partial pressure-path length
products and high temperatures, exist between the models.
Additional studies are needed to rectify these differences and
to provide measurements for the total properties.

Weighted Sum of Gray Gases Model

Total emissivity for the weighted sum of gray gases model is
evaluated from the following expression

€= gae,i(T) [l—e"‘ips]

where a,; denote the emissivity weighting factors for the i-th
gray gas as based on gas temperature, T. The bracketed
quantity in equation (1) is the i-th gray gas emissivity with
absorption coefficient, k;, and partial pressure-path length
product, PS. For a gas mixture, P is the sum of the partial
pressures of the absorbing gases. The weighting factor, a;,
may be physically interpreted as the fractional amount of
black body energy in the spectral regions where gray gas of
absorption coefficient, k;, exists. The absorption coefficient
for i = 01is assigned a value of zero to account for windows in
the spectrum between spectral regions of high absorption.
Since total emissivity is an increasing function of the partial
pressure-path length product approaching unity in the limit,
the weighting factors must sum to unity and, also, must be
positive values. The weighting factor for i = 0 is evaluated -
from

)

2

mﬁ
(==
I
o
|
2~
mﬁ

i=1

Thus, only I values of the weighting factors need to be
determined. A convenient representation of the temperature
dependency of the weighting factors is a polynomial of order
J-1 given as follows

Nomenclature
a,,a. = absorptivity and emissivity

weighting factors

b, = emissivity polynomial co- K = number of irradiation P, = partial pressure of water
efficients polynomial coefficients vapor, atm

¢, = absorptivity polynomial co- L = number of partial pressure- S = pathlength, m
efficients path length products T = gastemperature, K

k; = absorption coefficients, M = number of temperature T, = irradiation temperature, K
(atm-m) ! values x = variable

I = number of gray gas com- P = pressure, atm a = total absorptivity
ponents P, = partial pressure of carbon ¢ = total emissivity

J = number of temperature . dioxide, atm ¢ = root-mean-square error
polynomial coefficients P+ = total pressure, atm ¢ = objective function
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Qo= Y, bei T 3)

j=1

where b, ; ; are referred to as the emissivity gas temperature
polynomial coefficients. The absorption and polynomial
coefficients are evaluated by fitting equation (1) to a table of
total emissivities. For I gray gases and J— 1 polynomial order,
there are /(1 + J) coefficients to be evaluated.

For total absorptivity, the irradiation temperature of
surfaces surrounding the gas is also introduced. Hence, the
absorptivity is

a= Zl;aa,,-(T, Ts)[1~e"‘i”s] )

i=0

where the absorptivity weighting factors, a,;, are also a
function of the surface irradiation temperature, T,. The
weighting factors must all sum to unity and must all be
positive. The weighting factor for i = 0is given as

I
Go=1- Y d,, )
i=1

The dependency of the weighting factors on gas and
irradiation temperatures is expressed by polynomials of
orders J—1 and K —1, respectively, as follows

J

agi= E[Eca,,ﬁ* ‘]Tf ! ©6)

j=1 " k=

where c,, ; ; & are the absorptivity polynomial coefficients. In
order to reduce the computational effort associated with the
zone method, the absorption coefficients for total emissivity
and absorptivity are taken to be identical. However, the
polynomial orders may differ for the two properties. The
number of coefficients to be evaluated for total absorptivity is
then equal to I* J*K.

Procedure

Evaluation of the absorption and polynomial coefficients
requires a procedure which fits the model expressions to
tabulated values of total emissivity and absorptivity. For
future references, the tabulated values are referred to as data.
Since the model expressions are nonlinear and there are
generally more data values then coefficients to be determined,
a curve fitting procedure based on minimization of the error
between the model and data values is desired. Furthermore,
the procedure should be available on a digital computer in
order to reduce the effort required to generate the coefficients
and to remove any subjective biasing. These requirements
dictate the utilization of some form of a regression analysis.

The procedure employed in this study is the Fletcher-Powell
technique [20] for multivariable unconstrained nonlinear
problems. The basic idea behind this technique is to minimize
the function

¢(x15x27 . ,x,,)

where ¢ is called the objective function with variables x,. For
the problem of interest, the objective function is defined as

o= E ) (w)z )

=1 m=1 €d,l,m

where indices / and m represent the partial pressure-path
length product and temperature values, respectively, for
which emissivity data values e,,, are available. ¢,
corresponds to the emissivity evaluated from the model given
by equation (1). A relative error is employed in equation (7)
since the emissivities vary over several orders of magnitude
for the desired ranges of partial pressure-path length products
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and temperatures. The objective of the minimization
procedure is then to obtain a near zero value for the objective
function. The variables are assigned the desired coefficients as
foliows

xi=ki; Xpijyi-nr=be i ®
forl =i < lIand1 = j < Jwhich yields 7(J+1) variables. A

more representative indication of the agreement between the
model and data is furnished by the root-mean-square (rms)

error defined as
1 172
=] — 9
7 [LM ¢] ©

It was found that the minimization code was faster when the
function was defined by equation (7) than by equation (9).
The derivatives of the objective function are also required in
order to reduce the computational effort and are expressed as

____22 E (edlm Elm)ael,m
€t m 0x;

6x,
In terms of the model, the emissivity derivatives can be
evaluated utilizing equations (1) and (3).

A computer code [20] was modified [21] to accept the
expressions for the present objective function and its
derivatives. Similar expressions were utilized for total ab-
sorptivity. However, the absorption coefficients in the ab-
sorptivity expression were assigned those for the emissivity.
Thus, subscript / on x; acquires values greater than /.

(10

Results and Discussions

Data values for total emissivity and absorptivity of carbon
dioxide, water vapor, and mixtures of these gases were
generated from the exponential wide-band model for a total
pressure of 1 atm and gas temperatures from 600-2400 K with
a temperature interval of 50 K. In all cases, the partial
pressure-path length product was assigned the sequence of
values of 1, 1.4, 2, 3, 4, 5, 6, 7, 8, and 9 over the range of
0.001 to 10.0 atm-m. For carbon dioxide, data values
corresponded to the case when the partial pressure of carbon
dioxide vanished. Comparisons [22] illustrated that the partial
pressure has a negligible influence on emissivity and ab-
sorptivity of carbon dioxide for the considered total and
partial pressures. However, for water vapor, emissivity and
absorptivity illustrated a dependency on partial pressure, and
data values were computed for P,, — 0, = 0.2, 0.5, and 1.0
atm. For mixtures of carbon dioxide and water vapor with the
remaining gas taken to be nitrogen, data values corresponded
to P,/P, = 1 and 2 with P, = 0.1 atm for both ratios. The
partial pressure for these mixtures is the sum of that for
carbon dioxide and water vapor. Data values for absorptivity
were evaluated for irradiation temperatures of 600, 1050,
1500, 1950, and 2400 K.

Plots of emissivity and absorptivity versus gas temperature
with parameter of partial pressure-path length product and
versus partial pressure-path length product with parameter of
gas temperature were prepared to assist in identifying the
functional form of the data. For absorptivity, these plots were
prepared for each irradiation temperature. Since each data set
contained 1517 data values corresponding to 37 gas tem-
perature and 41 partial pressure-path length product values,
significant computational effort would be realized in the
Fletcher-Powell technique if all data values were employed to
generate the coefficients. Thus, some preliminary tests
particularly with carbon dioxide emissivity were performed to
determine the sensitivity of the curve fitting scheme to the
number of data points and their intervals, number of gray gas
components, and polynomial order. To perform these tests, it
was necessary to develop a sorting routine to extract a subset
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of values from the set. The extensiveness of these tests
precludes presentation of all results and only a summary of
the findings is reported with more detailed discussion and
results available elsewhere [21].

In order to perform these tests, the number of gray gas
components (/) and gas temperature polynemial coefficients
(J) were initially taken as 3 and 4, respectively. The effects of
these parameters on the accuracy of the model are examined
later, From these tests, it was found that a gas temperature
interval of 200 K yielding M = 10 temperature values could be
utilized without loss of accuracy. The influence of the number
of partial pressure-path length products was examined by
considering the P.S sequences of 1, 1, and 3, as well as 1, 3,
and 6 between 0.001 and 10.0 atm-m yielding L = 5, 9, and
13, respectively, in equation (7). The respective subset and set
rms errors.are 0.042 and 0.080, 0.064, and 0.054, as well as
0.061 and 0.052. An rms error of 0.05 implies an average
agreement between the model results and data of 5 percent.
The ability of the coefficients to predict emissivities at the
intermediate P.S values is indicated by the set rms errors. It
was concluded that the coefficients obtained for L = 9 yielded
reasonable agreement with the data and computational effort.
Thus, L = 9 was utilized in the remaining computations.

In conjunction with these tests, the influence of I and J on
the curve fitting procedure and errors was also explored. Of
course, larger values of 7 and J would be expected to yield
better correlation between the model and data. Cognizance in
selecting these values, however, must be made of the intended
application to examine radiative transfer with the zone
method where significant computational effort would result
for the larger values of I and J. Of the two parameters, /
would have a greater effect on the computational effort since
this parameter dictates the number of direct exchange areas to
be evaluated. To examine the influence of I, results were
acquired for I = 2 and 3 with / = 5 and L = 5 for both cases
where set rms errors were 0.149 and 0.0754, respectively.
Thus, in view of the larger error for I = 2, this case did not
receive additional consideration. To further explore the in-
fluence of I, coefficients were generated for / = 4 and J = 4
with L = 9 where subset and set rms errors of 0.043 and
0.039, respectively, are lower than those cited for 7/ = 3 and J
= 4, Comparisons of model results for I = 3 and 4 with data
values for carbon dioxide are illustrated in Fig. 2, where
emissivities are displayed as a function of P.S with T = 1000,
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1500, 2000, and 2400 K. It is observed that the lower errors
for I = 4 are attributed to a beiter fit at low values of P.S. it
should be noted that data values for P,.S values below 0.001
atm-m are adequately described by the model results. In view
of the intended usage of these results, I = 3 was selected for
further computations.

Selection of the value for J was aided by examination of the
temperature behavior of emissivities for carbon dioxide
displayed in Fig. 3 where model results correspond to / = 3
and L = 9 withJ = 3,4, and 5. The corresponding subset and
set rms errors for J = 3 and 5 are 0.086 and 0.073, as well as
0.053 and 0.049 with errors for J = 4 cited previously. Thus,
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Tablel Coefficients for emissivity

i k; b 10! be i 2*10% bei3*107 by 4*101
Carbon dioxide, P, — 0 atm
1 0.3966 0.4334 2.620 ~1.560 2.565
2 15.64 —0.4814 2.822 ~1.794 3.274
3 394.3 0.5492 0.1087 -0.3500 0.9123
Water vapor, P, — 0atm
1 0.4098 5.977 ~5.119 3.042 —5.564
2 6.325 0.5677 3.333 ~1.967 2.718
3 120.5 1.800 —2.334 1.008 —1.454
Water vapor, P, = 1.0 atm
1 0.4496 6.324 —8.358 6.135 -13.03
2 7.113 —0.2016 7.145 ~5.212 9.868
3 119.7 3.500 —5.040 2.425 —3.888
Mixture, Py, /P, = 1
1 0.4303 5.150 —-2.303 0.9779 —1.494
2 7.055 0.7749 3.399 ~2.297 3.770
3 178.1 1.907 —1.824 0.5608 —0.5122
Mixture, P, /P, = 2
1 0.4201 6.508 —5.551 3.029 —5.353
2 6.516 —0.2504 6.112 ~3.882 6.528
3 131.9 2.718 ~3.118 1.221 -1.612
Pr = latm, 0.00] = P§ < 10.0 atm-m, 600 < T < 2400K
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as J increases, the agreement between the model and data also
increases. From these findings, J = 4 was chosen with some
accuracy being sacrificed at the lower values of P.Sand T.

A final consideration of these tests concerns the number of
decimal digits which must be reported to produce similar
results, All calculations were performed utilizing fourteen
decimal digits of accuracy. Upon completion of these
calculations, the coefficient values were rounded to three and
four decimal digits, and rms errors recomputed. It was found
that the original results could be reproduced with four
decimal digits. Thus, this is the accuracy employed to report
the coefficients.

The absorption and polynomial coefficients for carbon
dioxide are presented in Table 1 for I = 3 and J = 4. The

606 / Vol. 104, NOVEMBER 1982

GAS TEMPERATURE, K
Fig.5 Emissivity for mixture

absorption coefficients are seen to be of the order of 0.1, 10,
and 100 (atm-m)~!. This may be interpreted as a real gas
being represented by three gray gases corresponding to op-
tically thin, intermediate optical thickness, and optically
thick, respectively.

The tests for water vapor were not as extensive as those for
carbon dioxide, since water vapor emissivity does not exhibit
a similar behavior as that for carbon dioxide at low values of
PS and 7. From these tests, it was found that values of J = 3,
J = 4, and L = 9 produced results in agreement with the data
values. This agreement is illustrated in Fig. 4 for P, — 0 and
= 1.0 atm. For clarity purposes, results for P,.S = 3.0 atm-m
are not shown. The respective subset and set rms errors are
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Table 2 Coefficients and errors for absorptivity of mixtures

Ca,ij k
P,/P.=1
% -
i ] 1 2 3 4
J
1 1 0.55657 E-00 —0.62824 E-03 0.31876 E-06 —0.52922 E-10
2 1 0.16676 E-01 0.15769 E-03 —0.10937 E-06 0.19588 E-10
3 1 0.28689 E-01 0.20697 E-03 ~0.17473 E-06 0.37238 E-10
1 2 0.32964 E-03 0.27744 E-06 —0.26105 E-09 0.37807 E-13
2 2 0.50910 E-03 —0.76773 E-06 0.40784 E-09 —-0.69622 E-13
3 2 0.24221 E-03 —0,55686 E-06 0.34884 E-09 —0.67887 E-13
1 3 —0.53441 E-06 0.33753 E-09 —0.10348 E-12 0.26027 E-16
2 3 0.37620 E-07 0.18729 E-09 —0.15889 E-12 0.30781 E-16
3 3 —0.19492 E-06 0.36102 E-09 -0.21480 E-12 0.41305 E-16
1 4 0.12381 E-09 —0.90223 E-13 0.38675E-16 ~0.99306 E-20
2 4 —0.32510E-10 -0.26171 E-13 0.29848 E-16 —0.58387 E-20
3 4 0.41721 E-10 -~0.73000 E-13 0.43100 E-16 —0.83182 E-20
P/P.=2
1 1 0.59324 E-00 -0.61741 E-03 0.29248 E-06 —0.45823 E-10
2 i ~0.35664 E-01 0.21502 E-03 —0.13648 E-06 0.24284 E-10
3 1 0.12951 E-00 0.54520 E-04 —0.80049 E-07 0.17813 E-10
1 2 0.35739 E-03 0.22122 E-06 —0.26380 E-09 0.45951 E-13
2 2 0.51605 E-03 —0.70037 E-06 0.38680 E-09 —0.70429 E-13
3 2 0.15210 E-03 —0.37750 E-06 0.21019 E-09 —0.36011 E-13
1 3 ~0.71313 E-06 0.46181 E-09 —0.70858 E-13 0.38038 E-17
2 3 0.12245 E-06 0.99434 E-10 —0.15598 E-12 0.37664 E-16
3 3 —0.13165 E-06 0.20719 E-09 —-0.96720 E-13 0.14807 E-16
1 4 0.17806 E-09 ~0.11654 E-12 0.19939 E-16 —0.13486 E-20
2 4 —0.57563 E-10 ~0.10109 E-13 0.35273 E-16 —0.89872 E-20
3 4 0.26872 E-10 ~0.34803 E-13 0.14336 E-16 —0.19754 E-20
Subset  Set

P,/P. ¢*10% %102

1 5.124  4.621
2 4.415 3.909

Py = latm, P, = 0.1atm, 0.001 < (P.+P,)s < 10.0atm-m, 600 < 7, Ty < 2400K

0.040 and 0.035, as well as 0.043 and 0.040. Similar errors
were obtained for the other values of P,. Values for the
absorption and polynomial coefficients are reported in Table
1 for P, — 0 and = 1.0 atm. The agreement between the data
- values and model results at intermediate P,,S values is similar
to that shown in Fig, 2, and the model results may be extended
to P,,S values of 0.0001 atm-m without loss of accuracy.

In view of the similarity of results for P,,/P, = 1 and 2,
comparisons between data values and model predictions are
presented in Fig. 5 only for P,,/P, = lwith/ = 3and J = 4.
The subset and set rms errors for P,,/P. = 1 and 2 are 0.048
and 0.044 as well as 0.041 and 0.037, respectively. Values for
the absorption and polynomial coefficients are reported in
Table 1. In general, the absorption coefficients presented by
other investigators [3~7] are of similar magnitude.

Comparisons and results reported for total emissivity
established that three gray gas components and a third-order
gas temperature polynomial yielded model results which
adequately represented the data values. These findings were
also utilized to compare total absorptivity values from the
AND WATER VAFOR model. As previously noted, the absorption coefficients for
Pr=latm, Py=0.1 atm - absorptivity were assigned those for emissivity. The number
Py/Pg=1 (Pc+Py)S, of partial pressure-path length and gas temperature values
v e : atm-m 7 employed to generate the absorption and gas temperature
1=3,J=4,K=4 polynomial coefficients for absorptivity were the same as
ool 11l L1 those for emissivity. It was found that five decimal digits for

0 1000 2000 3000 the irradiation polynomial coefficients must be furnished in
GAS TEMPERATURE, K ‘ order to reproduce an accuracy of four decimal digits for the
Fig.6 Absorptivity for mixture model results. The additional number of digits for ab-
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sorptivity in comparison with the four digits for emissivity is
attributed to the errors introduced by the irradiation tem-
perature polynomial.

In view of the amount of results, only representative
comparisons are presented. Model results and data values for
total absorptivity of a mixture of carbon dioxide and water
vapor with P,,/P. = 1 are displayed in Fig. 6. Results for (P,
+ P,)S = 0.001, 0.01, 0.1, and 1.0 atm-m are only shown
since, for each (P, + P,)S value, the influence of the
irradiation temperature is illustrated for T, = 600, 1050, and
1500 K. Absorptivity data values are not strongly dependent
on gas temperatures particularly for (P, + P,)S values
between 0.01 and 0.03 atm-m where they are nearly in-
dependent of gas temperatures. Based on these findings,
Hottel and Sarofim [3] selected a mean gas temperature
thereby discarding the gas temperature polynomial in the
model expression and reported only polynomial coefficients
to describe the effect of the irradiation temperature. This was
not undertaken in this study since a wider gas temperature
range is of interest. In view of the ranges of the parameters for
which the model results are applicable, the agreement between
the model and data is acceptable. The irradiation temperature
polynomial coefficients c, ; ; , along with the subset and set
errors are furnished in Table 2 for P,/P. = 1 and 2. The
absorption coefficients have been provided in Table 1. The
signs and orders of magnitudes for the coefficients are similar
for the two values of P, /P.. The model results may be ex-
tended down to (P, + P,,)S = 0.0001 atm-m.

Conclusions

Coefficients for the weighted sum of gray gases model were
evaluated for total emissivity and absorptivity for carbon
dioxide, water vapor, and mixtures of these gases. The
coefficients are applicable for gas and irradiation tempertures
within the range of 600 to 2400 K and partial pressure-path
length products from 0.001 to 10.0 atm-m. A regression
technique which minimizes the error between the model
results and data values of total emissivity and absorptivity
was utilized to compute the coefficients. Numerical ex-
periments demonstrated that three gray gas components in
conjunction with third-order temperature polynomial yielded
models results which adequately predicted the property
values. However, particularly at low values of temperatures
and partial pressure-path length products, differences be-
tween the model results and data values occurred.
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Cavities

Gray Fluids Enclosed in Vertical

The interaction of thermal radiation with natural convection in a gray fluid con-
tained inside a cavity is numerically examined. The radiation part of the problem is

treated by using the two-dimensional P-1 approximation. The effect of radiation on
the conduction, transition, and boundary layer regimes is investigated. The results
show that radiation decreases the intensity of the flow at low Rayleigh numbers
and, in contrast, leads to an increased flow in convection regimes. The influence of
the radiative parameters on the flow and heat transfer is discussed.

Introduction

During the past few decades, numerous investigations have
been made of natural convection in enclosures. Most of these
studies have considered convection to be the only mode of
heat transfer in fluids confined between two isothermal
plates. The extension of the problem to include the effects of
wall conduction and radiative transfer between the walls has
recently been considered [1, 2, 3]. The effect of the radiative
properties of the fluid—i.e., absorption, emission and
scattering —has been of interest in several papers. For an
extensive list of references of natural convection in horizontal
semitransparent fluid layer, the reader is referged to the recent
article by Hassab and Ozisik [4]. These references are devoted
to the study of the stability of fluids contained in slots having
very large aspect ratios and are restricted to the conduction
regime. The interaction of radiation and. convection in the
boundary layer regime of a vertical cavity has been
analytically and experimentally examined by Bratis and
Novotny [5]. The experimental data are compared to a
boundary layer type analysis in the case of radiating gas at
moderate temperature level. Their results indicate that the
heat transfer by thermal radiation is important although the
relative effect of radiation is much less in magnitude for the
vertical case than for the horizontal case [4].

The survey of the foregoing literature reveals that two
major effects are predicted: in general, the radiation delays
the onset of instability in a slot; and there is an increase in
heat flux due to fluid radiation. In conjunction with the
variations of the critical Rayleigh number, the magnitude of
the velocity of the base flow is reduced [6]. The second effect
is accomplished with a tendency to smooth the temperature
distribution in the core of the enclosure and to increase the
temperature gradient near the boundaries.

On account of the mathematical complexity brought upon
by the radiation part of the problem in two-dimensional
geometries, approximate analyses have been developed. The
most successful technique for a multidimensional radiative
heat transfer appears to be the differential formulation or P-1
approximation of the spherical harmonics method which was
extended by Traugott [7] in order to allow for the effects of
nongrayness of the fluid. One should also mention the method
of undetermined parameters considered recently by Yuen and
Wong [8] in the case of radiative equilibrium in a rectangular
enclosure. However, the extension to nongray fluids seems to
be cumbersome and the numerical computations can be quite
time-consuming. :
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St, Louis, Missouri, June 7-11, 1982. Manuscript received by the Heat Transfer
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Journal of Heat Transfer

The objective of this work is to analyze the influence of the
convective and radiative parameters on the conduction
regime, on the transverse rolls, and on boundary layer regime.

In order to focus the study on the main features of the
interaction, only gray fluids are considered in this paper.
Indeed, calculations carried out for real gases enclosed in
narrow cavities by using a more exact spectral model have
shown that all the general trends obtained with the gray
analysis still occur [9].

Formulation

Consider the process of combined natural convection and
radiation in a vertical layer of a semitransparent Boussinesq
fluid medium enclosed in a cavity with isothermal side walls
and adiabatic end walls as shown in Fig. 1. The bounding
surfaces are opaque, gray, and diffuse. It is assumed further
that the contribution of the radiative stress to the momentum
equation is negligible in view of the moderate temperature
level of the medium at which the radiation pressure number is
very small [10]. Therefore, in the presence of radiation, the
continuity and momentum equations are similar. In order to
eliminate pressure, these equations are expressed in terms of

the vorticity, @, and a stream function, . Non-
YA Insulated
A g s
e
2
51 &
Th H T,
\
Hot isothermal D - Cold isothermal
wall wall
64
0 X
Insulated

Fig.1 System configuration and coordinate system
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dimensionalizing all variables, the equations governing the
fluid motion can be written as

v2y=-0 03

aQ aQ aQ ol
—_ — +v— =Prv2Q+RaPr— 2
m +u6x Uay rv arax 2)

00,90 90 ey T (aqnx

at dx ay N dax dy
"Where 7, = a,,, D is the optical thickness of the fluid layer and
N=a,,Mn?oT?3, the interaction parameter.

The velocity field is obtained as

oy i
= = - — 4
VT T @
The dynamical boundary conditions are given as:
i %y
= =0 -Q= =
¥ o P atx=0,1 (5a)
12 %y
ks 5 =0 (5b)

The form of these equations can readily be derived following
procedures previously used (see [11], for example). It should
only be mentioned here that the temperature difference
AT=T.,— T, is chosen as scale factor for temperature and
n?¢T? AT as scale factor for the radiative flux.

The energy equation (3) involves the radiative heat flux
which will be obtained under the modified P-1 approximation
[7]. In terms of the first moment of the intensity, the ap-
proximate form of the equation of radiative transfer is

)y

a 2
Qr,yz__lVAJ ®)

3 To

9y |
dax ay
Substituting these relations into the epergy equation gives:

ili] a0 a0 ]

— tU— v —— =920+ — v2J

ar " Uax Ty N
The set of coupled equations (6) and (3b) requires additional
boundary conditions. Following Amlin and Korpela [12],
these conditions may be stated for opaque walls as

(3b)

aJ (0,
O s N —488/63)/9 (9a)
ax

aJ(t,
éxy ) 3 AT —46%/0% )/ (9b)

and similar relationships at the end walls. In these equations,
N, characterizes the color of the wall, i, by:

T 2Q2-¢)

¢; being the total hemispherical emissivity of the wall. At the
isothermal wall, the thermal boundary conditions remain as

6,=0.5+4, (11a)
6,=—-0.5+0, aty=1 (11b)

An energy balance at the adiabatic walls yields the thermal
conditions as:

A; 10§

atx=0

a9 n dJ

— +— — =0 aty=0,4
3 3N oy 7

For perfectly reflecting boundaries, the radiative flux is equal
to zero and the equation (12) is reduced to the usual adiabatic
condition.

(12)

8*J 9%J ) o ; . . .
T Ty I © o adehonal pasameters muss be speciied, sineethe ffects
our additional parameters mus cified, since the effects
The radiative flux and its divergence are related to J by of radiation depend on N, 73, \; or ¢;, and 7. It should be
o7 37, oJ 37, noticed that the present choice of dimensionless quantities just
— =——q,, —— =-—4,, (7) as for a nonradiating fluid leads to an interaction parameter,
ax 7 dy 7 N, called elsewhere Planck number [6, 12], which charac-
Nomenclature
A = aspectratio,4d=H/D
C, = specific heat at constant
pressure A = thermal conductivity of the
D = width of the cavity T, = temperature of the hot wall fluid
H = height of the cavity T,, = meantemperature, 7,, = N o= =¢/2Q—¢);i=1,4
J = dimensionless incident (T.+T,)/2 v = kinematic viscosity
radiation u = x-component of the ¢ = dimensionless fluid tem-
n = refractive index of the semi- dimensionless velocity perature, 8= T/AT
transparent medium v = y-component of the 6,, = dimensionless mean tem-
N = conduction-to-radiation pa- dimensionless velocity perature, 8, =T,,/AT
N ;\?met?r, N =boz,,, NnteTS, x,y = dimensionless coordinates .. = x-temperature gradient at
u = Nusselt number cavity midpoin
Pr = Prandtl number, Pr=v/a Greek symbols 0, = y-ten)l,pera{)t;)ret gradient at
g = heat flux density a,, = mean extinction coefficient ’ cavity midpoint
q, = dimensionless radiative heat B = coefficient of thermal ex- pg = density .
flux pansion ¢ = Stephan-Boltzmann constant
g, = x-component of the v = stratification parameter, 7o = optical thickness of the fluid,
dimensionless radiative flux v=(8,.Ra/4)%% T =0, H
q,, = y-component of the AT = temperature difference = dimensionless stream function
dimensionless radiative flux ' between the isothermal walls Q = vorticity
Ra = Rayleigh number, Ra= €; = emissivity of the wall, i .
gBATH?/ay \ n = nongrayness factor, 5= Superscripts
t = dimensionless time ' (k,/ k)2 , — = mean quantity
T = temperature of the fluid k, = Planck mean coefficient * = refers to dimensional
T, = temperature of the cold wall kz = Rosseland mean coefficient quantities
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Table 1 Comparison of the solutions (4 =10, Ra=1000,
N=1,75=1,¢=1)

b'e 0.1 0.3 0.5 0.7 0.9
Pure convection 0.400 0.200 0. —0.200 -0.400
Analytical 16| 0.364 0.162 0. -0.162 —-0.364
Numerical 0.375 0.191 0.035 —0.133 —-0.353

O(x,A4/72)—0,,

X 0.1 0.3 0.5 0.7 0.9
Pure convection —5.830 —6.901 0. 6.901 5.830
Analytical 16| —5.282 —5.951 0. 5.951 5.282
Numerical -5.017 —5.902 0.154 5.852 5.251

v(x,A/2)

terizes the relative importance of conduction in respect to
radiation. It is obvious that such a parameter has only a
meaningful physical significance for the conduction regime.
Otherwise, it should be preferable to introduce a parameter
representing the relative role of radiation to convection [5].

Heat Transfer. The heat is transferred from the hot wall to the
cold wall by three modes: diffusion, transport, and radiation.
Therefore, the local heat flux through a parallel plane to the
side walls can be written as

aT
@'y = =N ey (T=Tp) 4 e (13)
The average Nusselt number for that plane is defined as
3 okx’)
Nu(x )= ——~_ 14
R VY 7 19

Where
1 H
ou= - | o'ty

The insertion of the nondimensional variables into equation
(14) gives

- 1 (4 a6 7 oJ
Nu(x) 1 SO ( " +u(@—14,,) N ox )dy
It should be noted that the Nusselt number for combined
radiation-convection can be expressed as the sum of a Nusselt
number due to convection and a Nusselt number for radiation
[13]. These two components are coupled through the radiation
parameters. For adiabatic end walls, the mean heat flux is
independent of x and equal to the values at the isothermal
walls. Thus,

(15)

Nu(x) = Nu(0) = Nu(1) (16)

Numerical Method

A large number of numerical experiments were carried out
by using several finite difference schemes. In order to evaluate
these schemes, the test problem was that of pure convection in
a cavity of aspect ratio equal to A = 10. As a result [14], it was
concluded that calculations be done with a standard second-
order alternating direction implicit (ADI) algorithm for large
aspect ratio cavities. The same conclusions are presumed to be
applicable when the energy equation is subject to a radiation
term. With regard to the radiation part of the problem,
equation (6) was recast in transient form and was solved by
using an ADI compact fourth-order scheme [15]. Taking into
account the form of the boundary conditions of the radiation
equation, the size of the relevant matrix system was reduced
to a 2 x2 bloc tridiagonal form at each step of the iterative
procedure by using an accurate relation between the function
and its first two derivatives [15].

Journal of Heat Transfer
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Fig.2 Horizontal temperature gradient at cavity midpoint versus Ra/A

Since the numerical computations of the mean Nusselt
number suffer from inaccuracies of the truncation errors, the
equality (16) is generally not satisfied. A check on the ac-
curacy of the numerical procedure was made by monitoring
the discrepancies in heat transfer for different vertical planes
through the layer. In view of this, solutions have been ob-
tained by using mesh refinements when the Rayleigh number
and the interaction were increased.

The computations were carried out on an IBM 370/168
computer. Typical values of CPU-times required for each
solution of the equation set (1-3) are given below for a 81 x 21
grid;

: 0.31s
: 0.46s

pure convection
convection + radiation

Without radiation, the scale of the dimensionless time
needed to reach the steady-state solution is of the order of
1/Pr. Consequently, about 700 iterations are required in
order to satisfy the convergence criterion if the pure con-
duction solution (x=v =0, linear temperature distribution) is
used as an initial guess. It should be noted that the con-
vergence is speeded up under the influence of the radiative
transfer or by using the converged solution for a next set of
parameters as the initial field for the current set.

Results and Discussions

In this study the Prandtl number was kept fixed at Pr=0.7.
The values of the radiative parameters investigated are located
in the range of those considered previously [4, 6] and are
assumed to be reasonable for gases.

Conduction Regime. According to the approximate
analytical solution given by Arpaci and Bayazitoglu (6], the
effects of the coupling between radiation and convection in a
slot are to flatten the temperature distributions and to reduce
the vertical velocities in the conduction regime. The numerical
results agree with this conclusion as seen in Table 1, where
values of the temperatures and vertical velocities in the
horizontal middle plane are reported for a narrow cavity. A
number of other calculations have been made for various sets
of the radiation parameters and, as depicted by the analytical
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solution, these effects were found to become more significant
either by decreasing the interaction parameter, N, or by in-
creasing the optical thickness, 7. We may, however, note that
two interesting results are provided by the numerical
modelling. First, the previous findings are still valid whatever
the aspect ratio of the cavity. Second, it appears that the
classical centro-symmetry property of the flow due to the
form of the boundary conditions is destroyed by the
radiation. An appreciable departure from this property can be
seen in Table 1, although the values of the radiation
parameters are moderate. On the other hand, with the
analytical approach the central plane temperature is bound to
be equal to §,, and, consequently, this loss of the centro-
symmetry property cannot be obtained. It should be pointed
out that the numerical result is in agreement with the solutions
obtained in one-dimensional conduction and radiation
problems in semitransparent solids where it has been shown
that the temperatures in the central region are smoothed and
the temperature gradients at both walls are increased.

For this reason, the conductive flux in the core of the flow
is substantially less than-in nonradiating fluid and the

612/ Vol. 104, NOVEMBER 1982

Ra=10" Ra= 2.5 10%

Fig. 5 Streamline and isothermal patterns in a vertical slot (A =15,
N=1,75=1,¢=1).
Contours at:  §=4.5,(0.1), 5.5
—Ra=10%y =3, 9,15, 20, 21.5, 31
—Ra=2510%y=7.5,(7.5), 37.5,
42.5, 47.5, 50

departure of the horizontal temperature gradient at the cavity
midpoint from 6, . = — 1 increases as the interaction increases.
For example, at moderate values of the radiation parameters
it can be seen in Fig. 2 that §, . = —0.78.

Transition Regime. For the range of Ra values where
conduction plays a significant role in the central part of the
cavity, the flow regime was called the transition regime by
Eckert and Carlson [16]. This regime can be identified by
considering the variation of 8,.. Following Raithby and
Wong [18], the transition regime starts when the temperature
gradient breaks away from its value at Ra=0. As in reference
18], we find then by referring to Fig. 2. That the beginning of
the transition is Ra/A4 =250 and Ra/4 =450 in a radiating
fluid.

One important feature of the interaction of radiation with
convection is the subdivision of the transition regime into two
regions as can be seen in Fig. 3: at the lowest Ra values, the
vertical velocities in the horizontal middle plane are reduced
like in the conduction regime. On the other hand, the result of
increases of the Rayleigh number up to Ra=5000.is that the
differences between the velocities obtained with and without
radiation vanish. Further increases produce higher vertical
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Fig. 6 Temperature distribution and vertical velocity profiles on the
horizontal mid-plane of the cavity in the convection regime (A =6,
Ra=10°,¢ =1)

velocities and, consequently, more important mass circulation
in the cavity. This behavior can be explained qualitatively by
referring again to Fig. 2, which shows that the absolute value
of the buoyancy term in the transport equation (2) is greater in
nonradiating fluid as long as the Rayleigh number is less than
approximately 1000A.

For large enough aspect ratios, the base flow may become
unstable and the linear stability analyses have shown that
stationary multicellular flows occur when the Rayleigh
number exceeds a certain magnitude which depends both on 4
and Pr. In gas-filled cavities, these secondary motions are not
possible below A =12 [19] and appear for Rayleigh numbers
which correspond to the transition regime when the aspect
ratio is not too large (say 4 <20). In addition, Bergholz [20]
has shown that the stratification parameter, v, is important
and determines the nature of the instabilities. For example, at
the small values of y characteristic of the transition regime in
narrow cavities, the flow is unstable to stationary disturb-
ances. This parameter is related to the nondimensional

Journal of Heat Transfer

Fig. 7 Average Nusselt number as a function of the optical thickness
for various Ranumbers (A =6,N=1,¢; =1)
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Fig. 8 Effects of the isothermal wall emissivities ¢y and ¢3 on the
temperature distributions (4 = 6, Ra=10°, 10=1,N=1,e9=¢4=1)

vertical temperature gradient in the cavity and the gradient at
cavity midpoint, 9, ., can be obtained by referring to Fig. 4.
This figure shows plots of the product A4, . as a function of
Ra/A'% in order to remove the aspect ratio effects [17]. For
nonradiating fluid, the agreement between the values given
recently by Raithby and Wong [18] with those of the present
work is quite good as can be seen in Fig. 4. In the case of a
radiating fluid, the values of A6, are smaller and, con-
sequently, the stratification parameter is reduced. This
decrease of v means that multicellular flows can be generated
more easily under the influence of radiation. This is clearly
illustrated in Fig. 5 where the isothermal patterns and
streamlines are presented at Ra=10* and Ra=2.5 10* for an
aspect ratio A =15. Without radiation, the secondary motion
appears at Rayleigh numbers slightly greater than Ra=104
and has disappeared at Ra=2.5x10%. This result is in
agreement with those presented by Roux et al. [19]: for
Rayleigh numbers ranging from Ra=7000 to 30,000, a
transition from unicellular to multicellular flow occurs,
followed later on by a reverse transition back to unicellular
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flow. In a radiating fluid, Fig. 5 shows that the secondary
motion is already developed at Ra=10* and strengthened at
Ra=2.5x10*. The reverse transition is observed about

Ra=3.5x10%. It should be pointed out here that it is quite

difficult to localize these two critical values of the Rayleigh
number accurately without using a sufficient grid resolution
and higher order accurate numerical methods. Otherwise, the
secondary motion can be obscured and a single cell is ob-
served [14]. In this study, it has not been possible to drive
solutions to satisfactory convergence when secondary motions
occur even by using a fine grid (21 x 151). However, despite
these small numerical oscillations, the results show evidence
that radiation accentuates the multicellular structure.

Boundary Layer Regime. From the temperature
distributions and velocity profiles carried out for Ra values
which correspond to the boundary layer regime in non-
participating media, two main results can be seen in Fig. 6:
first, when the parameter N decreases or when 7, increases,
the velocities and the thicknesses of the boundary layers are
increased. Careful inspection of Fig. 6 shows that the absolute
velocities are greater close to the cold wall. This lack of the
property of centro-symmetry of the velocity field is em-
phasized in radiation dominant situations (N=0.2) where the
variations of the maximum velocities are substantially greater
in proportion than in the conduction regime. Further
examinations of Fig. 6 provide the second main results which
concern the temperature distributions. The thermal boundary
layer grows close to the hot wall when the radiation effects are
increased and the horizontal temperature gradient at the
center of the cavity is reduced from 6,.=0.25 without
radiation to zero for N=0.2. In this case, the pure convection
solution is greatly affected in the central part of the cavity
since the temperature distribution is not only flattened but
also shifted upward.

Parametric Study of the Radiation Effects. For moderate
optical thickness of the fluid (74 =1), the error caused by
neglecting radiation effects becomes very small when the
interaction parameter is greater than N=10. At Ra= 105, to
reduce N from 10 to 0.1 doubles the maximum of the vertical
velocity components and leads to a large increase in the
heating of the central part of the cavity. In addition, thereis a
rapid drop-off of the mean Nusselt number for values of the
interaction parameter between N=0.1 and N=1. This
nonlinear variation of the Nusselt number is indicative of a
strengthening of the radiation process which produces a very
slow rate of convergence of the numerical procedure. At these
low values of N, the convective heat transfer is only
significant in the vicinity of the walls while the core is nearly
at a uniform temperature close to 4,,.

Next, the effects of the optical thickness, 7y, on the heat
transfer were investigated at various Rayleigh numbers for
N=1. In the conduction regime, the results are in accordance
with those presented in previous studies. At high Rayleigh
numbers, to increase 7, produces higher temperatures of the
fluid with a negative horizontal temperature gradient and,
consequently, the temperature inversion no longer appears in
the core. Concerning the vertical velocity profiles, the in-
creasing 7, yields similar effects to when radiation becomes
stronger by decreasing N as can be seen in Fig. 6.

The next effect of increase in optical thickness is to increase
the heat transfer. The behavior of the Nusselt number as a
function of 7, is shown in Fig. 7 for various Rayleigh num-
bers. Initially, the curves rise rapidly with 7; and a more
gradual increase can be observed for 7, greater than 2. At low
Rayleigh numbers, the Nusselt number tends toward a limit
value which can be readily obtained by applying the optically
thick limit approximation. In this case, an effective thermal
conductivity can be defined by A, =N+ 16%/3N) and, on
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account of the values of 1 and N, the amount of the optically
thick Nusselt number is Nu=6.33. In the convection regimes,
the limit value is greatly increased since the problem ap-
proaches the nonradiating problem with a fictitious Prandtl
number equal to Pr=20.112, By using the correlation given by
Thomas and de Vah! Davis [17], the Nu value should reach

. about Nu=11 for Ra=10°. Unfortunately, very slow rates of

convergence were encountered when the optical thickness is
greater than 7, =7, and calculations were stopped before this
asymptotic value could be approached.

Finally, Fig. 8 is prepared to illustrate the influence of the
hot wall emissivity ¢, and that of the cold wall ¢; on the
temperature distribution in the horizontal middle plane. It is
obvious that the effects of the radiative transfer are reduced
for ¢, = ¢; =0 at moderate values of the optical thickness: the
temperature distribution and velocity profile look like those
obtained in a nonradiating fluid, and the increase of heat
transfer is of the order of 10 percent. Next, two other extreme
cases were considered. First, if the hot wall is black and the
cold wall perfectly white, the core temperatures are shifted
upward and, consequently, the maximum vertical velocity is
lower near the hot wall than near the cold one. Since there is
no radiative transfer at the cold wall, the Nusselt number is
lower than for the case of a black cold wall. Second, the
decrease of the hot wall emissivity from e, =1 to ¢, =0 in
conjunction with a black cold wall leads to a decrease of the
temperature gradient at the hot wall. The vertical velocities
are then higher near the hot wall than near the cold one. In
these two extreme cases, the differences between the heat
transfer coefficients are of the order of 4 percent and it ap-
pears that convection compensates for the weakening of the
radiation close to the perfectly reflecting wall.

Conclusion

Numerical investigations of heat and momentum transfers
by natural convection and radiation in a semitransparent fluid
medium inside a cavity were conducted and the following
conclusions were obtained:

1 In the conduction regime, the numerical results are in
accordance with the predictions of the analytical solution
given by Arpaci and Bayazitoglu [6]: the temperature
distributions become S-shaped and the magnitude of the
velocities are reduced.

2 On the other hand, the results obtained in the transition
regime exhibit an increase of the velocities. For example, at
moderate values of the radiation parameters, the limit of the
Rayleigh number corresponding to these opposite effects was
found to be of the order of 1000A4. In the case of a narrow
vertical cavity and in the transition regime, the numerical
model predicts that radiation always accentuates the
multicellular structure of the flow. This behavior results from
a decrease of the thermal stratification.

3  From the temperature distributions and velocity profiles
carried out for the Ra values which correspond to the
boundary layer regime in a transparent fluid, two main results
could be drawn: first, when the radiation effects are in-
creased, the velocities and the thickness of the boundary
layers are increased. Second, the inversion of the horizontal
temperature distributions in the core disappears in radiation-
dominant situations.

4 The results presented here have shown that the radiation
highly activates the heat transfer across the cavity.
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Fin Geometry for Minimum
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Entropy Generation in Forced
Convection

This paper establishes a theoretical framework for the minimization of entropy
generation (the waste of exergy, or useful energy) in extended surfaces (fins). The
entropy generation rate formula for a general fin is derived first. Based on this

general result, analytical methods and graphic results are developed for selecting the
optimum dimensions of pin fins, rectangular plate fins, plate fins with trapezoidal
cross section, and triangular plate fins with rectangular cross section.

Introduction

Extended surfaces (fins) constitute one of the most effective
design features for promoting heat transfer between a solid
surface and a stream of fluid. The importance of this thermal
design technique in the general area of heat transfer
augmentation and energy conservation is fully recognized by
the heat transfer community [1, 2].

The traditional approach to the optimization of fins
consists of minimizing the consumption (investment) of fin
material for the execution of a specified heat transfer task.
More than a half-century ago, Schmidt [3] stated intuitively
that a two-dimensional fin must have a parabolic-law pointed
cross-sectional profile if it is to require the least material
(volume) for a certain heat transfer rate. Schmidt’s design
principle was later proved by Duffin [4] who relied on the
formalism of variational calculus. This design principle has
been steadily brought closer to the realities of fin manufac-
turing and heat exchanger operation by a number of con-
tributors who have analyzed the role of radiation, two-
directional heat transfer (curvature), temperature-dependent
thermal conductivity and variable heat transfer coefficient
(see, for example, references [5-7]). Many of these con-
tributions have been summarized by Kern and Kraus [8]. The
essence and practical limitations of this design philosophy are
discussed in a recent paper by Kraus and Snider [9].

The objective of this paper is to outline an entirely different
approach to the optimization of fins. This approach consists
of calculating the entropy generation rate of one fin, and
minimizing it systematically.

The first and second laws of thermodynamics, taken
together, state that the entropy generated by any engineering
system is proportional to the work lost (destroyed) irreversibly
by the system. This truth is expressed concisely as the Gouy-
Stodola Theorem [10]

Y Sen )

all
system
components

Wlosl = TO

where W, is the lost available work (lost availability, or lost
exergy) [l1], T, is the absolute temperature of the en-
vironment, and S,., is the entropy generated in each com-
partment of the system. Equation (1) implies that the ther-
modynamic irreversibility (entropy generation) of each system
component contributes to the aggregate loss of available work
in the system (W,,). For example, in a heat engine the en-
tropy generated in one component (e.g., the condenser) is
responsible for a proportional share of the loss in power
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output from the engine cycle (the lost power is the difference
between the theoretical Carnot output and the actual power
output). Therefore, it is the engineer’s job to focus on each
component of the system and, by design, to try to minimize
the irreversibility (S, ) of that component.

Heat exchangers serve as components in a wide range of
power and refrigeration applications. Therefore, in order to
conserve available work (exergy), it is necessary to approach
the design of such heat exchangers from the point of view of
entropy generation minimization. It is important to go further
and focus on the components of heat exchangers and con-
ceptualize the design of each such ‘“‘building block’ for
minimum irreversibility.

This paper focuses on the design of fins for minimum
entropy generation in forced convection heat transfer. This
design philosophy allows us to properly account for the fact
that, in addition to enhancing heat transfer, extended surfaces
increase fluid friction. The trade-off between heat transfer
and fluid friction is a classical dilemma in heat exchanger
design [2, 12]: the irreversibility minimization philosophy
places this trade-off on a solid foundation, as heat transfer
and fluid drag are both mechanisms for entropy generation.
In this paper, the competition between enhanced thermal
contact and fluid friction is settled when the heat transfer
irreversibility and the fluid friction irreversibility add to yield
a minimum rate of entropy generation for the fin.

This paper begins with a derivation of the formula for the
rate of entropy generation in an arbitrary fin engaged in
forced convection heat transfer. Based on this general result,
it is shown how the geometric parameters of common fin
shapes can be selected so that the fin saves the most exergy
(available work) while performing its specified heat transfer
function. For simplicity, throughout most of this study the
classical fin heat transfer model [13] is adopted, whereby the
fin is slender enough so that the conduction process can be
regarded as unidirectional. It is further assumed that the
properties of the fin material and those of the external fluid
are constant. The external flow is assumed uniform and
parallel to the base surface of the fin.

Entropy Generation Due to Convective Heat Transfer
From a Single Fin

The entropy generated by a single fin in crossflow can be
evaluated based on the general model presented in Fig. 1.
Consider, an arbitrary fin suspended in a uniform stream with
velocity, U,,, and temperature, T,,. The heat transfer, g5, is
driven by the temperature difference between the fin base, 7,
and the free stream, T,. In addition, the crossflow
arrangement is responsible for a net drag force, F, which is
transmitted through the fin to the base wall.

As shown in Fig. 1, we choose a control volume which is
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fixed relative to the fluid. The environment (the wall) ‘‘drags’’
the fin with a speed U, through the stationary fluid, by
applying a net force F, tangentially to the control surface. In
the steady state, the first and second laws of thermodynamics
dictate, respectively,

dp—qut+tFpU,=0 2)
g dp
Sgen T - T—B >0 3)

where g, is the net heat transfer rate from the control volume
to the rest of the fluid, and S, is the rate of entropy
generation associated with the heat and fluid flow
arrangement. Combining equations (2) and (3) yields

qpbp FpU,
To?(14+85/T,) T,

In this expression 85 is the temperature difference between the
base of the fin and the free stream, T — T,.

The fin entropy generation rate, (4), is a remarkably simple
result which demonstrates that inadequate thermal con-
ductance and fluid friction contribute hand-in-hand to the
degrading of fin thermodynamic performance. The first term
on the right-hand side of equation (4) represents the entropy
generation due to heat transfer across a nonzero temperature
difference, while the second term is the entropy generation
associated with fluid friction,

“)

Sgen =

)

Note that the fluid friction entropy generation rate is equal to
the mechanical power needed for dragging the fin through the
fluid, FU,,, divided by the absolute temperature of the fluid.

It is proposed to size an individual fin so that the irrever-
sibility contributed by the fin to the larger system (the heat
exchanger) is a minimum. Mathematically, this design ap-
proach consists of minimizing expression (4). The power of
expression (4) is that it brings together the conflicting issues of
excessive thermal resistance versus loss of fluid pumping
power: in equation (4), these two effects are weighed relative
to one another, not as heat transfer rate versus pumping
power (such a comparison would not be appropriate [12]),
but as heat transfer irreversibility versus fluid friction
irreversibility. It is important to keep in mind that the two

Sgen = (Sgen )heamransfer + (Sgen ) fluid friction

Nomenclature (cont.)
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Fig. 1 Schematic of a general fin in a convective heat transfer
arrangement

irreversibility contributions, heat transfer and fluid friction
(equation (5)), are both relevant only in the case of forced
convection. This is the case considered in the present paper. In
natural convection the designer must be concerned with only
the heat transfer part of expression (4): in this case the fluid
friction irreversibility is due to the dissipation of work
produced not by man, but by the gravity-driven circulation
seen as a ‘‘heat engine cycle’’ [14].

An examination of expression (4) leads to the conclusion
that in order to minimize the heat transfer contribution to S,
one must minimize the base stream temperature difference, 65
(note that (Sgen)hear wanster varies monotonically with 6z). In
practical terms, however, to minimize §; would imply the use
of an infinitely large fin: such a fin would be impractical and
thermodynamically undesirable, because an infinitely large
fin would have an infinite (Syen)nuid fricion» DENCE, an infinite
Sgen- We learn that although the fin size influences
monotonically the base stream temperature difference, it
plays a crucial trade-off role in the thermodynamic per-
formance (S, ).

m = fin conduction parameter, U, = velocity of free stream
a = slenderness ratio, L/D, of equations (8) and (16) v = parameter, equation (20)
triangular plate fin (Fig. = property group, (k/NY?/ W = rate of lost available work
2(d)) Prv/é (exergy, availability), [W]
b = breadth of plate fin (Figs. Ng = entropy generation number, x = longitudinal coordinate
2(b), 2(0)) defined in equations (10), (Fig. 2)
B = fluid friction irreversibility (18), (24), and (28) y = transversal coordinate (Fig.
coefficient, equations (11), Nu = Nusselt number 2(d))
(19) Pr = Prandt! number o = half-angle (Fig. 2(c))
B’ = fluid friction irreversibility gg = base heat transfer v = slenderness ratio L/D (Fig.
_ coefficient, equation (25) g = heat transfer from control 2(a)) or L/b (Fig. 2(b))
B” = fluid friction irreversibility volume to remaining fluid 6 = plate thickness (Figs. 2(b),
coefficient, equation (29) (Fig. 1) 2(d))
Cp = drag coefficient, equation R = parameter, equation (26) 6z = base plate thickness (Fig.
(12) Re; = Reynolds number, jU,, /v 2(¢c))
C, = skin friction coefficient, Seen = entropy generation rate 8, = tip plate thickness (Fig.
equations (17) and (27) [W/K] 2(c)
D = pin diameter (Fig. 2(a)), Ty = absolute temperature of fin 0z = base-stream ' temperature
and base width (Fig. 2(d)) base difference, Ty — T,
F, = drag force T, = absolute temperature of A = thermal conductivity of fin
h = heat transfer coefficient environment material
k = thermal conductivity of T, = absoluie temperature of Ke» Mg = Dparameters, equation (26)
fluid free stream v = kinematic viscosity of fluid
L = finlength (Fig. 2) u = parameter, equation (29) p = density of fluid
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Fig. 2 Four common fin geometries: (a) pin fin; (b) rectangular plate
fin; (c) rectangular plate fin of trapezoidal profile; (d) triangular plate fin

of rectangular profile

In what follows, we examine the fin size trade-off in detail,
by minimizing the rate of entropy generation of some of the
most common fin geometries encountered in practice. The
additional assumption that the temperature difference, 65, is
small compared with the absolute temperature is made

0y< <T, (6)

This assumption is fully justified in the case of ‘‘enhanced
thermal contact’ applications such as the main counterflow
heat exchanger for a helium liquefier, where 65/ T,, <0.1 [15].
Consequently, the entropy generation expression takes the
simpler form

0 FyU,,
=7 o @)

The size trade-offs presented later in this paper are based on
minimizing equation (7) subject to the following constraints:

® constant gg, To, Uq

e constant fluid properties
In applications where assumption (6) is not valid, as in the
case of steam-to-air heat exchangers, the designer must start
with the complete expression, equation (4).

S

Pin Fins
Consider first the pin fin geometry shown in Fig. 2(a). This

geometry is one of the simplest, because it depends on only -

two dimensions: the length, L, and the diameter of the cir-
cular cross section, D. According to the unidirectional heat
conduction model described in the Introduction, the
relationship between base heat flux and base stream tem-
perature difference is {8]

o m=(—2)" @

,, kD
) kD?m tanh(mL)

GB=

Substituting this expression into equation (7) gives the total
entropy generation rate as
S

& g5’

T T.2(0\k) 2Nu2Re —"—tanh[zNul?z(z‘) v
2 bu k

oo

Rep
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27,

®

where the drag coefficient is Cp =F,/(1/2 p U,2DL). Since
the external flow is assumed known, the Reynolds number is
used as dimensionless notation for the two dimensions of the
pin fin, Rey =U,D/v,Re; =U,L/».

In this study, we are adopting the design viewpoint that the
“job”’ of the individual fin is to transfer heat at a specified
rate, gp, from the wall to the known stream, in the least
irreversible manner possible (with minimum generation of
entropy). Therefore, the entropy generation number [16] for
this design problem is constructed as

quUoo
NS=Sgen/(—k " Too2>
(/N2
- T A\ 12 Re
7Nu‘/2ReDtanh[2Nu‘/2(7> Rez ]

1
+ TBCDReLReD (10)

where B is a fixed dimensionless parameter that accounts for
the importance of fluid friction irreversibility relative to heat

transfer irreversibility,
B=p vk T,/q5> (11)

Note that parameter B is known as soon as the fluid
properties, temperature, and the base heat transfer rate are
specified. If the pin fin is slender, the Nusselt number and the
drag coefficient can be evaluated from the results developed
for a single cylinder in cross flow [17}

1<Rep, <4, Nu=0.998 Re,03Pr!/3
Cp=10Re, 06
4 <Rep <40, Nu=0.919 Re, 385 Prl/3
Cp =35.484 Re , ~0-246
40 <Rep <4 10, Nu=0.683 Re,,*465Pr1/2
’ C)p = 5.484 Re,, ~0-246
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Fig. 3(a) Minimization of entropy generation in a pin fin of optimum
length, equation (13)(M = 100)
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Fig. 3(b) Optimum pin fin diameter and optimum length for absolute
minimum irreversibility (M = 100)

4% 10% <Rep <4x10%, Nu=0.195 Re,,*6!8pPr!/3
Cp=1.1
4% 10* <Rep <2 % 10%, Nu=0.0268 Re, ¥ Pr!/3
Cp=1.1 (12)

The entropy generation number, N, emerges as a function
of five dimensionless groups, two pertaining to fin geometry
(Re;, Rep), and three accounting for the working fluid and
for the fin-stream convective arrangement (Pr, k/A, B).
Minimization of Ng with respect to Re, is achieved in a
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Fig. 4 Thermodynamic optimization of a pin fin subject to fixed
slenderness ratio: entropy generation number versus pin diameter (B =
107, M = 100, range 40 < Re < 4000)
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straightforward manner by solving 3Ng/dRe; =0. The op-
timum pin length calculated in this manner is

RCD ( k)l/ZSi h~1[< 8 )1/2]
—_— | = n —a =
2Nu'/2 \ A 7 Rep3CpB
(13)

The engineering significance of result.(13) is that the op-
timum pin length can be calculated immediately, provided
Rej, is specified. Substituting equation (13) into equation (10),
we obtain the minimum Ny corresponding to optimum pin
length, Ng (Re, .y, Rep). This function was minimized
numerically, as shown in Fig. 3(a): the entropy generation
number Ny [Re, ., (Rep), Rep] has a clear minimum with
respect to pin diameter. Figure 3(b) summarizes our
numerical results for optimum pin diameter Rep o, . The same
graph shows also the optimum pin length, calculated by
substituting Rep, ,, into equation (13). The dashed portions of
the curves on Fig. 3(b) show the domain in which L, /D, <
5, i.e., where the ‘‘slender pin fin’”> model [equation (12)] loses
its accuracy.

An alternative approach to sizing a pin fin for minimum
irreversibility consists of determining the optimum diameter,
Rep opt» Subject to fixed slenderness ratio,

_ L
D
This constraint stems from practical limitations encountered
in the process of manufacturing a surface covered with a large
number of fins. The entropy generation number (10) can be
expressed as a function of Re, and 7,

ReL,opt =

(14)
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Fig. 5(a) Optimum pin diameter versus friction

parameter B(M = 100)
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Fig.5(b) Optimum pin diameter versus slenderness ratio (M = 100)
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the combined property group M =

(15)

Ng= +2.742ByRep TS

where M is
(k/)\)l/z/Prl/G.

Representative results of the numerical work of minimizing
expression (15) are shown in Fig. 4. The entropy generation
number, N, has a clear minimum with respect to pin
diameter, Rep, when v, B, and M are fixed. The Ng—Re,,
dependence (Fig. 4) is reported not for design purposes, but to
show the designer the ‘‘sharpness’ of the irreversibility
minimum to be achieved through the precise selection of pin
diameter. ‘

Figure 4 shows also that the optimum pin diameter, Re Dyopts .

increases if the slenderness ratio decreases. This general trend

620/ Vol. 104, NOVEMBER 1982

irreversibility

is summarized in Fig. 5(a), in the wide range 1 < Re, < 108,
107 < B < 10and 5 < y < 15. When the slenderness ratio
is fixed, the optimum pin diameter decreases as B increases
(i.e., as the fluid friction irreversibility becomes more im-
portant in the irreversibility total, equation (5)). For design
purposes, the same information is reported in Fig. 5(b) as
Rep,op veErsus .

Plate Fins

This section focuses on fin geometries modeled as thin
conducting plates parallel to the flow direction. Fins of this
type vary widely with respect to the shape and cross section of
the surface swept by the flow: in many cases the fin is wide at
the base and narrow at the tip, in approximate agreement with
Schmidt’s principle of material reduction in a fin with fixed
heat transfer [3]. Below, we consider the minimum entropy
generation design of three frequently used plate fin
geometries, illustrated in Figs. 2(b), 2(c), and 2(d).

Reéctangular Plate Fin. The simplest plate fin geometry is
shown schematically in Fig. 2(5). The minimum irreversibility
design of this fin requires the selection of three geometric
parameters, the length, L, the breadth (length swept by fluid),
b, and the plate thickness, 6, where L. >> b >> 6. The
relationship between heat transfer and base fluid temperature
difference is [8]:

0 _ 4z ] —(2h>l/2
3= kébmtanh(mL)’ " \ks

As in the preceding section, the study is placed in the limit
where the plate fin is slender (b < < L); in this limit we rely
on laminar heat transfer and skin friction results for two-
dimensional flat plates [18]

(16)

F
D —1.328Re, 12

A
h=0.664 '—l—)“ Reb”zPr’”,Cf: m

amn

Based on equations (16, 17), the entropy generation number
for a rectangular plate fin in laminar flow becomes

2
dp Uoo
Ny=Su/ (275)
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(k/>\)l/2

1,15 Re, Re, ¥*Pr/Stanh (mL)
+1.328 BRe; Re, 2 (18)
where
B=p v’ kTu/qz%,
AN 122 )
mL=1.15<?) Prl/6Re, Re, - /4Re, 12 (19)

From the outset one notes that the thickness, 8, appears
only in the heat transfer term of Nj, equation (18), con-
sequently, Re; does not play a trade-off role in the
minimization of Ng. Since in most practical applications 6 is
determined by considerations such as price, availability, and
machinability of sheet metal, it makes engineering sense to
regard Re; as fixed. The minimization of Ny with respect to
Re, and Re; is achieved by solving the simultaneous set of
equations dNg/dRe, = 0 and dNg/dRe; = 0. Eliminating
Re, between these two equations leads to an implicit result of
the form

B [ln[vl/z +(U+ 1)1/2]] 172
- (1+v)12 ’
v=(1.328 BRe,*?Re;) ! (20)

The numerical solution to equation (20) is v = 0.7717. From
the system dNg/0Re, = 0 and dNg/dRe; = 0, we conclude
that the optimum geometry for minimum entropy generation
is explicitly given by

Re op = 0.984B %3 Re, ~2/3 @1
Re opr =0.685(k/N)!/?Re,*Pr~1/6 =176 22)

Dividing equation (22) by equation (21) yields the optimum
slenderness ratio of the plate fin
Yopt = (%)opt =0.696 M B'/?Re; (23)
In conclusion, the optimum plate fin dimensions, L and b,
can be calculated directly using equations (21) and (22), as
soon as the base heat flux (gp), the flow and the sheet
thickness, 8, are known. The optimum length and the op-
timum breadth both decrease as B increases, in accordance
with the trend discovered in the optimization of pin fins (Figs.
3-5). As the plate thickness 6 increases, the optimum length
increases while the breadth decreases, hence, the optimum
slenderness ratio, equation (23), increases.
It is necessary to keep in mind that the formulas (21-23),

10 o
L B B nont
T\ a5 200
I ol 320,
F \ Qos 402
Ns
r A\
\
3
10°r \\
(-f ) L . 'l 1 L1l s
| 10
Re;,

Re (SB,opt

however convenient, are valid only in the laminar regime,
Re, o < 5 % 10°, and in the slender shape limit v, > > 1.
Similar results can be developed numerically for the turbulent
regime, by replacing equations (17) with appropriate
correlations for turbulent heat transfer and skin friction.

Rectangular Plate Fin of Trapezoidal Profile. A relatively
more complex plate fin geometry is represented in Fig. 2(c).
This time the fin longitudinal section is trapezoidal, again, in
the spirit of E. Schmidt’s principle of material (volume)
minimization [3]. This geometry has another important
advantage over the rectangular shape of Fig. 2(b): the tapered
profile makes trapezoidal fins accessible to metal-cutting
operations designed to remove the fin-to-fin material. The
minimum entropy generation design of this class of fins can
be approached along the same lines as the design of rec-
tangular fins. However, trapezoidal fins have an additional
geometric parameter in their constitution, namely, the half-
angle, a.

In the interest of brevity, only the key formulas are
reported. The entropy generation number can be expressed as

k 172
O6l4q32(T> Rebl/4

Tmzk Pr‘/6

Ng=8,e,/

_ [ 2sin o ] 12
B tana(2 Re; tan a+Re58)
,2Re; +Re;

e (24
2cos o @4

[ L(pp) K (o) + 1 (1) K (pg) ]
Ki(uo) I (ug) — 11 (1) K (1g)
where

Prl/é(k)\)l/zp Uo.,zv Too

B’ =2.164
a5’ Re,

@25

and

8,(1—tan ) ] 172

=2R[
fe 2tan o

5,(1 —tan o) 6e] 172
T 4L+=
2tan o 2

h 172
2= (ma)
k sin o

ua=2K|

(26)

104
005 Ql

B

Fig.6 Thermodynamic optimization of plate fins of trapezoidal profile
(e = 10 deg, Re;_ = 100). Left side: entropy generation number versus
geometric aspec? ratlo. Right side: optimum aspect ratio versus friction
irreversibility parameter B’.
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As in the preceding example, we have assumed laminar
boundary layer flow [18]

L+ be

X 2 _1.328
Fp=CspU, b,Cf—W',

cos o b

h=0.664 Re, />Pr!/3 % Q@7
In addition, the Harper and Brown approximation [8] was
employed, whereby the heat transfer from the tip of the fin is
taken into account by using the ‘‘augmented”’ fin length L +
8,72 in place of L (see Fig. 2(c)).

The entropy generation rate (24) depends on four geometric
parameters Re;, Re,, Re,s , and o, Whether or not all four
parameters may be considered independent depends on
specific circumstances, particularly on the constraints faced
by the designer (fixed cost, volume, base area, etc.). In Fig. 6,
we show a sample of numerical results obtained in the case
when b, 8,, and « are fixed by design: the only geometric
variable in this case is the fin length, L (the dimension per-
pendicular to the wall). Choosing the optimum Re; for
minimum entropy generation is geometrically equivalent to
choosing the optimum base thickness Re;,, since Re;, = Re,,
+ 2 Re; tan a. The left side of Fig. 6 lilOWS that Ns has a
sharp minimum with respect to Re; . The optimum values of
base thickness Reynolds number are reported in the right half
of Fig. 6 for the case Reée 100 in the range S deg < a < 10
deg. We find that the optimum fin size (Re,g ) decreases as the
fluid friction effect (B) becomes more’ pronounced, in
agreement with conclusions reached in previous examples. It
is also apparent that in the « range considered, the angle « has
a relatively minor impact on the optimum fin size for
minimum irreversibility.

Triangular Plate Fin of Rectangular Profile. To the
thermodynamic designer, this geometry is challenging due to
the absence of convenient correlations for heat transfer and
fluid friction in the three-dimensional boundary layer flow
which, in most certainty, will cover the triangular faces of the
fin. This analytical difficulty can be partially dealt with in the
limit D < < L, where the three-dimensional effects will be
minor. In this limit, we can approximately treat the sharp-
pointed triangular plate as a flat plate in parallel flow, with
the special property that the length swept by the flow () is a

Re,

function of longitudinal position (x). It is worth pointing out
that the D << L limit is in full agreement with the
unidirectional heat conduction model adopted in the In-
troduction,

The analytical path leading to the entropy generation rate
formula is similar to the method used in the earlier examples.
Again, in the interest of brevity, only the key result is reported

qBZUm
NS:S““/[TWZV(/«)\ '/2]
0.868 Iy(w)
= +0.885 B” Rep/?Re 28
Re;2Rep ¥4 Pr'/s I, (u) €p L (28)
with
Tm 2 kN 1/2
gr o Ta? ( 2) /t’
U
AN 172 Re;
=1. 6(—~) Pri/6 ———= 29
u=1.53 % r Re, *Re, /2 (29)

The entropy generation rate depends on three geometric
parameters, Rep,, Re, , and Re;. Note that Re; does not play a
trade-off role, because it appears only in the heat transfer part
of expression (28).

Figure 7 presents a sample of optimum fin size results for
cases where the triangle aspect ratio @ = L/D is fixed. The fin
irreversibility, N, reaches a clear minimum at a specific value
of fin base width, Rep; the optimum fin size, Rep, depends
on the relative importance of fluid friction irreversibility
(B"), on the metal-fluid combination (M), and on the plate
thickness (Re;). The right-hand side of Fig. 7 is a summary of
N; results obtained for a number of common metal-fluid
combinations involving copper, aluminum, water, and air.
Regardless of combination, the optimum fin size (Rep )
decreases as the triangular shape of the fin becomes, by
design, more slender.

Concluding Remarks

In this paper we have applied the minimization of entropy
generation (exergy waste) to the design of extended surfaces.
Using the first and second laws of thermodynamics, the
entropy generation rate associated with a single fin of un-
specified shape and properties was calculated. This general
result was then applied to the minimization of irreversibility

790* 7
Repop
Sa0°
HO-Al
Rir-Cu Yy
Hg0~Cu
30 . . . :
) 75 ) 125 5
a

Fig. 7 Thermodynamic optimization of triangular plate fins (Re; =
100). Left side: Entropy generation number versus base width (Air-Cu,

B” =5 x 10~

Hp0-CuB” =35 x 10~
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) Right side: optimum basg width versus geometnc
aspect ratloa = L/D. (Alr CuB” =5 X 10
H20 -Al B”

LJAIFAIB” = 4 x 10~
=25 x 1079).

Transactions of the ASME

Downloaded 19 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



in four of the most frequently used fin shapes. The con-
clusions of our irreversibility minimization procedure have
been reported in analytical or graphical form.

In the analysis of the individual fin we have .assumed that
the heat transfer rate and the fluid flow parameters are
prescribed. This decision is necessary in order to isolate
(remove) the fin from the aggregate system (the heat ex-
changer). It is important to note that heat exchangers, too, are
isolated from their respective aggregate systems (power
plants) for the purpose of analytical optimization. The
decision to isolate a component from the aggregate system
leads, necessarily, to the adoption of design constraints
around the component. For example, in the design of a heat
exchanger we use the notions of “‘required heat transfer’” and
“‘fixed pressure drop;”’ in the thermodynamic optimization of
the fin we have regarded g and the flow as fixed. The
alternative to optimizing the heat exchanger component-by-
component, as in this paper, would be to minimize the
irreversibility of the heat exchanger, as a whole. However,
this alternative is neither practical nor of fundamental value
in view of the diversity of heat exchangers and the large
number of geometric features which would have to be op-
timized simultaneously.

The chief conclusion of this study is that the size of in-
dividual fins can be chosen in a way that combines a specified
heat transfer function with a desired (optimum) ther-
modynamic function, namely, the function of conserving
exergy. It was also shown that the thermodynamic-optimum
fin dimensions can be subjected to additional design con-
straints, such as the fixed slenderness ratio for pin fins,
equation (14). Built into all the analytical and graphic results
is the message that the thermodynamic optimization of fins
requires a detailed knowledge of the fin-fluid flow in-
teraction. As a first step, we accounted for this interaction by
using well-known correlations developed for two-dimensional
external flow arrangements. It is felt, however, that much
remains to be done experimentally with the objective of
documenting the /ocal heat transfer and drag characteristics
for fins of various shapes bathed by flows of various direc-
tions.

As a final comment, we would like to address the issue of
thermodynamic optimization versus economic optimization
(cost minimization). The former has been the subject of this
paper, as applied to the sizing of individual fins engaged in
convective heat transfer. The latter is, of course, the
philosophy of those who are competitive in the industrial
world. The two design philosophies, thermodynamic versus
economic, do not necessarily lead to identical fin-sizing
decisions. This is due to the fact that the total cost formula for
a certain piece of heat exchange equipment contains many
items in addition to the cost of lost available work (exergy).
However, as the cost of fuel (‘‘bottled exergy’’) continues to
rise and dominate the total cost figure of equipment for power
and refrigeration, the thermodynamic optimization
philosophy leads to designs which come closer and closer to
those demanded by the cost minimization formula. Witness in

Journal of Heat Transfer

this regard the development of heat transfer technology for
helium refrigeration and large scale superconducting systems,
where ‘‘good design’’ has become practically synonymous
with ‘‘least irreversible design’’ [19].

It is important to recognize the fundamental value of the
exergy-conservation design philosophy relative to the local
and temporal character of the economic optimizaton
procedure followed by individuals in industry. The con-
servation of exergy is clearly what the heat transfer com-
munity must learn first and teach others through its technical
journals, if we are to agree on a reasonable course toward
fuel-sufficiency in this world [20].
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Natural convection heat transfer in concentric and eccentric annuli made of two
isothermal horizontal circular cylinders is numerically investigated for Rayleigh
numbers less than 5.0 x 10? which is based on the difference of radii. Bipolar

coordinates are used for eccentric annuli, and it is found that for very small ec-
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centricity the overall thermal behavior of the annuli exhibits that of the exactly
concentric cylinders. The maximum deviation of the local heat-transfer coefficient
of the cylinder walls remains, for example, for ¢=0.01, R;/R;,=0.3846 and
Ra; =1.0 x 10%, within a meager 5 percent. The parametric effect on the heai-

transfer characteristics is discussed with respect to the diameter ratio for concentric
cylinders, and eccentricity and azimuthal angular location of the inner cylinder for
eccentric annuli. Output is displayed in terms of streamlines, isothermal contours,
radial temperature distribution and equivalent thermal conductivities. Convection
patterns are explained in detail.

Introduction

Natural convection heat transfer in horizontal enclosures of
concentric and eccentric cylindrical annular form has received
increased attention due to the interesting feature of the
specific heat transport phenomenon and the fundamental
importance in practical applications. A very thorough
literature survey and comprehensive analysis has been made
on the concentric annuli by Kuehn and Goldstein [1, 2]. They
have conducted both numerical simulation using finite dif-
ference method of relaxation type, and experimental study
using Mach-Zehnder interferometer. Application of other
type of finite difference method, alternating-direction implicit
method, has also been reported by Charrier-Mojtabi et al. [3]
in solving the laminar horizontal concentric annuli problem
formulated in cylindrical polar coordinates. Recently, flow
analysis on concentric annulus has been extended to turbulent
natural convection regime, Rayleigh number range 106 — 107,
using a two-equation turbulence model [4].

For slightly eccentric annular enclosure, Yao [5, 6] has
perturbed the solution of concentric annuli to obtain ex-
pansion in terms of the double series of eccentricity and
Rayleigh number for the case when Ra is small. Experiments
have also been conducted using pressure-controlled gas
chamber to analyze heat-transfer characteristics in eccentric
annuli with relatively large eccentricity [7-9]. Parametric
effect on the heat transfer was investigated in these reports for
the natural convection which included the unsteady flow
regime. Theoretical study, on the other hand, is rare for the
eccentric annuli. In reference [9], as a complimentary work of
the experimental investigation, the Galerkin finite element
method has been applied with isoparametric element to find
the conditions for minimum heat loss in annular solar energy
receiver geometries.

To treat consistently the concentric and eccentric annuli,
two different coordinate systems have been used in the
literature. One is the modified bipolar coordinates [12, 14]
which degenerate to polar coordinates when the annuli are
concentric. The other is the radial coordinate transformation
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used by Yao [5, 6], which normalizes the distance from the
axis of the inner cylinder to the outer cylinder. None of them
has singularity at zero eccentricity. However, applications so
far have been limited to small eccentricity only.

In the present paper, to extend the existing knowledge on
the natural convection heat transfer in the horizonal cylin-
drical annuli, numerical analysis has been made using finite
difference method based on successive-overrelaxation
iteration. Concentric and eccentric annuli are treated in a
unified manner using the cylindrical bipolar coordinate
system. Emphasis is put on the study of changing thermal
behavior of the annuli with respect to the diameter ratio of the
inner and outer cylinders, eccentricity, and azimuthal angular
location of the inner cylinder. Prandtl number is fixed with
that of air, 0.706, throughout the study while Rayleigh
number is changed to several selected values within the
laminar natural convection regime known by the previous
experimental study [7].

Derivation of Governing Equations

In the literature, the bipolar coordinate system has been
conveniently applied to solve many engineering problems
involving tandem spheres or circular cylinders, and eccentric
annuli in forced flow [10, 11, 13]. For the natural convection
the Boussinesq approximation simplifies the Navier-Stokes
equations by neglecting the compressibility effect everywhere
except for the buoyancy force terms. Regions of validity of
this approximation is presented in [15]. Assuming constant
transport properties, one can write respectively the governing
equations of the dimensionless stream function, vorticity, and
temperature in the cylindrical bipolar coordinate system (£,7)
as follows:

viy=—¢ 1)
e g (G Ol

. . h _
+Ra, [ B (sin 0 sinhysiné +cosf coshycosé -1 ) Z_ZS
a

Transactions of the ASME

Copyright © 1982 by ASME

Downloaded 19 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Of course, the second set of boundary conditions, which
includes the periodic condition at branch cut £=0 or £=2m,
could be used for the symmetric flow too, but only with the
solution domain doubled unnecessarily. The vorticity func-
tion on the solid wall is successively evaluated to second-order
accuracy by using the values of stream function in previous
iteration, following the usual tested formula [16]:

J_. 7‘/’{2_8‘//?1/“ +‘//{(w+2

h? 2(An)?

for the outer cylinder, and )

gl = L 7¢§»_8¢kw—1+\//{$4
v 2(An)?

Yy = U=V=0,6=1 on n=7;(inner cylinder) )]
v = U=V=0,6=0 on n=mny(outer cylinder)
Nonsymmetric global annular flows:
o Yo = VY2:,80 = $amao = ¢p, 00 £=0 or £=27 (branch cut)
: i;é‘gi?g; : ¥ = U=V=0,6=1 on 5=mn(inner cylinder) ®)
f”” Jl’%;;;j;;;ﬁ%g, 7 ¥ = U=V=0,¢=0 on q=ny(outer cylinder)
BaRRRaam

i A

“{\‘%\\\\\%

e

+0(A7?)

Fig.1 Anexample of mesh system in bipolar coordinates
+0(An?)

_hzo

(o ncoshncosf — 1 sinhysing\ d¢
(sm()—————a —cosf ——~> } @ for the inner cylinder.

o

Vg 1 <U 9,9 > 3y Computational Procedure

h 9t dn One of the mesh systems possible in the bipolar coordinate
where system is shown in Fig. 1, where the radial-like curves
1 7 82 52 represent constant angles in angular {-coordinate, and the
l= ¥ (W + 5——2> (4) eccentric circles stand for y-constant lines. By changing the
£ n size and radial location of the inner circle and by rotating the
a whole system with respect to the direction of gravity force,
= (5) variation in diameter ratio of the two circles, eccentricity, and

coshr —cos§ azimuthal position of the inner cylinder were easily obtained.
1 oy 1 ay The partial differential equations were finite-differenced
U= R and V= — T (6) using central difference schemes for all of the derivatives.
K 3 Since diffusion plays as important a role as convection for

transport of thermal energy in the present problem, central
difference approximation was favored for the convection
terms to avoid parasitic effect which might be introduced if
the upwind scheme had been used. The resultant difference
equations were put in the form convenient for iteration in the
successive overrelaxation method. The relaxation factors used
were, 1.35, 1.2, and 0.5 for ¢,¥, and ¢, respectively, for

The boundary conditions can be written in two different
ways depending on the flow domain.
Symmetric twin convective flows:
14 0o
= {(=U=0,——=0,— =0o0n £=0and
¥ = ¢ T 3t 3

£ = w(symmetry line)

Nomenclature
thermal conductivity, the

overall natural convection

a = a constant in the bipolar
coordinate system, equal to heat transfer scaled by the T;,Ty = constant temperatures of the
half of the distance between pure-conduction heat inner and outer cylinders,
two poles transfer possible for the respectively
¢ = distance between centers of same geometry U,V = contravariant velocity
circular cylinders in ec- Koo K, X K., the second components in &- and 7-
centric annuli overall equivalent thermal direction
g = gravitational acceleration conductivity, based on the e = c¢/L, eccentricity
h = metric coefficient, defined pure-conduction heat v = kinematic viscosity
in equation (5) transfer of an equivalent a = thermal diffusivity
x,y = rectangular Cartesian concentric annulus £,m = Bipolar coordinates defined
coordinates L = R, — R;, radius difference by x+iy = iacotl/2(n +if)
K, = specific conductivity, the of the two cylinders 9 = angle between x-direction
pure-conduction heat Pr = Prandtl number, v/« and the gravity force g
transfer for an eccentric R = radial coordinate measured 6, = the azimuthal angle of the
annulus divided by that of from the center for the inner eccentric cylinder
an equivalent concentric concentric annuli Y = dimensionless stream
annulus Ri/R, radii of the inner and outer function, scaled by o
K. = local equivalent thermal circular cylinders { = dimensionless vorticity
conductivity for concentric Ra, gBL3(T; — Ty)/ v, Rayleigh function, scaled byc/L?
) cylinders number based on reference ¢ = (T-Ty)/(T;—T,), dimen-
K,,. = the first overall equivalent length, L sionless temperature
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Table1 The overall equivalent thermal conductivity Kt,q,f and I_(eq,c (R;/R;=0.3846, Pr=0.706)

Eccentricity Specific 6,=0deg 0,=45deg 0,=90 deg 6,=135o0r 225 6, =180 deg
€ conductivity B ~ B ~ B ~ - i} _ ~ Ra,
Ke Keq,e Keq,c Keq,e Keq,c Keq,e KEq,c Keq,e Keq,c Keq,e Keq,c

0.900 2.226 1.04 2.32 1.05 2.34 1.08 2.40 1.09 2.43 1.08 2.40 10°

0.750 1.482 1.06 1.57 1.07 1.59 1.11 1.65 1.14 1.69 1.16 1.72 10‘31
1.37 2.03 - - 1.47 2.18 - - 1.62 2.40 10

0.623 1.260 1.07 1.35 1.08 1.36 1.12 1.41 1.16 1.46 1.17 1.47 10?1
1.45 1.83 1.48 1.86 1.57 1.98 1.70 2.14 1.75 2.21 10

0.500 1.144 1.08 1.24 1.08 1.24 1.13 1.29 1.17 1.34 1.18 1.32 103
1.55 1.77 - - 1.69 1.93 - - 1.85 2.12 10

0.250 1.031 1.08 1.11 1.08 1.11 1.10 1.13 1.37 1.17 1.17 1.17 IO?1
1.79 1.85 - - 1.90 1.96 - - 1.99 2.05 10

0.100 1.005 1.08 1.09 1.08 1.09 1.09 1.10 1.08 1.09 1.09 1.10 10‘31
1.93 1.94 - - 1.96 1.97 - - 2.00 2.01 10

0.010 1.000 1.08 1.08 1.08 1.08 1.08 1.08 1.08 1.08 1.08 1.08 103
1.98 1.98 1.98 1.98 1.98 1.98 1.98 1.98 1.98 1.98 10

Rayleigh numbers of the order of 104; they were increased to 14 Torerent Hethod (c=0.01]

higher values for lower Rayleigh numbers. Uniform meshes in RF ;:1;39r ey inder Ex[.yeriment

£- and - direction have been used in the computation, with y oouter Cylinder (Ref. . )

increased number of grid points assigned for higher Rayleigh
numbers. The method became unstable when the diagonal
dominancy of the locally linearized coefficient matrix of the
finite difference equations was broken. For the cases when the
diameter ratio of the inner and outer cylinders was very small,
when the eccentricity was near its extremum 1 and when Ra,
was increased to a large value which was beyond the ex-
perimentally known laminar flow regime, the solution
diverged. Also, for zero eccentricity the method failed
because of the coordinate singularity. However, for very
small values of eccentricity, for example, at e=0.01, the
overall thermal behavior of the annulus has exhibited that of
the exactly concentric cylinders, with maximum deviation of
the local heat-transfer coefficient on the cylinder walls
remaining within a meager 5 percent. This observation has
made it possible to extrapolate with confidence the heat-
transfer characteristics of the concentric annuli from the
results obtained in the bipolar coordinate system for small
eccentricity.

During the computation, because of the slow rate of
convergence for the stream function and vorticity compared
with that of temperature function, iteration was performed in
a weighted cyclic pattern as y-{-y-{~¢. The convergence
criteria needed for termination of the computation were
preassigned as

Iy, <10-3,1¢ll, <102 and I¢ll, <10-2

The output has been displayed in terms of isotherms,
streamlines, radial temperature distribution, and equivalent
thermal conductivities. The last variable in the above is
defined as the overall heat transfer scaled by the pure-
conduction heat transfer that would be obtained either for the
specific eccentric annulus or for an equivalent concentric
annulus, Different notations are reserved for the above two
equivalent conductivities: the former denoted by K, . and the
latter by K,,.. The former is an indicator of relative im-
portance of convection over conduction in the given eccentric
annulus, while the latter could be used for direct comparison
of performance among various annuli of different ec-
centricity. The two variables are interconvertible by making a
table of a third variable namely the specific conductivity, K,
which refers to the ratio of pure-conduction heat transfer of
an eccentric annulus and that of an equivalent concentric
annulus. It is readily obtained, since for pure conduction
exact temperature solution is known and the isotherms are
identical with the coordinate lines 5= constant. The above
three conductivities K, K,, . and K,,. are calculated and
listed in Table 1 for seven different values of eccentricity and
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8 (DEGREE)

Fig. 2 Local heat-transfer coefficient for a concentric annulus:
Ra, =5 x 10%, R;iRy = 0.3846

for tvzo different Rayleigh numbers, Ra; = 1.0 x 10% and 1.0
X 10%.

The computer used for calculation was Cyber-174 at the
computer center in KAIST. CPU time needed for individual
calculation depended greatly on the accuracy of the initial
guess for the solution. For 24 x 30 mesh points, time needed
for Ra; =4.8 x 10* was slightly less than half an hour in
CPU time, when the data converged at Ra=1.0 x 10* were
used as initial input. The CPU time increased, in general, with
higher Rayleigh numbers and with higher upper eccentricities.

Results and Discussion

To demonstrate that the bipolar coordinate system can be
used to produce reliable result for the concentric annulus, a
test run was made for Ra, =5 x 10* and R,/R,=0.3846 by
using a very small eccentricity e=0.01. The calculated local
equivalent thermal conductivity is shown in Fig. 2 in com-
parison with the experimental data drawn from reference [1].
The agreement is excellent for both outer and inner cylinders,
the maximum local discrepancy which occurs at the top of the
outer cylinder being less than 5 percent, as stated in the
previous section.

In Figs. 3(a)-3(c), the isotherms are presented for a high
Rayleigh number flow, Ra, =4.8 x 104, Pr=0.706, along
with the interferogram analogs available from [7] for com-
parison. In these plots the diameter ratio is taken uniform as
R;/R,=0.3846 but the eccentricity is varied to three distinct
values of €=0.652 upper, ¢=0.01 and e=0.623 lower,
respectively. Each closed curve in the plots on the left hand
side represents an isothermal line with step temperature in-
crement by the amount A¢=0.05 toward the inner cylinder.
The overall qualitative agreement is again very distinguished.
It is readily observable which part of the inner or outer
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Fig. 3(a)

Isothermal lines for an eccentric annulus: left, present

method (4¢ = 0.05); right, from [6], (Ra; = 4.8 x 104, Ri/Ry = 0.3846, ¢

= 0.652 upper vertical)

s
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Fig. 3(b)

method (4¢ =0.05), ¢ =0.01); right, from [6], (Ra; =4.8 x 10

0.3846

“‘th;

Fig. 3(c)

Isothermal lines for an concentric annulus: Iejt. present

» RilRg =

Isothermal lines for an eccentric annflus: left, present

method (A¢=0.05); right, from [6], (Ra, =4.8 x 10%, R;/Rg = 0.3846,

¢ = 0.623 lower vertical)

cylinder has high heat-transfer coefficient, simply by locating
those regions where the thermal boundary layer is well-
developed from the given temperature contours. In Fig. 3(a),
where ¢=0.652, the upper eccentricity of the inner cylinder
has caused a relatively narrow gap near the top of the annular
enclosure in which no evidence of plume development is
found above the heated inner cylinder. Instead, near the top
of the vertical line of symmetry in the narrow gap, a local
region of conduction-dominated heat transfer is produced, a
phenomenon which is usually found at the bottom portion of
the annulus where the flow is inert and stably stratified. Also,
it reduces relative contribution of convection, thus the overall

heat-transfer coefficient K,, . for the annulus of high ec-

Journal of Heat Transfer

centricity is lowered. Such an observation is quantitatively
supported by the radial temperature distribution shown in
Fig. 4, where along the radial line §=0 deg the temperature
curve is a nearly-straight line of negative unit slope. It is
interesting to note here that the calculated results in Fig. 4
suggest slightly higher conduction effect than the measured in
this particular region. Near the bottom of the annulus around
6 =150 and 180 deg, better resolution is observed in the theory
than in the experiment. In the bottom portion, the tem-
perature curves are straight outward beginning from (R —
R)/(Ry—R;)=0.2, revealing dominance of conduction
outside of the boundary layer, again. In contrast to the an-
nulus of upper large eccentricity, Figs. 3(b) and 3(c) exhibit
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Fig. 5 Radial temperature distribution for concentric annuli: Rj/iRy =
0.2(A), 0.4(B), 0.6(C), and 0.8(D); Ra; = 1.0 x 10

well-defined plumes that are shed from the inner cylinder and
impinge on the top of the outer cylinder. The thermal
boundary layers are well developed along the entire surface of
the inner cylinder, and along much of the outer cylinder
excluding the part of surface submerged in the inert fluid layer
at the bottom. For the case of lower eccentricity (Fig. 3(c)),
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Fig. 6 Eccentricity dependence of the overall equivalent thermal
conductivities: Ra; = 1.0 x 104 and RilIRy = 0.3846, (a) along the line
of symmetry, (b) along the centered horizontal line

the plume development is noted very salient. Attention is now
directed to the effect of some parametric variables for lower
Rayleigh number flows which is not much discussed in the
literature.

The Effect of Radius Ratio for Concentric Cylinders

Taking fixed parameter values as e=0.01, Ra; =1.0 x 104,
Pr=0.706, a variation in the radius ratio of the inner and
outer cylinder was made to examine its effect on the con-
vection heat transfer. Figure 5 represents temperature
distribution along radial lines for R;/R,=0.2, 0.4, 0.6, and
0.8. The four different temperature plots A, B, C, and D
demonstrate that temperature curves and their slope have
reduced angular dependence as the radius ratio is increased.
The temperature inversion phenomenon, that is the fluid layer
near the warmer surface becomes cooler than that near the
colder surface, is distinct for R;/R;=0.2 and 0.4, but not for
higher values of R;/R,. As the radius ratio grows, con-
tribution of the convection to the overall heat transfer is
reduced contrary to the role of conduction, the curves for high
radius ratio being in tendency for gathering around the pure-
conduction diagonal line of negative unit slope. Another
observation was made from the calculated streamline con-
tours, not shown here, that the centers of the twin vortices are
lowered to the middle half in the symmetric annular passages
with higher radius ratio. It is also directly related to the
aforementioned phenomenon of reduced angular dependence
in the narrowed annuli.

The Effect of Position of the Inner Eccentric Cylinder

In Table 1, the overall equivalent conductivities are
presented for various eccentricities with fixed aspect ratio
R;/R,=0.3846 and Pr=0.706. Pure conduction heat transfer
is increased with eccentricity, which is revealed by the in-
creasing specific conductivity K, as a function of e. The
overall equivalent thermal conductivity K., is decreased as
the eccentricity grows when €>0.5, which is true in general
for all angular position 6, of the eccentric inner cylinder.
Interpretation is as follows: because of the narrowed gap in
the large eccentric annulus thermal convection by large
recirculating vortices becomes more and more difficult in
contrast to the growing influence of the thermal conduction,
For example, for Ra; =1.0 X 10* the maximum value of
K., . occurs at about €=0.10 in lower position when the inner
cylinder is moved along the symmetry line. For the same
Rayleigh number, maximum K,  is identified with the
concentric annulus when the inner cylinder is moved along the
horizontal line passing through the center of the outer
cylinder (8, =90 or 270 deg; see Figs. 6(a) and 6(b)). Contrary
to K., ., the second equivalent conductivity, K,, ., has highest
value near the extreme eccentricity due to the large con-
tribution of thermal conduction. When the inner cylinder is
moved down from the top extremum position following the
vertical symmetry line, K, . is decreased somewhat before it
begins to increase steadily. The point of minimum K,
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Fig. 7(a) Isotherms for annuli of the same eccentricity but in different
angular positions: §, = 0 deg(A), 45 deg(B), 90 deg(C), 135 deg(D) and
180 deg (E); A¢ = 0.01(Ra; = 1.0 x 107, ¢ = 0.623, R;/Rg = 0.3846)
occurs near e=0.01, , =0 deg for Ra, =1.0 x 10? and near
€=0.50, 0,=0 deg for Ra; =1.0 x 10% The existence of
minimum value for K, . reflects the fact that away from the
conduction-dominant extremum positions some distance is
needed for the inner cylinder to move down along the line of
symmetry until convection assumes an active role in the
overall heat transfer. These results are graphically represented
in Fig. 6(a). For Ra; =1.0 x 10%, the value of K, . decreases
by 7 percent as the inner cylinder at ¢=0.01 is moved up to
e=0.623 in the upper position and increases by 11 percent as it
is moved down to €=0.623 in the lower position. These
changes are very similar to those observed by Kuehn and
Goldstein experimentally [7].

For fixed eccentricity e=0.623, the inner cylinder is moved
circumferentially now. One can read from Table 1 that, by
increasing 6, both overall equivalent conductivities K, and
K., monotonously increase with azimuthal angle for 0 deg
< 6, =< 180 deg. This clearly indicates that the role of con-
vection increases with higher 6,. As 6, is changed from 0 to
180 deg the increase in K, or K. . is 10 percent for
Ra; =1.0 x 10° and as much as 20 percent for Ra; =1.0 %
10%. Detailed isotherms and streamlines are presented in Fig.
7(a) and 7(b), respectively. In the narrowest part of the gap,
the conduction-dominancy is readily recognizable from the
isotherm plots. Also, as seen from the streamline contours,
more and more fluid is mobilized in the convection currents
with increasing 0, to deliver thermal energy from the inner
heated cylinder to the colder outer cylinder. It is noted that the
positional influence on the heat transfer is felt more strongly
from the isotherm plots than from the streamlines, since the
temperature inversion phenomenon becomes very dis-
tinguished as 6, is increased.

Journal of Heat Transfer

Fig. 7(b) Streamlines for annuli of the same eccentricity but in dif-
terent angular positions: 6, = 0 deg(A), 45 deg(B), 90 deg(C), 135
deg(D), and 180 deg(E); Ay = 0.88(A), 0.88(B) 1.11(C), 1.72(D), and 1.99(E)
(Ra, = 1.0 x 10%, ¢ = 0.623, R;/R, = 0.3846)

In Figs. 8(a) and 8(b) the angular position is fixed this time
along the horizontal line (6,=90 deg) and different ec-
centricities are considered as ¢=0.25, 0.50, 0.65, and 0.75.
These cases are denoted respectively by from A to D in the
isothermal contours of Fig. 8(a) and streamline plots of Fig.
8(b). The remarkable process of vortex splitting by the ap-
proaching cylinders is sequentially observed in Fig. 8(b). For
the high eccentricity the conduction-dominating flow region
at the narrowest gap of the annuli becomes locally stagnant,
which results in splitting of the core of the vortex in the
constricted region into two subvortices rotating in the same
direction. At first, the vortex core only is halvened, but as the
gap is further narrowed local stagnant region grows large
enough to bisect the whole vortex even much before the two
cylinders come into contact. In the wider part of the eccentric
annulus the vortex current is slowed down and location of its
core is lowered as eccentricity is increased. From the plot of
overall equivalent thermal conductivities K,,, and K, in
Fig. 6(b), we can observe that the relative role of convection is
steadily decreased with higher eccentricity, whereas the
overall heat transfer is changed to increasing pattern after a
slight decrease near ¢=0.50. This is again surely due to the
contribution of conduction for increased eccentricities. It is
noted that the decreased degree of plume development and
temperature inversion with higher eccentricities, as seen in
Fig. 8(a), and the slowed-down stream speed together with the
vortex halvening seen in Fig. 8(b) are all consistently related
with the magical interaction between the conduction and the
convection discussed so far.

Concluding Remarks

The finite-difference solution of the system of partial
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Fig. 8(a) Isotherms for annuli in the same angular position but of
different eccentricity; ¢ = 0.25(A), 0.50(B), 0.65(C), and 0.75(D); A¢ =
0.11(Ra. = 1.0 x 10%,9, = 90 deg, R;/R( = 0.3846)

Fig. 8(b) Streamlines for annuli in the same angular position but of
different eccentricity: ¢ = 0.25(A), 0.50(B), 0.65(C) and 0.75(D); Ay =
1.16(A) 1.09(B), 1.11(C) and 1.44(D) (Ra; = 1.0 x 10 0p = 90 deg,

R;iIRy = 0.3846)

differential equations formulated in the bipolar coordinates
has yielded very interesting laminar Bousssinesq flows for
various aspect of the eccentric annuli. Definition of three
different kinds of conductivities X,, K,,, and K, . among
which only two are independent, has made it possible to look
into the relative role of convection and conduction in the
overall heat transfer. From the discussions made previously,

one could summarize some important findings:

1 The bipolar coordinate system can be used for very small
eccentricity to obtain the thermal characteristic of concentric
cylinders which is useful for engineering applications.

2 For fixed eccentricity and aspect ratio R;/R,, the overall
heat transfer is increased due to the expanded convection as
the azimuthal angle 6, of the inner cylinder is increased.

3 For a fixed aspect ratio, when the inner cylinder is moved
outward from a concentric position along a horizontal line
(6, =90 deg), convection heat transfer decreases contrary to
the conduction heat transfer which grows with a faster rate.
Consequently, K,,, decreases and K, increases with the
eccentricity.

4 As the inner cylinder is moved downward along a vertical
symmetry line, for Ra, =1.0 x 10* and R;/R,=0.3846 the
maximum of K,,. occurs at about e=0.10 on §, =180 deg
and the minimum of K,,. occurs at about ¢=0.50 along
8, =0 deg.

5 For concentric annuli, larger diameter ratio means
decreased angular dependence of the local thermal charac-
teristics.

eq,e
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convection in the annulus between two horizontal concentric cylinders which are
held at different constant temperatures. Solutions for the laminar case are obtained
up to Rayleigh number (based on gap width, L) of 10°. Turbulent flow results are
presented for the Rayleigh number range of 10° — 107, the k-¢ turbulence model has
been applied to obtain the results. Buoyancy effects on the turbulence structure are
also accounted for. The results for both the laminar and turbulent cases are in good

agreement with available experimental data and other solutions in the literature. All
results presented are for the outer cylinder diameter to inner cylinder diameter ratio

of 2.6.

Introduction

Natural convection in concentric annuli has been the
subject of interest of many researchers due to its various
applications in engineering devices including the receivers of
some focusing solar collectors. The problem was investigated
experimentally by Liu et al. [1], Lis {2], and Grigull and Hauf
[3] among others [4, 5]. Photographs showing the dependence
of the flow patterns on the Grashof number and diameter
ratio were presented by Powe, Carley and Bishop [6]. The
analytical solutions available in the literature are generally
valid for small Rayleigh numbers [7, 8]. More recently Jischke
and Farschi [9] have used boundary-layer theory to analyze
the flow in the laminar regime. Raithby and Hollands [10]
have considered the high Rayleigh number boundary-layer
limit with a conduction-layer model. Their empirical analysis
correlates data quite well, but it gives no information about
the flow and temperature fields. Kuehn and Goldstein also
obtained experimental data by optical methods and obtained
theoretical results numerically [11, 12]. Numerical results
were presented only for the laminar case up to a Rayleigh
number (based on gap width, L) of 10°. An outside diameter
to inside diameter ratio of 2.6 was used in these solutions. The
diameter ratio is significant as previous studies have suggested
[6], since the flow patterns are dependent on it, especially
when the flow undergoes transition from laminar to tur-
bulent.

In the present study, numerical solutions are presented for
the steady-state, two-dimensional natural convection in the
annulus between two horizontal concentric cylinders.
Solutions are presented over a wide range of Rayleigh
numbers which encompasses both the laminar and turbulent
flow situations. For the laminar case, the problem consists of
solution of the three elliptic partial differential equations (i.e.,
vorticity, stream function, and temperature) in a two-
dimensional space with specified boundary conditions [13].
Solutions for the laminar case are obtained up to a Rayleigh
number of 10° for air. Previous experimental studies [2, 11]
have suggested that turbulence sets in when the Rayleigh
number exceeds the above value. A two-equation (k—e¢)
turbulence model has been used. here to predict the natural
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convective flow in the annulus for Rayleigh numbers above
103, The k — e model, proposed first by Launder and Spalding
[14], has been applied previously to calculate forced and
boundary layer flows with success. Relatively less work has
been done in predicting buoyancy driven recirculating tur-
bulent flows numerically [15]. In the model used, turbulence
is characterized by transport equations for time-averaged k&,
the turbulent kinetic energy and e, its rate of dissipation. The
equations for the time-averaged stream function, vorticity,
and temperature along with the differential equations for &
and e are solved simultaneously in the same manner as for the
laminar case [16].

An outside diameter to inside diameter ratio of 2.6 and air
properties at atmospheric pressure were used in the following
calculations. The applicability of the method wused is,
however, not limited to the above cases.

Problem Statement

Prediction of natural convection in a two-dimensional
cylindrical annuli requires the solution of coupled partial
differential equations. In the laminar flow regime, these
equations are obtained from the conservation of mass,
momentum, and energy principles. In the turbulent flow, two
additional equations, k* and ¢* are considered [14, 16]. By
using the stream function-vorticity formulation, the five
governing equations can all be represented as a single elliptic
equation in the following form [17]:

T2 6%)- 56 [ 2e)
SEEN e

where the expressions in the first set of brackets on the left
hand side of the equation represent the convective terms. The
remaining part of this side represents the diffusion terms and
the right hand side shows the source/sink terms. The laminar
flow regime is described by three equations, ¢ representing the
dependent variables y*, w*, and 7*. For the turbulent flow
regime, ¢ represents the time-averaged values of y*, w*, T*,
k*, and €¢*, thus five equations need be solved. In generating
these equations from equation (1), the multipliers a®, b®, ¢?
and d*® take appropriate expressions as summarized in Table
1. For laminar regime, ufis set equal to zero in the expressions
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Table 1 Coefficients for the flow equations

¢ a° b c? d®
w0 1 1 —o
o 1 1+t G[aT*'(HlaT* 9]
w —GIr| — Sin v COS
e ar* r* o :
1 *
™ 1 —+ 0
Pr or
*
R B 1 Si
ok
*
S B Gl 1 s,
Uf

Yop=1.,0.=1.3,07=1.[14]

and only the first three equations are considered. For tur-
bulent regime, even though the two-dimensional mean motion
is studied, the fluctuating components of velocities in all three
dimensions were taken into account. In this case, o7, o, and
o, are the turbulent Prandtl numbers for 7, k and e,
respectively. The source terms S, and S, for the k* and ¢*
equations for buoyancy driven recirculating flow (in polar
coordinates) are given by

S, = *{2<avf)2 +2< 603)2 +2(U:>2
CT TR G r*ab r*
+[* - <U;>+ 30?]2}
! or* \r* rxof

inf r 0]+ * 2
30 sin P cos € 2)

S.=—Cour & {2(61):)2“( 6v;>2+2<v,’f>2
e ¥ k* ar* r*ao r*
a (v} avr 2
e () el
[r ar* \r* rxof

+C,Gr 3)

wkooet [ 1 6T aT* :| €*?
— ——sinf— —— cosf| +C,—
oy k* Lr* a0 or* >k
The effect of buoyancy on the creation of turbulence energy is
taken into account by the second term in the expression for
Se. ‘

The empirical constants are taken as C; = 1.44and C, =
1.92 [14]. C, is taken as being equal to C,; by assuming similar
contributions from buoyancy and gradient production terms,
and a sensitivity study on C, is presented later.

Boundary Conditions

Solution of elliptic equations requires that the boundary
conditions be specified along the entire boundary which
encloses the flow field. The inner cylinder is considered to be
held at a uniform temperature, 7;, and the outer cylinder at a
uniform temperature 7T, such that 7, > T,. Because of the
geometry considered a vertical symmetry plane exists and the
problem is solved only for the vertical half plane. The stream
function is constant along each wall, as well as along the lines
of symmetry. Since no flow enters or escapes from the en-
closure, the stream function is set equal to zero on all the
boundaries. The vorticity is zero on the symmetry lines. It is
assumed that at the lines of symmetry the angular derivatives
of the temperature vanish.

For y*, w*, and T*, the same boundary conditions are used
for laminar and turbulent regimes, except for the latter, time-
averaged quantities are considered instead.

The complete set of boundary conditions used in generating
the results are given in Table 2 [11, 13, 15, 18].

Solution Procedure

Both for the laminar and turbulent cases, the equations of
the previous sections are transformed into difference
equations by using a finite difference method presented by
Gosman et al. [17].

A grid is established by dividing the region in the r and 6
directions. For the laminar flow predictions a grid of 25 X 51
(r X 6) was considered while for the turbulent flow cases a

Nomenclature
C,,C,,C; = empirical turbulence model constants
C, = constant of proportionality, equals 0.09
¢, = specific heat at constant pressure
D,,D; = outer and inner cylinder diameters
g = acceleration of gravity
h; = local heat-transfer coefficient on inner cylinder
qw,- A Tz - TO)
h, = local heat-transfer coefficient on outer cylinder
dy /(Tl - TO)
k = turbulent kinetic energy = (1/2)
(v + vt +0.%)
k* = L*k/v*
L = gapwidth (D, — D,)/2
q., = heat flux from cylinder surface
r = radial coordinate
r* = r/L
Ra, = Rayleigh number, based on gap width,
0*gBL> (T, = To)e,/u
T = temperature, T + 7"
T; = temperature of inner cylinder-
7, = temperature of outer cylinder
T = (T = T)/(T; ~ T),
v, = radial velocity component, o, + v,’
vy = Lv,/v :
vy = circumferential velocity component, , + v,’

632/ Vol. 104, NOVEMBER 1982

v = Luvy/v
v, = velocity component in the axial direction, 0 +

vZ
Greek Letters
B8 = thermal coefficient of volume expansion
e = dissipation rate of turbulent kinetic energy
E* — L46/V3
# = circumferential (angle) coordinate
A = thermal conductivity
Ny = local equivalent conductivity,

h; D; 1n(D,/D;)/2\ for inner cylinder,
) h, D, 1n(D,/D;)/2\ for outer cylinder
Ay = average equivalent conductivity

¢ = adependent variable
¢ = molecular viscosity;
2
#, = turbulent viscosity, C,p —
€
B = e/
p = density
v = dynamic viscosity
¥ = stream function, ¥ + ¢’
V= W
w = vorticity, &+’
w* = Liw/v
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Table2 Summary of the boundary conditions

' Inner Symmetry Quter
Variable cylinder plane cylinder
‘//* ‘/’*=0 l//*=0 'w*zo
2¢,* a 2 *xq
w* o — w*=0 W= — \p ;
(ar®) (Ar?)
T T*=1 or T =0
= e =
k* k*=0Q il 0 k*=0
= T =
3/4 1 *3/2 .
p Kk Ar* 06 b Kk Ar*

7 ¢ is to be evaluated at Ar* into the fluid.
Subscript p represents the nearest grid point from the wall. « is
the von Karman constant and is equal to 0.42.

denser grid of 41 x 51 was used. Because of the large
gradients occurring near the inner and outer walls, the node
spacing in the r-direction near the walls is reduced by a factor
of 2 as compared to the central region.

The calculations were performed on a Burroughs B7700
digital computer. To obtain convergence, about 300 iterations
were needed for the laminar cases and about 600 iterations for
the turbulent flow predictions with CPU times of 15 and 50
min, respectively. For higher Rayleigh numbers, the solutions
of the previous case were used as initial values in the iterative
process. Due to the relatively large variations during initial
iterations for k* and * under-relaxation had to be used to
obtain converged solutions [17]. An under-relaxation factor
of .5 was found to be satisfactory. No under or over-
relaxation factor was used for any of the other variables.

Results and Discussion

Initially, solutions were obtained for the laminar case,
which could be directly compared with previously published
results. Once the validity of the approach was established, the
k—e turbulence model was applied to the similar flow
situations with higher Rayleigh numbers. The sufficiency of
grid sizing and suitability of the approach were determined by
generating data which agree with experimental and other
theoretical methods available in the literature for similar flow
problems.

The flow and heat transfer results can be divided into
several regimes. Below a Rayleigh number of 10? the
velocities are too small to affect the temperature distribution,
which remains essentially as in pure conduction. A transition
region exists for Rayleigh numbers between 102 and 3 x 10%.
Since the laminar flow case is documented [11], the stream
lines and isotherms are presented for a single case of Ra =
104 in Figs. 1(a) and 1(b), respectively, to demonstrate the
applicability of the numerical scheme and for qualitative
comparison. The radial temperature inversion appears,
suggesting the seperation of the inner and outer cylinder
thermal boundary layers. Previous experimental observations
[6] suggest that near a Rayleigh number of 10° for air at this
diameter ratio the crescent-shaped flow pattern is charac-
terized by oscillations about the longitudinal axis; therefore,
the results obtained during this study for Ra, =10% can be
viewed as the time-averaged values. Unlike in reference [11],
convergence was obtained for Ra, =10° with air. This could
be due to the upwind difference treatment of the convective
terms which is known to give better convergence than the
central difference schemes [17]. Heat transfer results -are
presented in terms of the local equivalent conductivity, which
is defined as the ratio of the thermal conductivity that a
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Fig. 1(a) Streamlines in laminar flow for Ra; = 104, Pr = 0.721,D,/D;
=26,A)* = — 2.0

Fig. 1(b) lsotherms in laminar flow for Ra; = 104, Pr = 0.721, D, ID;
= 2.6, AT* = 0.1

320 80

inner Cylinder

240 —6.0

Ra, = 10*
Do/Dj=2.6
a Kuahn & Goldsteln (111

1.60 L

-14.0

080 20

Local Equivalent Conductivity - Inner Cylinder

"Outer Cylinder

Local Equivaient Conductivity - Quter Cylinder

] 1 1 )
000 40. 80. 120. 160.

ANGLE {degrees)

Fig. 2 Distribution of local equivalent conductivities for the inner and
outer cylinders; Ra; = 10%,Pr = 0.721,D,/D; = 2.6

motionless fluid in the gap must have to transmit the same
amount of heat as the moving test fluid to the actual thermal
conductivity of the test fluid. Figure 2 shows the distribution
of local equivalent thermal conductivities for the inner and
outer cylinders at Ra, =104, along with previously reported
data [11]. Having thus established the validity for the scheme
for laminar flow, the k—¢ model was then applied for tur-
bulent flow predictions.

All of the results are described only on a semicircular region
since the problem is symmetric. The results are obtained up to
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Fig.3 Streamlines in turbulent flow for Ra; = 106, Pr = 0.721, D, /D; Fig. 3(b) Isotherms in turbulent flow for Ra; = 106, Pr = 0.721,D,ID;
= 2.6

= 2.6

Fig. 4(a) Constant turbulent viscosity lines for Ra, = 108, Pr = 0.721, Fig. 4(b) Constant turbulent kinetic energy lines for Ra, = 108
DoID; = 2.6

Pr=0.721,D,/D; =2.6 -

=50

-100
-150
-200
-250
-300

Fig. 5(a) Streamlines in turbulent flow for Ra; = 107, Pr = 0.721, Fig. 5(b) Isotherms in turbulent flow forRa; = 107,pPr = 0.721,D,ID;
Do/D; = 2.6

=26
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Fig. 6(a) Constant turbulent viscosity lines for Ra; = 107, Pr = 0.721,
DyID; = 2.6

. 5x10°

Fig. 6(b) Constant turbulent kinetic energy lines forRa; = 107, Pr =
0.721,D,/D; = 2.6

—~=« Raithby and Hollands 110]
=== Correlation by Lis [2] PA
@  Present Method .

o

Average Equivalent Conductivity
(4]
T

n
T
Y

| ). 1 1 1 1 J
10® 10 10® 10 10

Ra,

Fig. 7 Average equivalent conductivity as a function of Rayleigh
number

a Rayleigh number of 107 with D,/D; = 2.6 and Pr = 0.721.
Time-averaged stream function, temperature, turbulent
viscosity, and turbulent kinetic energy results are shown in
Figs. 3(a), 3(b), 4(a), and 4(b), respectively, for Ra, = 106
ang Figs. 5(a), 5(b), 6(a), and 6(D), respectively, for Ra, =
10 ’

The two-dimensional recirculation patterns are similar to
those obtained in the laminar results. However, the location
of the maximum value of the stream function moves further
upward. The profiles in Figs. 3(a) and 5(a) show, respectively,
thin boundary layers compared to the size of the gap and the

Journal of Heat Transfer

Rap
v 2.51x 108 (p=34.6 atm)
8 8.02x10° (p=10.3 atm)
- Kuehn & Goidstein [12]
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Fig. 8 Distribution of local equivalent conductivities for the inner
cylinder, (turbulent regime), Pr = 0.721,D,/D; = 2.8
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45} Kuehn & Goldstein [12]

30

Local Equivalent Conductivity

0.0 400 800 1200 1600 180.0
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Fig. 9 Distribution of local equivalent conductivities for the outer
cylinder, (turbulent regime), Pr = 0.721,D,/D; = 2.6

continued presence of the temperature inversion in the center,
although this is not as pronounced as at lower Rayleigh
numbers. The above observations are consistent with previous
experimental work in this Rayleigh number range [12]. The
velocities at the bottom of the annulus are very low compared
to the velocities at the middle and top regions. At Ra, = 109,
the maximum value of the turbulent viscosity is about four
times the molecular viscosity and at Ra; = 107 is about
fourteen times as large. The turbulent viscosity is only
significant in the top half of the annulus. The flow is thus not
completely turbulent in the whole annulus for Rayleigh
numbers between 10° and 107, because the regions of
significant turbulent viscosity are limited.

As seen in Figs. 4(b) and 6(b), the values of k* are large
along the plume and very low at the bottom of the annulus.
The relative importance of the two sources of turbulent
kinetic energy, shear and buoyancy, becomes evident from
these figures. The ¢* distribution in the field is not presented
as its value can be readily obtained from its definition once
the values uf and k* are known (except at regions very close to
the wall).

The heat transfer results were obtained in a similar way as
for laminar flow. Figure 7 shows the present numerical results
for a Rayleigh number range of 10° —-107 for D,/D; = 2.6
and Pr = 0.721. Two.previously obtained correlations are
shown for comparison. The present results agree well with the
correlation of Lis [2] and the conduction boundary-layer
model developed by Raithby and Hollands {10].

Figures 8 and 9 show the distributions of local equivalent
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Table3 Results of sensitivity study for C; Ra=10°

Cs )_\cq Tnin #F max Knax €nax
1.444 6.31 -109.4 . 432 2.35x 104 1.14x 107
C3+20% +3.95% +4.98% +31.1% +15.2% +1.29%
C3+10% +1.70% +2.19% +11.1% +4.69% +0.51%
C3—10% —2.21% ~1.77% —2.79% —3.53% —1.94%
C3—20% —4.77% —3.02% —7.60% ~5.81% —3.89%
“The reference value for C3, i.e., Cy = C,
thermal conductivities for the inner and outer cylinders, 2 Lis, J., “Experimental Investigation of Natural Convection Heat

respectively, in the turbulent regime. Essentially, the results
follow the distributions similar to that for the laminar case.
The presence of turbulence, however (e.g., in the upper corner
near the outer cylinder), causes substantially higher heat
transfer in certain regions, Experimental results of Kuehn and
Goldstein [12] are also included for the purpose of qualitative
comparison only, since those data are for pressurized nitrogen
where as the results presented here are obtained using the
properties of air at atmospheric conditions.

A sensitivity study was carried out in order to determine the
effects of the model constant, C;, on the calculated results.
The other coefficients were not included, since they have been
optimized against experiments for forced flows and used with
a reasonable degree of success by several previous in-
vestigators [14, 17]. The results of varying the constant Cy by
+ 10 percent and =+ 20 percent (from the reference value of Cy
= (C,) are shown in Table 3. The effect of variation of C; on
the mean equivalent conductivity, minimum stream function,
maximum turbulent viscosity, maximum turbulent kinetic
energy, and maximum dissipation rate is shown. It is observed
that the effect on the heat transfer results and streamlines are
slight. The effect on the turbulent quantities is quite strong.
This is especially true when C; > C,. However, C; > C, is
not recommended for use in this problem because near the top
and the bottom regions the boundary layers become close to
being horizontal. A sensitivity study for C; was reported for
the rectangular enclosure problem with similar observation
[15]. For the present case, the location of occurrence of the
maximum turbulent quantities did not change appreciably
with the variation of Cj.

With this study, the use of a finite difference technique in
solving recirculating natural convection and application of the
k—e¢ model is demonstrated. A finer grid is required for
predicting the flows with still higher Rayleigh numbers since
the boundary layers close to the walls become thinner. Ap-
propriate wall-functions for these types of flows would help in
obtaining results without invoking excessive computer time
[19]. Further work in this area is under consideration.
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Vortex Instability of Free
Convection Flow Over Horizontal
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and Inclined Surfaces

The wvortex instability characteristics of laminar free convection flow over
horizontal and inclined isothermal surfaces are studied analytically by linear theory.

K. L. Tzuoo

As a prelude to the analysis, the effects of the angle of inclination on the main flow

and thermal fields are re-examined by a new approach. Numerical results are
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presented for wall shear stress, surface heat transfer, neutral stability curve, and
critical Grashof number for Prandtl numbers of 0.7 and 7 over a wide range of
angles of inclination, ¢, from the horizontal. It is found that as the angle of in-
clination increases the rate of surface heat transfer increases, whereas the

susceptibility of the flow to the vortex mode of instability decreases. The present
study provides new vortex instability results for small angles of inclination (¢ <30
deg) and more accurate results for large angles of inclination (¢ = 30 deg) than
previous studies. The present results are also compared with available wave in-

stability results.

Introduction

It is now well established from experimental and analytical
studies that laminar free convection flow over an inclined,
upward-facing heated plate is unstable to both vortex and
wave modes of disturbances (see, for example, [1-12]). The
instability of the flow that occurs as the result of a secondary
flow in the form of longitudinal vortex rolls is due to the
presence of a buoyancy force component that acts in the
direction normal to the plate. The experimental work of
Lloyd and Sparrow [2] on free convection flow over inclined,
upward-facing heated plates in water showed that instability
of the flow is of the Tollmien-Schlichting wave mode for
inclination angles of less than 14 deg from the vertical,
whereas the mode of instability is characterized by the
longitudinal vortex rolls for inclination angles in excess of 17
deg from the vertical. For angles between 14 and 17 deg, both
modes of instability were found to coexist in this zone of
continuous transition.

The experimental finding of Sparrow and co-workers [1, 2]
has stimulated several analytical studies (see, for example,
[3-6]) on the subject matter, From their independent analyses
of the vortex instability of free convection flow adjacent to an
inclined, upward-facing heated plate, both Hwang and Cheng
[3} and Haaland and Sparrow [4] found that the susceptibility
of the flow to the vortex mode of instability increases with
increasing angle of inclination from the vertical. Sub-
sequently, Kahawita and Meroney [5] re-examined the same
problem and predicted that for a Prandtl number of 0.72 the
vortex mode of instability crosses over into the wave mode of
instability at an inclination angle of about 17 deg from the
vertical. Their prediction thus agrees well with the ex-
perimental observation of Lloyd and Sparrow in water [2].
This inclined plate problem was also analyzed by Iyer and
Kelly [6] who found that for a Prandtl number of 6.7 the
crossover from the vortex to the wave mode of instability
occurs at an inclination angle of 4 deg from the vertical.
However, their calculations of the total amplification of each
disturbance from its predicted point of onset of instability to
the point -of observed instability showed that good
correltaions with the experimental observations were
achieved. In addition, they found that for the upward-facing
heated plate the susceptibility of the flow to the wave mode of
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disturbances increases with increasing angle of inclination
from the vertical. This finding is in qualitative agreement with
another analysis [7] and available experimental data [2, 8].

In all the analytical studies on both the vortex and wave
modes of instability of flow over inclined, heated plates that
have been conducted to date, the main flow and thermal fields
employed in the analyses were approximated by the similarity
solution for a vertical plate, with the gravity component
parallel to the inclined plate, g cosy, incorporated in the
Grashof number. That is, in these analyses, the normal
component of the buoyancy force that induces the streamwise
pressure gradient in the main flow is neglected. Thus, the
instability results from these analyses are not valid for angles
of inclination from the vertical that are not small (say, for v
larger than 45 deg). Furthermore, it is precisely this normal
buoyancy force component that is responsible for the oc-
curence of the longitudinal vortex rolls; the neglect of this
component in the main flow in the stability calculations will
lead to serious errors in the results when the angles of in-
clination from the vertical are large. In view of this and the
fact that the first onset of the instability of the flow is of the
vortex mode for inclination angles «y larger than about 17 deg,
an accurate analysis of the vortex instability of the flow for
inclination angles 0 deg < 4 < 90 deg from the vertical or 0
deg = ¢ < 90 deg from the horizontal, without ap-
proximation in the main flow, is warranted. This has
motivated the present study.

In the present investigation, attention is focused on the
analysis of vortex instability of free convection flow over
inclined, upward-facing heated plates for angles of inclination
from the horizontal, ¢, that range from 0 to close to 90 deg.
This is in constrast to the previous analyses [3-6] that are
generally valid only for ¢ = 45 deg. Thus, the present study -
covers the range of angles 0 < ¢ =< 45 deg that are close to the
horizontal in which no reliable stability results are available in
the literature. In the main flow analysis, both the streamwise
and normal components of the buoyancy force are retained in
the momentum equations. The governing conservation
equations are transformed such that the nonsimilarity
parameter £(x) varies with the streamwise coordinate x to a
positive power and depends also on the angle of inclination
from the horizontal, ¢. The resulting system of equations is
then solved by an efficient finite-difference method. This
approach is different from other mainflow analyses that are
based on either a perturbation solution from the vertical plate
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(see, for example, [13]) or a perturbation solution from the
horizontal plate [14]. It also differs from the recent analysis
of Hasan and Eichhorn [15] for inclination from the vertical.
The stability analysis is based on the linear theory. The
eigenvalue problem consisting of the coupled differential
equations for the velocity and temperature disturbance
amplitude functions, along with their boundary conditions, is
solved by Runge-Kutta integration scheme in conjunction
with Newton-Raphson interation technique.

Numerical results of interest, such as the local wall shear
stress, the local Nusselt number, and the critical Grashof
number, are presented for fluids having Prandtl numbers of
0.7 (such as air) and 7.0 (such as water) for angle of in-
clination ¢ ranging from 0 to 80 deg from the horizontal. The
present results are also compared with available wave and
vortex instability results in the literature.

Analysis

The Main Flow and Thermal Fields. Before proceeding to
the vortex instability problem, attention is directed to a new
analysis of the main flow and thermal fields. Consider an
inclined flat plate which makes an acute angle ¢ from the
horizontal, with its heated surface facing upward in a
quiescent fluid at temperature, T,,. The heated surface of the
plate is maintained at a uniform temperature, T,. The
physical coordinates are chosen such that x is measured from
the leading edge of the plate and y is measured normal to the
plate. Under the assumption of constant fluid properties,
along with application of the Boussinesq approximation, the
governing conservation equations for the laminar boundary
layer flow problem under consideration can be written as

1 oP
0= — — —— +gBcos(T—T,) 3)
p 9y
aT oT 3*T
US— v = 4
ax dy ‘ a? @

where P is the difference between the static pressure and the
hydrostatic pressure (i.e., P=0 outside the boundary layer)
and the other conventional notations are defined in the
Nomenclature. The streamwise pressure gradient induced by
the buoyancy force can be related to the temperature dif-
ference through equation (3) as

1

aP are
- =geosto | (T-Taty

The boundary conditions for equations (1-4) are
U=V=0,T=T, at y=0
U-0,T-T, as y—oo ®6)
Equations (1), (2) with (5), and (4) can be transformed from
the (x,y) coordinates to the dimensionless coordinates (&(x),

n(x,»)) by introducing a pseudo-similarity variable n and an x-
dependent nonsimilar parameter £ as

G 175
1= 2 (N ek )

X 5

along with a reduced stream function f(£,7) and a dimen-
sionless temperature 6 ( £,7) defind, respectively, by

/5 T-T.,
U ov fem=vens( TN wem= s @
—— =0 o) 5 Ty—Ts
ox ay
aU AU 1 ap The stream function y(x,y) satisfies the continuity equation
U—+V—=- — —— (1) with U=9dy/dy, V=—-9¢/dx, and Gr,=gB(T, —Ts)
ox. ay p dx x3/»* is the local Grashof number.
2U By introducing equations (7) and (8) into equations (2) with
+gBsind(T— T )+ v——— (2) (5), (4), and (6), one can arrive at the following system of
ay equations:
Nomenclature
spanwise components
; o _ _ of velocity disturbances k = thermal diffusivity of
D" = d"/dy", differential U,V = axial and normal fluid
operator velocity components of A = dimensionless wave
J = ¥(x,¥)/[5»(Gr cos mainflow length
6/5)15], _ reduced x,¥,2 = axial, normal, and v = kinematic viscosity of
stream function spanwise coordinates fluid
g = gravitational accel- Y:=9,Z = dimensionless normal £ = (Grcos¢/5)!*tang,
eration o and spanwise coor- buoyancy force and
Gr, = gB(T,—Tu)x/v*, lo- dinates inclination parameter
cal Grashof number p = density of fluid
L = x,characteristic length ~ Greek Symbols 7 = local shear stress
Nu, = local Nus§eltnumber a = 27/N, dimensionless ¢ = angle of inclination
p = per_turbatlon pressure wavenumber of dis- from the horizontal
P = mainflow pressure turbances Yy = stream function
Pr = Prandtl number B = coefficient of thermal
t = dimensionless am- expansion
plitude funct101'1 of v = angle of inclination Superscripts
temperature  distur- from the vertical + = dimensionless disturb-
bance _ 6 = boundary layer ance quantity
t’ = perturbation temper- thickness * = critical condition
ature n = (¥/x)(Grycosp/5)1"3, " = resultant quantity
T = mainflow temperature pseudo-similarity vari-
u,v,w = dimensionless am- able
plitude functions' of 0 = (T-T)/NT, — T Subscripts
velocity disturbances ~dimensionless  tem- w = condition at wall
u',v’,w’ = axial, normal, and perature o = condition at free stream
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2 o 3 a6
f//l +3f ”_(f’)2+ ? (770+S1, 0d7]+ 7 égn _dn> +Ee

il3
a(r I S
L)
Uow ammr—ap(p 90 o O
e S I
with the boundary conditions '
SEO)=F"(£,0)=0,0(5,00=1; f'(§,00)=6(¢,00)=0  (11)

In the foregoing equations, the primes denote partial dif-
ferentiation with respect to » and £ is found to have the ex-

pression
Grycosg 173
£= ( s ¢) tané

Equations (9-11) are valid for all angles except ¢ =n/2 (i.e., a
vertical flat plate) because £ —oo as ¢—n/2. They reduce to
those equations for free convection flow over a horizontal flat
plate [14] when £=0 (i.e., when ¢=0). The problem of a
vertical plate can be found in the classical study of Ostrach
[16]. The recent analysis of the main flow by Hasan and
Eichhorn [15] for inclination from the vertical is good for
¢ =w/2 and smaller, but it is not accurate for small values of
¢ and fails at ¢ =0 deg. Their main flow solution is therefore
not suitable for use in the flow instability analysis when the
angle ¢ is small (say, 0 deg < ¢ < 45 deg), as is encountered
in the present study. The present main flow analysis thus has
advantage over all other previous treatments of the inclined
plate problem in free convection.

(12)

Equations (9-11) were solved by an efficient finite-
difference method to provide the main flow quantities that are
needed in the stability calculations and to provide other
physical quantities, such as the local Nusselt number Nu, and
the local wall shear stress 7,,. The last two quantities are
defined by

Nu. = —k(dT/0y)y_0 Xx Y

T ST, kTR e o
In terms of the dimensionless variables, equation (13) can be
reduced to

G
Nu, ( rxgosd>

(13)

)””=—m@m,

x? ( Gr,.cos¢

-3/5
ni (T20) =

(14)

Formulation of the Stability Problem. The derivation of
the governing equations for the disturbances is based on linear
stability theory. By confining attention to neutral stability,
the disturbance quantities #’,v’,w’,p’, and ¢’ may be
assumed to be independent of x because of their weak x-
dependence under this condition. In addition, it is known
from experiments [1] that the secondary flow vortex rolls are
unchanging with time and periodic in the spanwise coor-
dinate. Thus, the disturbances are taken to be functions of
(7,2). These disturbance quantities are superimposed on the
two-dimensional main flow quantities U, V,W=0, Pand T to
obtain the resultant quantities 4,0, w,p and fas

i = Uxy)+u'(,2)
b= V) +v'(2)
w o= w02 (15)
p = Px)+p'(0,2)
f= Txy)+1'(2)

Journal of Heat Transfer

It is noted here that the x-dependence of the disturbance
amplitude functions needs to be taken into account if the
higher-order effects from the boundary layer growth on the
disturbances are to be included in the analysis (see, for
example, [17-21]).

The resultant quantities given by equation (15) satisfy the
continuity equation, the Navier-Stokes equations, and the
energy equation for an incompressible, three-dimensional
steady fluid flow. Substituting equation (15) into these
equations, subtracting the two-dimensional main flow, and
linearizing the disturbance quantities, one arrives at the
following equations for the disturbances:

v’ aw’
2 20 16
ay 0z (16)
80U U
ax ay ay
. , aZu/ azu/
=gﬁsln¢t +V(ay—2 + F) (]7)
LN A
v
ax ay ay
1 ap’ ( v’ v’ >
=— — + A+ e+ ——— 18
P gBcospt’ +v T Py (18)
ow’ 1 ap’ ( Fw’ Fw’ )
= — + + 1
dy p 0z g ay? 372 a9
aT aT at’ %t &t
u’ +v’ +V = ( )
ax dy dy * y? + az? (20)

Next, after eliminating the pressure terms between equations
(18) and (19) by cross differention, the above system of
equations (16-20) is nondimensionalized by introducing the
following dimensionless quantities

Y=L(GrLCOS¢)I/5 ,Z_L(GrLcomb)‘“ 1)
L 5 L 5
u’ v’
ut = LWt = —
K <GrLcos¢> 25 K (GrLcos¢>) /s
L 5 L 5
i v 22)
wt = gt = (
K (GrLcos¢>) s T, Ts
L 5

in which Gr; =gB(7, — Tw) L?/v* is the Grashof number
based on a characteristic length L(x) defined by L =x, such
that Y=1 and Gr; = Gr,. In addition, the main flow quan-
tities, such as aU/dx, aU/dy, V, aV/dx, dv/dy, 9T/dx, and

dT/dy, are expressed in terms of f(£,7), 6(§,m) and their
derivatives. The resulting dimensionless disturbance

equations are further simplified by letting
ut =u(Y)eZ vt =p(Y)e,

w* =w(Y)eZ t+ =t(Y)e? (23)
where « is the dimensionless wave number of the distur-
bances. That is, the stationary longitudinal vortex rolls are
taken to be periodic in the spanwise Z-direction, with am-
plitude functions depending only on Y. The result of the

aforementioned operation leads to the following system of
equations for the disturbance amplitude functions:

[(D? — a*) — B, D + B,lu= B;v — 5Pr(Gr,cos¢/5)*tangt (24)
[(D? — o?)? — B, D(D? — o) — By(D* — o)]v
=B,c?u+5¢2Pr(Gr,cos¢/5)* ¢
[(D?* — &*) — B, PrD]t=Bsu+ Bgv

@5)
(26)
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with the boundary conditions

u=v=Dv=t=0at =0 and n=c0 27

In equations (24-27), D" stands for d"/dy"
boundary conditions, equation (27), arise from the fact that
the disturbances vanish at the wall and in the free stream. The

condition Dv=0 results from the continuity equation -

u*t/0Y+0ow* /8Z =0 along with wt =0 at =0 and 5= oo,
The coefficients B, (£,n) through Bs(£,7) in the equations have
the expressions

B, =2qf" —3f—3kaf/0¢ (28)
By =2q9f" —f'—3E£4f"/0¢ 29)
By=5f" (30)
By= + Gni” + 20" — 6/~ 1283/ 0
+12£3f/3£+9§232f/3£2) (€2))
Bs=— ~;~— (290’ —3£00/0&) (32)
Bg=6' (33)

The system of equations consisting of the three coupled
differential equations, equations (24-26), along with their
boundary conditions, equation (27), constitutes an eigenvalue
problem of the form

E(Gr,,c;Pr,¢)=0 (34

In determining the neutral stability curve for a given Prandtl
number, Pr, and a given angle of inclination, ¢, the value of «
satisfying equation (34) is sought as the eigenvalue for a
prescribed value of Gr,.

Numerical Method of Solutions

The system of eguations for the main flow and thermal
fields, equations (9-11), was solved by a finite-difference
scheme similar to, but modified from that described in [22] to
provide the main flow quantities B,(£,9) to Bg(§,n) that are
needed in the stability computations as well as the local
Nusselt number and the wall shear stress. The details of the
finite-difference method of solution are omitted here. The
stability problem, equations (24-27), was solved by a fourth-
order Runge-Kutta numerical integration scheme. The in-
tegration of the equations was started from 5= o to =0 (at
the wall). Thus, to proceed with the numerical integration, the
boundary conditions at = oo needed to be approximated by
the asymptotic solutions of equations (24-26) at =17, (.¢.,
at the edge of the boundary layer). The asymptotic solutions
for u,v, and ¢ at =17, and the procedure for the numerical
solution of the eigenvalue problem parallel those described in
[23] and are therefore not repeated here. It suffices to mention
the highlights of the eigenvalue problem. With a preassigned
value of £= (Gr,cos¢/5)'/% tang, the main flow solution is
first obtained for a fixed Prandtl number, Pr. Next, with the
inclination angle ¢ specified, the parameter Gr,
cos¢/5=(£/tang)’ is known and equations (24-26) are
numerically integrated from =17, to n=0, starting with the
asymptotic solutions for u, v, and ¢ at . The remaining
eigenvalue « is then determined by the Newton-Raphson
differential-correction iterative scheme until the boundary
conditions at the wall (n=0) are satisfied within a certain
specified tolerance [23]. This yields a converged value of « for
given values of Pr, ¢, and Gr,.

In the main flow solutlons by the fmlte-dlfference method,
variable step sizes were used in the ¢-direction. The step size
was increased gradually with increasing ¢ and ranged from
A£=0.05for0 < £ < 0.5to At = 2.0 for ¢ = 40. The use of
the varying step sizes in A{ cut down computation time
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considerably without sacrifice in the accuracy of the
numerical results. A step size of Ay=0.02 was used in the
main flow calculations, whereas in the stability calculations,
An was taken to be 0.04. In addition, values of ,, =.10and 6,
respectively, for Pr=0.7 and 7 were found to be sufficient in
both the main flow and stability calculations.

Results and Discussion

The local wall shear stress in terms of 7, (x*/5uv)/
(Grecos¢/5)*° and the local Nusselt number in terms of
Nu,/(Gr,cos¢/5)!/3 as a function of £ = (Gr,cos¢/5)"* tang
are shown, respectively, in Figs. 1 and 2 for both Pr=0.7 and
7. As can be seen from the figures, both the wall shear stress
and the local Nusselt number increase with increasing value of
£; that is, these two quantities increase with increasing in-
clination angle, ¢, for a given Grashof number Gr, or in-
crease with increasing value of Gr, for a given angle, ¢. This
behavior can be best observed from a log-log plot such as Fig.
3, which shows the variation of Nu, with Gr, at various
angles of inclination, ¢. The lines for ¢ =0 deg (the horizontal
plate) in this figure are given by Nu,, (Gr,/5) /5 =0.4891 for
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Pr=0.7 and 0.8592 for Pr=7. For the case of vertical plate
(¢ =90 deg), separate calculations were performed to obtain
Nu,(Gr,/4) "4 =0.4995 for Pr=0.7 and 1.0538 for Pr=7.
These latter results provide Nu, versus Gr, curves that
essentially coincide with those lines for ¢=75 deg and, to
keep clarity of the figure, they are not illustrated. The trend
exhibited in Fig. 3 is to be expected physically, because as the
plate is tilted from the horizontal toward the vertical orien-
tation (i.e., as ¢ increase from 0 deg), the buoyancy force
becomes more pronounced, and the stronger the buoyancy
force the larger the wall shear stress and hence the surface
heat-transfer rate. Figures 1-3 also reveal that while the local
shear stress is higher for Pr=0.7 than for Pr=7, the local
Nusselt number is higher for Pr=7. This is due to the fact that
a smaller Prandtl number gives rise to a larger velocity
gradient at the wall and hence a higher wall shear stress,
whereas a larger Prandtl number results in a larger wall
temperature gradient and hence a larger heat-transfer rate.

" The analysis of Hasan and Eichhorn [15] for inclination
from the vertical fails at =0 deg (i.e., a horizontal plate),
and their results for small values of ¢ (i.e., small values of &)
are thus not accurate. This is demonstrated in the insets of
Figs. 1 and 2 for Pr=0.7, in which their results, shown with a
dotted line, are seen to deviate further from the present results
as ¢ (i.e., ¢) decreases to zero. The analysis of Pera and
Gebhart [14] for slightly inclined plates (i.e., small angles, ¢),
on the other hand, is based on a perturbation solution from

R T A 111 e 1 B B AR

T T T

04l cvol vl vt gl ool o
10 10° 10° 10* 10 10° 1o
Gry

Fig. 3 Local Nusselt number versus local Grashof number for various
angles of inclination, Pr=0.7 and 7

the horizontal plate. They presented results only for the values
of 0 < £= 1.0, which were found to be in excellent agreement
with the present sclution in that £ range.

The neutral stability curves for Pr=0.7 and 7 are plotted,
respectively, in Figs. 4 and 5 for several representative values
of the inclination angle ¢ ranging from 0 deg (i.e., a
horizontal plate) to 75 deg. It is seen from the figures that as
the angle, ¢, increases from 0 deg, the neutral stability curve
shifts right-upward, indicating a stabilization of the main
flow to the vortex mode of instability at a larger wave
number. Plotted with dotted lines in the figures for com-
parisons are the neutral stability curves that were obtained by
using the approximate main flow solution without the
streamwise pressure gradient term, as was done by Hwang
and Cheng [3] and by Haaland and Sparrow [4]. As is ex-
pected, use of the approximate main flow solution provides
stability results that deviate considerably from those in which
the streamwise pressure gradient term was taken into account
in the main flow. The deviation in the two sets of results is
larger for Pr=0.7 than for Pr=7 and is seen to become more
pronounced as ¢ decreases.

The critical Grashof number Gr} and the critical wave
number «* can be found from the minima of the neutral
stability curves. These critical values are listed in Table 1 for
the various angles of inclination that were investigated and are
also plotted with solid lines in Fig. 6 for both Pr=0.7 and 7.
These results cover the values of £ from 0 to 80 for Pr=0.7
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Table1 Critical Grashof and wave numbers for Pr=0.7 and 7

Pr=0.7
¢ Grf o*
0° 340 0.583
10° 893 0.645
15° 1.32 x 10° 0.682
30° 5.17 x 103 0.805
45° 2.45 x 104 0.965
60° 1.67 x 10° 1.184
70° 9.49 x 10° 1.428
75° 3.14 x 108 1.610
80° 1.63 X

107 1.900

and from O to 64 for Pr=7 in the main flow solutions as ¢ was
varied from 0 to 80 deg. Included in the figure for com-
parisons are two dotted lines from the present results that are
based on the approximate main flow solution and the ex-
perimental results of Lloyd and Sparrow for water [2]. The
approximate analysis yields the Gr} versus ¢ relationship
[Gr,cos(w/2 — $)/41"* tan (n/2—¢$)=7.48 for Pr=0.7 and
5.83 for Pr=7, which are in excellent agreement with the
results of Haaland and Sparrow [4] for Pr=0.733 and 6.7. As
cain be seen from Table 1 or Fig. 6, the critical Grashof
number increases (with a corresponding increase in the critical
wave number) as the angle of inclination increases. This
implies that inclined free convection flow becomes more
stable to the vortex mode of instability as the plate is tilted
toward the vertical orientation. For a vertical plate, the
critical Grashof number from the vortex mode of instability
becomes infinity. This is because at the vertical orientation
there is no buoyancy force component normal to the plate and
hence the vortex instability of the flow does not take place.
Inspection of Fig. 6 also reveals that a fluid with Pr=7 (such
as water) is more susceptible to the vortex mode of instability
than does a fluid with Pr=0.7 (such as air). It is also seen
from the figure that the critical Grashof numbers for Pr=7
from the analysis are about two to three orders of magnitude
lower than the experimental results for water with Pr=35.5 [2].
This discrepancy in the results between theory and experiment
is attributable to the fact that natural disturbances in
boundary layer flow need to amplify before they can be
detected, whereas the analysis is based on the linear theory in
which the disturbances are considered to be infinitesimally
small.

The stability results based on the approximate main flow
solution show considerably good agreement with those
without the approximation for ¢ =50 deg when Pr=0.7 and
¢ =30 deg when Pr=7. However, for smaller angles, a rapid
deviation between the two sets of results is seen to take place
as ¢ approaches 0 deg. When ¢ is small, the streamwise
pressure gradient term in the main flow, which results from
the normal component of the buoyancy force, becomes
significant and can no longer be neglected. As a result, the use
of an approximate main flow solution without the streamwise
pressure gradient term leads to considerable errors in the
stability results. From a comparison between the two sets of
results, it can be deduced that the streamwise pressure
gradient term has a stabilizing effect of the flow. This is due
to an increase in the flow velocity near the wall as a result of
the existence of a favorable pressire gradient in the flow. In
contrast to previous studies on the vortex instability of free
convection flow over inclined plates, which have provided
critical stability results for inclination angles close to the
vertical, the present study has predicted critical stability
results that cover the inclination angles form the horizontal to
essentially the vertical.

It is interesting to compare the present vortex instability
results with available wave instability results in the literature
[7, 11]. Such a comparison is also made in Fig. 6. The,
analytical wave instability results of Haaland and Sparrow [7}
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for 45 deg = ¢ =< 90 deg, with the heated surface facing
upward, show that inclined free convection flow becomes
more stable to the wave mode of disturbances as the angle of
inclination from the horizontal, ¢, increases, attaining the
maximum critical Grashof numbers of 1.2 x 10° and 8.3 x
104, respectively, for Pr=0.733 and 6.7 when the plate is
vertical (i.e., when ¢=90 deg). In addition, a comparison
between the vortex and wave instability results from the linear
theory indicates that as the angle, ¢, increases a crossover in
the onset of the flow instability from the vortex mode to the
wave mode takes place at an angle ¢ of about 68 deg for
Pr=0.7 and about 40 deg for Pr=7. Thus, the predicted first
onset of the instability of the flow is of the vortex mode when
¢ < 68 deg for Pr=0.7 and when ¢ < 40 deg for Pr=7,
whereas the first instability is of the wave mode when ¢ > 68
deg and ¢ > 40 deg, respectively, for Pr=0.7 and 7. The
wave instability analysis of Pera and Gebhart [11] for
horizontal (¢ =0 deg) and slightly inclined plates, on the other
hand, predicts critical Grashof numbers that are much larger
than the critical Grashof number for ¢ =90 deg. For Pr=0.7,
their results yield, for example, 5 (Gr*cos¢/5)! of about 64
for £=0, 86 for £=0.5, and 114 for £ = 1.0, which correspond
respectively to Gr,* of about 1.7 X 108 for ¢=0 deg, 7.5 X
10% for ¢=1.67 deg, and 3.1 X 107 for ¢=2.51 deg. The
existence of a large discrepancy in the Gr}* results between the
two wave instability analyses [7, 11} for 0 deg < ¢ < 2.5 deg
and 45 deg < ¢ < 90 deg is very surprising. The cause for this
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discrepancy warrants further investigations. At ¢ =0 deg, the
vortex mode of instability predicts Gr} =340 for Pr=0.7,
which is very low compared to the Gr,* value of 1.7 X 10°
from the wave mode of instability [11]. Thus, it is evident that
for free convection flow over a horizontal plate, the vortex
mode of instability will take place long before the wave mode
of instability sets in; that is, the first onset of instability for
such a flow configuration is due to the vortex mode of
disturbances.

Conclusions

In studying the vortex instability of laminar free convection
flow over inclined surfaces, a new analysis of the main flow
and thermal fields has been undertaken. It has been found
that the flow becomes less susceptible to the vortex mode of
instability as the angle of inclination, ¢, increases from the
horizontal, with a minimum critical Grashof number occuring
at ¢=0 deg and a maximum critical Grashof number of in-
finity at ¢ = 90 deg. A comparison with the results from the
wave mode of instability has revealed that inclined free
convection flow is more susceptible to the vortex mode of
instability at small angles of inclination from the horizontal,
but becomes more susceptible to the wave mode of instability
at inclination angles near the vertical.
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temperature response was recorded by means of thermocouples embedded inside the
surface, and boundary layer temperature measurements were also taken. An explicit
finite difference numerical scheme is used to obtain solutions to the partial dif-
Sferential equations describing the conservation of mass, momentum, and energy in

their time dependent form. Good agreement between the calculated and measured
results is observed for both the heating and cooling transient processes.

Introduction

Studies of natural convection flows have been more con-
cerned, in the past, with steady-state conditions. Meanwhile
recent engineering developments have led to a increasing
interest in accurate investigations of the transient process.
Both the heating and cooling processes, by natural con-
vection, have many technological applications. These ap-
plications include the cooling of the core of a nuclear reactor
in the case of power or pump failures, and the warm up and
cooling of electronic equipment.

This type of investigation was pioneered by Illingworth [1],
who studied the simpler circumstance of transient natural
convection adjacent to an infinite isothermal flat vertical
surface. For such a geometry no leading edge exists and heat is
transferred solely by conduction in a one-dimensional
process. The results of this simplified analysis is particulary
relevant, because at short times, all such transient processes
are one-dimensional, even if a leading edge does exist. The
one-dimensional process will last, at any downstream
location, until the leading edge effect reaches that location,
after which convection effects set in until the eventual steady-
state is achieved.

Several other studies of one-dimensional conduction
transients followed, dealing with different boundary con-
ditions, such as surfaces where the temperature or heat flux
are time varying [2, 3]. In [4], the effect of suction of the
surface was considered, while [5] investigated the effect of
including mass transfer. Although these one-dimensional
studies are useful, they are only valid for a short period at the
“very start of the transient. Such analysis do not give any
indication as to the duration of this one-dimensional process,
which ends with the arrival of the leading edge effect.

Sugawara and Michiyoshi [6] presented the results of a
numerical analysis for transients adjacent to a semi-infinite
vertical flat surface. An estimate of the total time duration of
the transient process was obtained. Siegel [7] used an integral
method analysis to investigate a similar flow circumstance.
He used the Karman-Polhausen method to solve the time
dependant integral momentum and energy boundary layer
equations. The time duration of the one-dimensional con-
duction regime, as well as the total transeint time were
predicted. The boundary layer thickness was found to reach a
maximum during the transient, and a minimum in the heat-
transfer coefficient was reported. Some of these predictions
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were substantiated by the experimental observations of Klei
[8] and Goldstein and Eckert [9].

Gebhart [10] presented the results of an integral method
analysis, taking into account the effect of the surface thermal
capacity. Measurements by Gebhart and Adams [11] showed
close agreement with the analytical results. Goldstein and
Briggs [12] presented the results of an analysis to predict the
duration of the one-dimensional regime, for various heating
boundary conditions. In [13] and [14], Gebhart and co-
workers observed the propagation of the leading edge effect
and related their measurements to the predictions of [12].
Brown and Riley [15] presented an analysis for the three
stages of the transient process for an isothermal surface.

To obtain more detailed solutions the full boundary layer
equations were solved by Hellums and Churchill {16] in their
time-dependent, partial-differential form. Finite difference
calculations were carried out for a semi-infinite isothermal
surface. As in [7], [8], and [9], a minimum in the heat-transfer
coefficient was found during the transient. Sammakia and
Gebhart [17] and [18] report the results similar calculations
for a surface of finite thermal capacity, suddenly heated by
loading it with a uniform and constant heat flux. The effect of
the magnitude of the surface thermal capacity was found to
play a major role in determining the nature of the resulting
transient. As predicted in [7], all the transients were found to
start as a one-dimensional conduction process, to be ter-
minated by the arrival of the leading edge effect. However the
duration of the one-dimensional process was found to depend
on the thermal capacity parameter Q* = c” (¥ gBg” /k3)"/*.

In the present study the results of an experimental in-
vestigation of transients in water are reported. The surface
was heated by suddenly loading it with a uniform and con-
stant flux. The surface thermal capacity was relatively small,
resulting in a transient dominated by the one-dimensional
conduction process. Surface and boundary layer temperature
measurements show good agreement with the results of the
numerical analysis. The analysis is extended to include the
cooling transients, when the energy input suddenly ceases.

Apparatus

A vertical surface dissipating a uniform and constant heat
flux was used to generate a buoyancy induced flow in water.
The surface assembly consists of two 0.00127-cm thick, 130.5-
cm long, and 46.6-cm wide inconel-600 foils, separated by
teflon layers. Embedded in the teflon layers were several 127-
micron, copper-constantan thermocouples, placed at different
locations along the vertical center line of the surface. The
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teflon and foil had been previously fused together by heating
them under high pressure. The surface was then stretched
vertically between two stainless steel knife edges. The whole
assembly was supported by a stainless steel frame, placed in a
1.83m X 0.622m x 1.83 m high tank made of stainless steel.
The surface was positioned vertically using a plumb line, and
it’s leading edge was kept at a distance of 20 cm from the
bottom of the tank. The tank was insulated by surrounding it
with layers of polyurethane and fiberglass insulation, while a
polyurethane raft, coated with teflon sheets, floated on the
surface of the water. The tank was filled with highly purified
water, of approximately 1.5 MQ-cm resistivity, to reduce
electrical leakage to the water. After the water was filtered
and demineralized it was deaerated by passing it through a
vacuum chamber at 63-cm Hg vacuum, before putting it into
the tank. To avoid contamination of the water, only stainless
steel and teflon were allowed to come in contact with it.

The plate resistance was measured by connecting it in series
to a precise resistor and passing a trickle current through it.
The voltage thus measured gave the plate resistance. A
Hewlett Packard 6475C-d.c. power supply was used as an
energy source to heat up the surface. The surface heat flux
was calculated from the measurements of the voltage drop
across the foil and the current flowing through an accurate
resistor connected in series to the surface.

Temperature measurements in the boundary layer were
made by a 0.0127-mm dia chromel-alumel thermocouple,
attached to a manual sliding traverse mechanism. Due to the
importance of the accurate positioning of the probe from the
surface, the location of the surface was determined by the
completion of a resistance circuit composed of the surface
itself, and two stainless steel capillary tubes adjacent to and
parallel to the probe,

Before starting any experimental run, the tank water was
thoroughly stirred to insure temperature uniformity. After
stirring, about 90 min would be allowed for any circulation to
dampen out before the experimental run was performed.

Before loading the current onto the surface, the current was
initially loaded on a dummy load of approximately the same
resistance as the actual surface, and connected in parallel to
the surface. To start the experimental runs, the current was
suddenly switched from the dummy load to the surface. This
insured that no surges would occur due to suddenly switching
on the power supply.

Analysis

The equations governing the conservation of mass,
momentum, and energy for natural convection flows adjacent
to a flat, vertical surface are given below. The surface is of
finite thickness and possesses an appreciable thermal
capacity. It is initially immersed in a quiescent fluid at
uniform temperature, and then suddenly subjected to a
sudden constant energy input uniformly distributed over the
entire surface element. The equations are given in non-

dimensional form, and the boundary-layer type and
Boussinesq approximations have been made, see [17].
oU 14 -0 M
X = oY
oU aU oU 3*U
a +U X Y + Y? @
6T+U6T+V6T_ 1 3T 3)
ar aXx Y  Pr 9Y?

where the nondimensional quantities are

T [—lo [~1a (G *)1/4
= = T ;
(y2q113/g6k3)1/4 q,,x *

k

T

— — af P G ¥\ 1/2
"= kighgy 7 2 DO

Nomenclature
¢, = specific heat of the fluid
¢” = thermal capacity of element T = nondimensional temperature,
per unit surface area (t—ty)
g = acceleration of gravity =l
Gr* = modified Grashof number, (vzq”) 1/4 _ '
gBq"x* ) gBk? y = horlz(?ntal d_15tance frox_n plate
~——— , dimensionless ) . Y = nondimensional horizontal
kv u = component pf velocity in distance
v d - 1/ vertical direction ) y
G* = 5[‘5’_@_5_] U = nondimensional velocity, oy
5K»? u ( 2k >1/4
dimensionless W £Bq”
k = thermal conductivity ( ) Greek
L = height of plate k T _
Pr = Prandtl number v = component of velocity in a = thermal diffusivity of fluid
g” = instantaneous energy gen- horizontal direction B = coefficient of thermal ex-
eration rate per unit of ele- V = nondimensional velocity, pansion of fluid
ment surface area v = kinematic viscosity
Q* = thermal capacity parameter v p = density of fluid
related to the element storage Rghg” \ 4 7 = time
capacity, ( A ) 7 = non-dimensional time,
c” [ng vz] v s X vertical distance above bottom T =tau
k® of plate k 12
dimensionless X nondimensional vertical (W )
t = static temperature distance Subscrint
t, = instantaneouslocal plate x ubscripts N
temperature T 0 = atsolid-fluid interface
t. = temperature of the undis- ( L’i > ss = steady state
turbed fluid g8q” o = free stream conditions
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Equation (4) represents an initially quescient ambient medium
with a uniform temperature distribution, (5) specifies no
transport upstream of the leading edge, and (6) represents a
non-slip, impervious boundary condition at the surface.
Equation (8) results from an energy balance at the solid-fluid
interface, during the heating process. Here 7, represents the
time at which the energy supply to the surface is switched off,
thereby starting the cooling process. The two terms on the
right hand side represent energy storage in the element of the
surface, and energy convected away by the fluid, respectively.
The energy storage rate within the surface has a maximum
value at the beginning of the transient process. This decreases
during the whole transient period and is zero as steady state is
achieved. Meanwhile energy transfer to the fluid increases
from zero at the beginning of the transient until it reaches its
final steady-state value. Equation (9) results from an energy
balance at the solid fluid interface during the cooling process,
and simply states that energy convected by the fluid comes
from the energy previously stored in the surface. The cooling
process continues until the temperature field reaches a
uniform distribution at ¢,,. The medium becomes quiescent
once more.

Numerical Procedure and Results

An explicit finite difference scheme, similar to that
discussed in [16], is used to solve equations (1-3), subject to
the appropriate boundary and initial conditions. The space
under investigation is divided into a grid of dimension MxN in
the x and y directions, respectively. Then the appropriate set
of finite-difference equations are solved at each grid point,
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starting at the time 7 = 0. The solution is then marched in
time, using a sufficiently small time step, until the values of
U, V, and T converge to their steady-state values. During the
cooling process calculations are carried out till the surface
temperature reaches a level of about 5 percent of its steady-
state value. The accuracy of the calculated steady-state results
from the numerical scheme is ascertained by comparing them
to those obtained by solving the steady-state similarity
equations, using a conventional Runge Kutta integrating
technique.

The relevant parameters in the above equations and
boundary conditions are the Prandtl number, Pr, a modified
form of the Grashof number, Gr}*, and the nondimensional
thermal capacity of the plate, O*. The properties of the fluid
used to nondimensionalize the above parameters were
computed at an average film temperature, averaged between
the values at the start and end of the transient. Since the
temperature variation during the whole process is of the order
of a few degrees centigrade no significant error is anticipated
due to using single average values.

When a thin vertical surface of appreciable thermal
capacity, is suddenly loaded with a uniform and constant
energy flux heat flows by conduction inside the surface
element. This simple one-dimensional thermal transport also
extends into the quiescent fluid during the early stages of the
transient process. During the one-dimensional process in the
fluid the only component of velocity is the one parallel to the
surface. Thus, a one-dimensional layer of fluid near the
surface moves upwards, and grows in thickhess with time. As
the flow field develops an entrainment velocity, v, this process
ends in what is known as ‘‘the leading edge effect.”” This is
discussed in detail in [18], and different flow regimes are
shown to occur depending upon the nondimensional thermal
capacity parameter, Q*. For small values of Q* the transient
process is found to be close to a one-dimensional conduction
regime during most of the total transient time. Large
deviations from the conduction regime occur only near the
end of the transient, as the leading edge effect arrives and
convection sets in.

The present calculations apply to three different cir-
cumstances, each corresponding to a particular experimental
run. Figures 1 and 2 are the transient temperature and velocity
profiles in the water, during the heating process, for X = 28.6
and Q* = 1.8. This value of X corresponds to a modified
Grashof number Gr* = 6.69 x 10° which is predicted by [19]
to fall well within the laminar flow regime, while the Q* value
shows it to be a one-dimensional conduction transient during
most of the transient response. The transient process is seen to
virtually end at around 7 = 60, with very little development
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between 7 = 60 and 100. Both the temperature and velocity
boundary layer thicknesses increase until they attain their
eventual steady-state values. The ratio of the final steady-state

thermal to viscous boundary layer thicknesses (§,/8) is.

approximately equal to (1/vPr, which is predictable, see [20].
The transient profiles during the cooling process for the

same circumstances are shown in Figs. 3 and 4 for the tem- .

perature and velocity profiles, respectively. The energy input
into the surface is terminated at Tau = 100. Five different
-subsequent profiles are presented here. In Fig. 3, the surface
temperature is seen to drop sharply during the early transient,
while the temperature profile near the outer edge of the
boundary layer remains almost unaffected during that period.
In both Figs. 3 and 4, the boundary layer thickness is observed
to remain constant as the temperature and velocity levels
continue to deteriorate, this is in sharp contrast to the heating
process, wherein the boundary layers grow in thickness with
increasing time. :

Figure 5 shows the calculated surface temperature trace
To (ty—t), during the heating and cooling processes. Also
shown in Fig. 5 is the one-dimensional conduction solution,
for a surface of finite thermal capacity, suddenly exposed to a
uniform energy generation rate, as presented in [12]. Results
of the finite difference solution are shown for two different
grid sizes, during the heating process. Agreement between the
numerical and exact solutions is found to improve with in-
creasing the number of grid points. The measured surface
temperature response is found to closely follow the exact
solution during the early transient, until convection effects set
in and steady state is approached. Agreement, with the
steady-state similarity solution, as shown on Fig. 5 is found to
be excellent.

In Fig. 6, the calculated surface temperature trace is
compared with measurements, for Q* = 2.0 and X = 31.3.
Again, the conduction solution is shown, as well as
calculations for two different grid sizes. Here also the
measured response is observed to follow the conduction
solution during the early transient. The steady-state similarity
solution is also shown to be in good agreement with the finite
difference calculations.

The calculated transient responses, during the heating
process, are shown in Figs. 7 and 8 for X = 187 and Q* =
1.2. Also shown on Fig. 7 are the measured temperatures in
the thermal boundary layer, and shown in Figs. 7 and 8 are
the steady-state temperature and velocity profiles, calculated
from the similarity solution. Good agreement is found for
both the temperature and velocity profiles.

An interesting aspect of steady-state temperatures is always
the x variation of the surface temperature #;. It is shown in
[20], that, for a uniform surface flux condition, ¢y —t. varies
as x5, A comparison of our calculated surface temperatures
at X = 187 and X = 28.6 indicates that (¢, — ¢, ) does indeed
vary as x'/°. Also, the similarity formulation indicates that
the thermal boundary region thickness grows downstream as
x'/5, Again, by comparing Figs. 7 and 1, this result is also seen
to arise, &, o x!/*. Figure 8 shows the corresponding transient
velocity profiles. The ratio of the thermal to velocity
boundary region thicknesses is again 1/ VPr.

Concluding Remarks

The computed results for transient laminar natural con-
vection flow adjacent to a vertical surface subject to a
uniform flux boundary condition show good agreement
with the experimental measurements. Calculations and
measurements are presented for several different conditions
and for both heating and cooling transient processes. Both the
steady-state values and the early transient values are found to
be consistent with previous analytical and numerical results.
These responses are in close agreement with earlier predictions
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from an integral analysis. During the cooling process the
temperature parameter approaches zero asymptotically.
Calculations were terminated at about 5 percent of its final
steady-state value.

During the early cooling regime, the computed temperature
at and near the surface is observed to drop considerably, while
the velocity field remains almost unchanged from its steady-
state value. This is seen in Figs. 3 and 4 at 7 = 104. This arises
because the entire thermal boundary layer occurs deep within
the viscous boundary layer. During the heating regime both
the thermal and viscous boundary layers increase in thickness
with increasing time. However, during cooling the tem-
perature and velocity levels drop off across boundary layers
of almost constant thickness.

The steady-state surface temperature excess, fp—lo, IS
found to increase with increasing downstream location, x, as
x%, in agreement with the similarity formulation. The
thermal region thickness, &,, is also found to grow as x'/* with
increasing x, while maintaining the ratio §,/86 = 1/ ~/Pr for the
different downstream locations.
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Lateral Heat Flux

When a fluid with a vertical solute gradient of ( —dS/dy), is heated laterally, roll
cells start to form at the boundary, developing into a series of convective layers.
Numerical experiments were performed to
abovementioned double-diffusive convection under the application of a uniform
lateral heat flux. The paper reports the results and discussion of the following

investigate the onset of the

aspects of the stability of double-diffusive convection, (i) the relationship between
the critical value, (Ra/Rs) ., above which convection cells form along the vertical
wall and the nondimensional slot width, (d/L), (ii) the effect of the Lewis number
on (Ra/Rs) .. It was also confirmed that values of (Ra/Rs) . as well as H/L (the
nondimensional vertical size of incipient cells) obtained in this numerical ex-
periment for wide slot widths (d/L> ~30), agreed well with those obtained
previously by physical experiments.

1 Introduction

When a fluid with a stable, vertical solute gradient is heated
laterally, one of the following two phenomena occurs: (@) the
fluid will be lifted upward slightly to offset a positive
buoyancy force created by the heating while heat is conducted
through the fluid; () the distortion of the stable gradient due
to heating will produce roll cells, which will develop into a
series of layers growing laterally from the heated boundary
(see Fig. 1). )

In general, the behavior of a fluid under the presence of
gradients of two properties with different molecular dif-
fusivities is called ‘‘double-diffusive convection.”” The
stability problem described above is only one of many in-
teresting features of double-diffusive convection [1], the study
of which is essential to the understanding of the layered
structures observed in the ocean as well as in large energy-
storing reservoirs.

Thorpe, Hutt, and Soulsby [2] (henceforth to be referred to
as THS) were the first to analyze the stability of a fluid with a
linear salt gradient in a narrow vertical slot heated at one wall
and cooled at the other. Their analysis, which was ap-
proximate in the sense that it only satisfied no normal flow
conditions at the walls, indicated the condition of marginal
stability as follows,

_ DT _ gD4a(8T/6x)0 _ 2\2
Rx(_( D 1) ™Dy >—_96a(1+a) 1
_ gD*B(35/8y), _ 2 242

The parametric forms of equations (1) show that for a given
value of Rz (i.e., for given values of slot width, d, and the
initial vertical solute gradient, (3S/8y),,), instability sets in at
the value of Rx given in equation (la@). Later, Hart [3] and
Wirtz and Liu [4] obtained more accurate solutions, satisfying
all the boundary conditions. However, it should be noted here
that the approximate solution by THS agrees reasonably well
with their own experimental results as well as with other more
accurate solutions. Chen, Briggs and Wirtz have studied the
onset of cellular convection in a-semiinfinite body of fluid,
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Fig. 1 (a) Roll cell formation in a fluid with a vertical solute gradient,
—(dS/dy)g, due to lateral heating, (b) development of a series of
convective layers.

both experimentally [5] and numerically [6], showing that for
an aqueous solution of salt the motion of fluid is determined
by the Rayleigh number, defined as

R_gaAT( oAT )3
" wDr \ B(3S/3y)o/

and that if R>15000 =+2500, cellular convection develops.
Later, Chen [7] confirmed through a numerical experiment
that the criteria of the onset of cellular convection for a
semiinfinite body of fluid is valid if the slot width is larger
than ~ 1 cm.

All the abovementioned studies of cellular convection due
to lateral heating are concerned with the case of a constant
wall temperature. Recently, an experimental investigation of
double-diffusion cellular convection due to a uniform lateral
heat flux has been performed by Narusawa and Suzukawa [8].
(Details of the experimental results will be discussed later in
Section 4.) This paper deals with the numerical experiment of
the same problem with the following objectives in mind:

(i) The effect of the gap width on stability criteria will be
examined.

(i)) The numerical results for wide gap conditions,
simulating a semi-infinite body of fluid, will be compared
with those of the physical experiments, reported previously.
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Fig.2 A sketch of the present problem

2 Formulation

Consider the case in which a fluid with an initial, vertical
solute gradient of (ds/dy), is contained in a slot of width, d
(Fig. 2). A uniform heat flux, g, is applied to x = 0 and ex-
tracted at x = d. Assuming two-dimensional motion, the
governing equations, based on the Boussinesq approximation
and a linear equation of state, become as follows,

du dav
— + — =0 2
ox ay @
Du 1 6P+ vy 3a)
—_— =+
Dt Po ox a
Dv 1 6P+ v ¢ 3b)
s T e v —_———_
Dt po Oy 0 d
DT
e =Dy V2T 4
= =Dr @
DS
— =D V2§
= =Dsv ®)
p=po[l —a(T—~Ty)+B(S—S,)] 6)
where 1
D_a+a+va V2_32+62
Dt o My Y T T gy

and p’ = p — py with p, indicating the reference density.

After some manipulations of the above equations, such as
(a) the cancellation of pressure terms from equations (3¢) and
(3D), (b) the introduction of a stream function, y, where

and vorticity,

(=22
"’_ay ax .

" and (c) the introduction of nondimensional quantities defined

as
XY (% u _DT{u} _L*. Dy
{y}_l‘{y}’ {v}_L 53 o sl
. ds\ - _
V=D, S-—SO=—L(—> 5, T-T,=@kLT ()
dy/o
where

the following set of governing equations in nondimensional
form can beobtained,

i) - aT Rs 88
o3 =Yy (@, +P(2'——: —“'-—) 9
a1 Ty (@) + Priv % " Ra o% ©)
aT o ;
= =Jy (T, )+ V2T (10)
at
as - - 1 ;
gy ~y? 1
5w (S,1//)+LeV N an
Viy+w=0 12)
where
xyyo XY _axay
Do N =50 5 "o oy

It should be noted that the reference length scale, L, defined
in equation (8) can be interpreted as a measure of thermal
boundary layer thickness along a vertical wall in the absence
of an initial solute gradient [9]. As can be seen from equations
(9-12), the behavior of fluid depends on three non-
dimensional parameters of Pr, Le and Rs/Ra =
B(dS/dy)y/alq/k). Since we are mainly interested in an
aqueous solution, Pris ~5 — 10 whereas Le is of the order of
100, regardless of solute substance. And once substances of
both solute and solvent are fixed, Rs/Ra becomes the
primary nondimensional parameter to describe the stability of
the fluid.

In the absence of convective cells, the lateral heating in-

Nomenclature
a = parameter used in
equations (1) and (28) Le = Lewis number (= D;/Dyg)
b = slot width D = pressure
D, = mass diffusivity Pr = Prandtl number (= »/D7)
D, = thermal diffusivity = applied heat flux
E, = base flow kinetic energy per R = Rayleigh number defined as
wavelength AT aAT  7? D d*a(3T/dx)
E, = perturbed flow kinetic energy gaD [— Bids/d ] Rx = ( DT ——1) & “p 0
per wavelength vl (ds/dy), s T Yr
g = gravitational acceleration Ra = Rayleigh number defined as (See equation (1))
h = vertical cell height olq/k) L £d*B(S/0Y
k = thermal conductivity g_((]D_z__ Rz = ——?—D—)Q
K = wave number e Wr
L = reference length scale defined Rs = solute Rayleigh number (See equation (1b))
as - defined as S = solute concentration
[ ]1/4 gBl—(ds/dy)oIL* o S-S
ga(q/k) vDr L(dS/dy),
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duces a vertical motion. Taking this time-dependent motion
as a basic flow, the governing equations can be linearized.
Although, for the case of a narrow slot, the base flow
equations could take steady-state forms as was assumed by
Hart [3], Wirtz and Liu [4] and Paliwal and Chen [10], it is
more natural to assign a time-dependent form for the present
investigation, in which the width of the slot will be varied
widely. Letting the subscripts » and p denote the base and
perturbed states, respectively, the unknown quantities can be
written as follows,

X—-X,,(t,x) +X,,(t, X, y) for X=a& 4,0, TandS (13)
It should be noted that consideration of a vertically infinite
space allows the base flow to be independent of y. (From here
on, the bar indicating the nondimensional quantities will be
dropped, unless noted otherwise.)

Substitution of equation (13) into equations (9~12) yields

the following sets of equations:

Base flow equations:

1 awb _ 32(.1)[7 3Tb Rs 3Sb

Pr &t ox! ax Ra ox (14
a—:;'i = il}; %2% +v, (16)
% =—wp )]
Perturbed flow equations:

"’a—? u, a;;,, +0, a;” =v?2T, 19
Q:TP upa(;i: b%‘%’-:—l—vzspwp (20
Vz\l/p —Wp 21

where u, = — %‘i—)‘z and v,= % .

Nomenclature (cont.)

Initial conditions are those consistent with a quiescent body
of fluid, whereas at the side boundaries, conditions of a
uniform heat flux, and of no solute flux together with the no-
slip conditions have to be satisfied. Also, we set the stream
function ¥, = 0 along the side boundaries. Then, the initial
and boundary conditions in nondimensional form can be
written as shown below.

Boundary conditions for the base flow:

aT, aT
—” (t,0)= -2  (d/ILy=~1
(22)
as,
=v,=0atx=0andd/L
ax
Initial conditions for the base flow:
T (0,x) =0, (0,x) =w,(0,x) =0 (23)
Boundary conditions for the perturbed flow:
9T, _ 35, =u,=v,=¢,=0 at x=0 and d/L (24)
ax  ox T TWeT -
Initial conditions for the perturbed flow:
7,(0,x,y)=S,(0,x,y) =0 (25)

3 Numerical Method and Procedure

Since the numerical scheme to be described in this section is
quite similar to those employed by the previous investigators
[4-7], only an outline will be presented here.

As is depicted in Fig. 1, it is expected that the perturbed
state is periodic in the y direction. We therefore assume the
following form for the perturbed quantities,

=[Ag (t,x) +isA[(£,x)]-e™, for A= w,,¥,, T, and S,
(26)

where 27/K is some integer multiple of the expected vertical
height of the roll cells. Substitution of equation (26) into
equations (18-21) and into equations (24) and (25) yields eight
simultaneous equations (four each from real and imaginary
parts) with corresponding initial and boundary conditions. Of
these eight equations, six equations derived from equations
(18-20) give the unsteady evolution of w,, 7, and S,, while
the other two derived from equation (21) give the relationship
between v, and w,,. Finite difference forms of both basic and
perturbed flow equations were written, using the forward
difference scheme for time derivatives and the central dif-

elapsed time

- D
L2
At = timeincrement Ax = spacial increment
T = temperature y = vertical coordinate i
7 T—T, y =y/L Y = /Dy
= 3 w = vorticity
L(q/k) Greek letter L2
u = horizontal velocity component 1 /dp ® = oY
= = «= -5 () ’
U = —u o )
D, 1 5 Subscript
v = vertical velocity component g = ( ad ¢ = critical condition
L p \OS I = imaginary part
UV = —v v = kinematic viscosity 0 = reference quantity
Dr p = density R = real part
x = horizontal coordinate p’ = p—py - b = base flow quantity
X = x/L Y = stream function p = perturbed flow quantity
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Table1l Summary of physical experiments

Solute/Solvent HCI/H,0

NaCl/H,0 CuS04/H,0

Range of (—dS/dy)q
.~ [wt%/cm)]

0.01-0.17

0.05-0.42 0.05-0.52

Range of applied
heat flux
[cal/cm 2 s]

0.5x10"°-4x%x10"?

Pr 5-8

5-10 6-8

1/Le (24+2)x 103

(9+2)x10 3 @B.5x1)x10~?

L [cm] 0.3x10" T-1.1x10 T

03x10 1. 1x107T  03x10 " T-1.1x10 7T

Critical value

of (Ra/Rs) 0.74-0.78

0.27-0.30 0.12-0.14

Nondimensional cell
size, H/L, near the
critical condition

9-11

8-10 7-8

ference scheme for space derivatives, respectively. (For
boundary points, Aziz-Hellums formulae [11] were utilized.)

To determine the stability of the fluid layer, random
disturbances were initially applied to the perturbation vor-
ticity, and the behavior of the temporal kinetic energy change
of the perturbed flow was observed; i.e., if the kinetic energy
decays (grows) with time, the fluid system can be regarded as
stable (unstable). Since this method of stability analysis has
been discussed in detail and utilized successfully by many
previous investigators [4, 6, 7, 12, 13], it will not be
elaborated upon here. The kinetic energy per wavelength, E,
can be expressed as,

5 poDF vj dxedy

2n/K Sd/L 1
2

a=|,

aiL
= pODZT;—; So v,2 dxdy, forthebase flow Q7a)

and

£=gaog ], v (3E) "+ (5) o

(27b)

for the perturbed flow.
The outline of the computational procedure is as follows:

(/) assign small random perturbations in vorticity (in the
order of magnitude of 10-¢ — 10-7), generated from the
Poisson random number generator [14], at all grid points;

(i) solve the base flow equations;

(iif) obtain the stream function corresponding to the
perturbed vorticity from the relationship between the vorticity
and the stream function (~ equation (21)), using the Gaussian
elimination method [15];

(fv) compute w,(~ equation (18)), T, (~ equation (19))
and S, ( ~ equation (20)) for a new time level; and

(v) compute the kinetic energy from the Simpson’s rule for
integration and return to step (ii).

In order to perform a computation, the value of the
wavenumber, K, in addition to the nondimensional
parameters of Rs/Ra, Le, Pr, and d/L, have to be given a
priori. Therefore, by systematically varying the value of K,
the fastest-growing wave mode, which would dominate the
flow pattern, was sought. The condition of computational
stability, derived from equations (14), (15) and (16), is
(Ax)?

2Pr 1 (al < 1)

A series of preliminary runs was performed to determine a,
and Ax with Af = a,;(Ax)?/2 Pr and Pr = 6.25 (corre-
sponding to an aqueous solution,) with results that when a,
and Ax are varied from 0.1 t0 0.5 and 0.03 to 0.3, respectively,

Af<a,

652/Vol. 104, NOVEMBER 1982
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Fig. 3 Base flow velocity profile for solute/solvent = NaCl/H;0,
Ra/Rs = 0.65and d/L = 10(f = elapsed time)

the predicted velocity distributions of the base flow were
nearly identical. Therefore the values of a; = 0.5 and Ax =
0.3 were used throughout this study. (Our value of Ax =
Ax/L = 0.3 is comparable in magnitude to Ax (defined as
Ax/d) of 0.02 ~ 0.05 used by Chen [7].) It should also be
mentioned here that the accurate spatial resolution of the
boundary layer is not so significant a requirement because
instability first occurs in the region away from the boundary
layer [3], [7]. All computations were performed using an
IBM-370/158 digital computer.

4 Discussion

The analytical results of THS,; equations (1e) and (15), can
be rewritten in terms of the nondimensional parameters in this
investigation. The equations then become,

4
(-Le) (g) ==967*a(l +a?)? (28a)
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Fig. 4 Base flow profile of horizontal temperature and solute con-
centration gradients for solute/solvent = NaCl/H,0, Ra/Rs = 0.65 and
d/L =10

d\* Rs
(—Le)( —) — —=167*(5a%? - 1)(1 +a?)> (28b)
L Ra

In deriving the above equations, (37/dx) was set to (—q/k)
(equal to the steady-state temperature gradient). Rewriting the
THS results in this way is appropriate since their solution
satisfies only the no normal flow conditions at the vertical
boundaries. Equations (28) have been used to estimate
starting values for our computations. For the case of a semi-
infinite body of fluid, the results and experimental ranges of
the aforementioned series of experiments conducted by
Narusawa and Suzukawa [8], using a wide tank (10-cm wide
X 16-cm deep X 23.5-cm high) are tabulated in Table 1. It
should be noted that the critical value of Ra/Rs in this table
was defined as the value above which roll cells covered the
entire heated wall of the test tank.

Typical base flow profiles are plotted in Figs. 3 and 4.
Figure 3 shows time changes of the vertical velocity profile. It
can be seen that, as a heat flux is applied at the wall, vertical
flow develops and then decays slowly. Figure 4 depicts the
corresponding lateral temperature and solute concentration
gradients, indicating that negative horizontal gradients of
both temperature and solute concentration develop and
finally reach steady-state values. Sharp changes in both the
vertical velocity as well as the solute gradient near the wall
indicate the presence of the boundary layer. Since both
(8T/0x) and (3S/0x) are negative except for the region near
the wall, it is seen from equation (9) that (d7/9x) and (3S/9x)
act as a vorticity source and sink, respectively.

Figure 5 shows some computed results of the temporal
change of perturbation kinetic energy; its growth or decay
after a sharp initial drop due to viscous damping, indicates the
stability of the fluid. The solid lines (for K = 1.0, d/L = 10)
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Fig. 5 Temporal changes of perturbation kinetic energy for NaCl/H, 0
andd/L =10
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d/L=5

Ra/Rs

0 — T
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Fig.6 RalRs versus K ford/L = 5, 10, 20, and 30

clearly illustrate a subcritical (Ra/Rs = 0.40), a neutral
(Ra/Rs = 0.65) and a supercritical (Ra/Rs = 1.00) condition.
However, locating an exact value of Ra/Rs for which the
neutral state of dE,/dt = 0 is achieved, can be difficult. Thus
the value of Ra/Rs corresponding to this neutral stability was
interpolated from two data points; one with a positive and the
other with a negative value of dE,/dt (see the two dotted
lines, Fig. 5) with the |d(logE, ) /dt| of these two points being
less than 1/200. In Fig. 6, each data point corresponds to the
value of Ra/Rs for which the growth rate of perturbation
kinetic energy is zero, with the minimum point of a curve for a
given slot width being the critical condition above which
cellular convection occurs. This method of systematic search
for the critical condition was performed for d/L = 5, 10, 20,
and 30. For d/L>30, this approach has to be abandoned
because of the prohibitively large amount of computing time
entailed.
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Figure 7 shows the relationship, obtained from Fig. 6,
between the wave number, K, corresponding to the critical
value of Ra/Rs (= (Ra/Rs),) and the slot width, d/L. It can
be seen that the change of K, with d/L becomes very small as
d/L increases beyond 20. Here, the asymptotic value of K for
d/L>30 was estimated to be ~0.65, and it should be noted
that the wavelength 2#/K, for K = 0.65 is 9.67, which agrees
reasonably well with the experimental value of the vertical size
of cells listed in Table 1. Using this asymptotic value of X,
the critical value of Ra/Rs for d/L = 40 was obtained from
two runs, one with Ra/Rs = 0.25 and the other with Ra/Rs
= 0.32. The former resulted in d(logE, ) /dt = — 2.5 x 103
(decay in perturbation kinetic energy), while for the latter
d(logk,/dt = 0.8 x 10-? (growth in perturbation kinetic
energy) with an interpolated critical value of Ra/Rs = 0.30.

Figure 8 is the summary of (Ra/Rs), plotted against d/L.
The circles at d/L = 5, 10, 20, and 30 indicate values of
(Ra/Rs), obtained from Fig. 6, while the solid circle at d/L =
40 is the numerical result for K = 0.65. Solid lines indicate the
range of (Ra/Rs). obtained in the physical experiment (see
Table 1), whereas the dotted line is the plot of equation (28) of
the THS analysis. Since there is very little change in (Ra/Rs),

when d/L is changed from 30 to 40, and since (Ra/Ra), at

d/L = 40 is very close to the experimentally obtained value of
0.28 —0.30, it was concluded that the effect of the slot width
is negligible if d/L = ~30. For the range of d/L < 30, Fig. 8
shows the increase in (Ra/Rs). with a decrease in d/L. This
numerical results, in turn, confirm the validity of the ex-
perimental results of Narusawa and Suzukawa [8] in that their
tank width of 10 cm was indeed large enough to simulate a
semi-infinite body of fluid. (In terms of the experimental
range shown in Table 1, the slot width corresponding to d/L
= 40 is 1.2 — 4.4 cm, depending on the applied heat flux.)
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Fig. 10 Temporal changes of 37/3% — (RaiRs) ~ 1+48/3%(a — 3p/6%) tor
(Ra/Rs) = 0.65andd/L = 10

The discrepancy between the numerical experiments and the
THS analysis (dotted line) is quite significant, although the
THS analysis supports the general tendency in the (Ra/Rs),
— (d/L) relationship for d/L < ~20. It is interesting to note
that Ra/Rs is the common unifying parameter in the present
case of a uniform heat flux, compared with the case of a
constant wall temperature, in which the stability criterion for
a narrow slot is quite different from that for a semi-infinite
body of fluid (see section 1).

To see the effect of the Lewis number on the onset of in-
stability, additional numerical computations for 1/Le = 24
x 1073 (HCI/H,0) and 3.5 x 107% (CuSO,/H,0) with a
particular slot width of d/L = 10 were performed, and the
results are plotted in Fig 9. As can be seen, (Ra/Rs), and the
corresponding wavelength (=2#/K) are (Ra/Rs), = 0.78 at
27/K = 7.39 for HCI/H,O0, 0.65 at 6.10 for NaCl/H,O and
0.53 at 5.24 for CuSO,/H,0, respectively. This tendency for
both (Ra/Rs), and the corresponding wavelength to decrease
with a decrease in the diffusivity ratio (= 1/Le) is quite
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consistent with the results of the physical experiments,
although the values themselves are different from those in
Table 1 because of the effect of the slot width.

Both Hart {3] and Chen [5] showed from observation of the
base flow characteristics that instability sets in when the
horizontal temperature gradient is large while at the same time
the horizontal density gradient is nearly zero. Figure 10 was
plotted to illustrate the temporal change of the value (9 T/ax
— (Ra/Rs)~'«38/3%) for the three cases of HCI/H,O
(subecritical), NaCl/H,O (critical) and CuSo,/H,0O (super-
critical). A negative value of the ordinate indicates a positive
horizontal density gradient and vice versa. A larger value of
1/Le means either enhanced solute diffusion or lessened
thermal diffusion in the horizontal direction; which, in turn,
results in a smaller (or a negative) horizontal density gradient
since both the solute and the temperature gradients are
negative. The consequences of this effect are indicated in Fig.
10 as marked differences in temporal changes of the
horizontal density gradient among the three solutes at x/d =
1/4. At x/d = 1/4, for both the HCI/H,O (subcritical
condition) and the NaCl/H,O (critical condition) cases the
horizontal density gradient is negative and slowly decays to
zero, while for the CuSO,/H, O (supercritical condition) case
the density gradient approaches zero from the positive
direction. (Growth of perturbation kinetic energy occurred
for the CuSO,/H,0 case at t = 25 — 30). For all three cases,
temporal changes of the density gradients at x/d = 1/2 are
nearly the same as shown by a single dotted line in Fig. 10.
The above description suggests that a positive density gradient
in a major portion of the flow is likely to cause instability.

5 Conclusions

() The time needed to establish a steady-state decreases
with d/L, and narrow slot cases can be treated as steady-state
problems, validating the approximate study the THS.
However, the steady-state solution fails to predict the critical
condition for large values of d/L, since a breakdown of the
conduction-dominated state occurs before the steady-state is
reached, resulting in a value of (Ra/Rs), much higher than
that predicted by the THS analysis. (This conclusion is the
same as the one reached by previous investigators for the case
of a constant temperature wall.)

(i/) In our case the constant heat flux, the principal non-
dimensional parameter, governing the stability of double-
diffusive convection is the same, i.e., Ra/Rs, for both the
narrow slot problem and the semi-infinite body of fluid.

Journal of Heat Transfer

(fi)) The value of (Ra/Rs), decreases with the increase of
d/L up to d/L ~30; however for larger values of d/L, the
problem can essentially be regarded as the case of a semi-
infinite body of fluid, and (Ra/Rs), was found to take a
constant value of ~0.30, which agrees well with the results
obtained previously by a set of physical experiments.

(iv) The effect of Le has been investigated numerically, and
it was found that the temporal change of the horizontal
density gradient in the fluid depends heavily on Le, indicating
that, given Pr and d/L, (Ra/Rs), increases with a decrease in
Le.
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Interfacial flow structures in small liquid drops evaporating on flat plates are
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cinematographically investigated using the methods of direct photography and laser
shadowgraphy. Various liquids of relatively low boiling point were evaporated on

glass and copper plates at room temperature. The laser shadowgraph records the
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Sflow patterns simultaneously at both the liquid-air interface and the liquid-solid
interface, from which the evaporation rate is determined. It reveals the existence of
three distinct flow structures at the liquid air interface: stable, substable, and un-
stable. An interfacial flow map is constructed. The direct photography is employed

to study the morphology during the entire process of the unstable-interface type
evaporation. The mechanism of ripple formation which enhances the evaporation
rate is found to be caused by hydrophilicity of the liquid.

Introduction

It has been known that interfacial turbulence produced by
surface tension gradients causes significant enhancements in
both heat and mass transfer (e.g., references [1-3]). Most
studies on interfacial turbulence are focused on pools of
liquids. A review of the literature pertinent to the problems of
interfacial turbulence is presented in [3] and will not be
repeated here. Reference [4] reported a preliminary finding of
surface tension/temperature driven mechanism in minute
drops evaporating on a flat plate by means of the laser
shadowgraphy. Three fundamental structural forms of in-
terfacial flow, radial stripes, polygonal cells and ripples are
revealed and related to three stages of drop evaporation. The
mechanism of ripple formation is caused by the liquid-air
interface tension changes in the negative direction.

The present study is a continuation of the work of [4] using
both the direct photography and laser shadowgraphy to
observe the interfacial flow patterns of evaporating drops on
glass and copper plates. The latter method leads to the
classification of three distinct interfacial forms and the
construction of an interfacial flow map for drop evaporation.
The direct photography is used to investigate the morphology
during the entire process of the unstable-interface type
evaporation. The drop lifetime history is determined and
correlated. Traditionally, interfacial instability has been
considered due to ever present, small, random fluctuations at
the interface through the Marangoni effect. The present study
sheds light on the mechanism of interfacial turbulence which
will be related to some aspects of physical chemistry on the
surface of the evaporating drop, namely through the ab-
sorption of water vapor in the ambient resulting in the for-
mation of a binary-component mixture in the evaporating
drop. .

Experimental Apparatus and Procedure

Two different methods of observation were adopted: direct
photography and laser shadowgraphy. The apparatus for
direct photography consisted of a white light source, a glass
plate coated with developed emulsion on one side, and a
movie camera, as shown in Fig. 1. The developed emulsion
had a specific density such that the photography density was
approximately 1.7. When the light source and the camera
were situated at proper positions, the process of drop
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Visiting Scholar on leave from the Department of Thermal Engineering,
Tsinghua University, Beijing, China
Contributed by the Heat Transfer Division for publication in the JOURNAL oF
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evaporation could be recorded clearly in photos with sharp
contrast.

The laser shadowgraphy used the apparatus, consisting of a
laser light, a test plate, and two aluminized mirrors, a screen
and a camera, as illustrated in Fig. 2. A minute drop was
placed on an optically flat glass plate of 102 mm X 127 mm
and 1.5-mm thickness for evaporation in open air. A C.W,
Radiation Model SP2, 2.5-mW cylindrical helium-neon laser
was used as the light source. The two mirrors were aluminized
on the surface nearest to the objects that were viewed so that
light could be reflected with no refraction. They were
mounted in parallel on a specially-designed frame set at 45
deg. The test plate was inserted into the vertical light beam
between the two mirrors. The mirror arrangement was used to
obtain a horizontal view of the evaporating drop. The optical
path from the lower mirror was horizontal and intercepted by
a vertical screen. The image on the screen was recorded by a
16-mm Bolex H16 EBM movie camera having a Nikon Nikkor
300-mm 1:4.5 lens. A Kalt 72-mm Close-Up Dioptor lens was
mounted on top of the Nikon lens to photograph the air-liquid
and liquid-glass interfaces of an evaporating drop. A drop
was carefully placed on the test plate by means of a 50 ul
Monoject micro syringe. The needle tip was touching the plate

Light\®

Movie Camera

Liquid Drop s olat
lass Plate

Emulsion Film
Fig.1 A schematic of direct photography

N

Parallel Laser
Beam Aluminized
, Mirror
Liquid_ f—d—] -h
quop\ d
o

~Glass Plate
A

Aluminized

Mirror Movie Camera

Screen
Fig.2 Aschematic of laser shadowgraphic system
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fnner Rings

Fig.3 Two sets of rings in a drop image on screen

surface before and during the injection to permit the for-
mation of a calm, unsplashing drop.

A freshly polished (wiped with dry clean cotton balls) glass
plate would not hold unstable-type liquid drops which would
spread over it as a thin film. To maintain consistency and for
reproduction of the test results, each experiment was con-
ducted at least 24 hrs after wiping both the glass and copper
test plates with dry clean cotton balls. The test surface was
covered by a very soft tissue paper over the waiting period
during which the surface became free of residual liquid
molecules while remaining intact from impurity in the am-
bient air. From the macroscopical point of view, then, the
effects of wetting is considered solely related to the balance of
three surface tension forces; namely liquid-solid, solid-air and
air-liquid as indicated by the magnitude of the surface tension
coefficient of the testing liquid. The microscopical ob-
servation of wetting phenomena is beyond the scope of the
present study.

Phoetographic Observations

Various liquids at low boiling point labelled with ‘“‘reagent’’
were studied, including acetone, methanol, ethanol, ethyl
acetate, benzene, chloroform, methylene chloride,
cyclohexane, carbon tetrachloride, and ethyl ether. Each
minute drop evaporated on an unheated plate in open air.

The photographs by the laser shadowgraphy exhibited two
sets of rings: one appearing inside the drop image and the
other outside the drop image, as schematically illustrated in
Fig. 3. The inner set of rings depicted the flow pattern at the
liquid-solid interface, i.e., drop periphery. They correspond
to the Fresnel diffraction of circular aperture. This set of rings
propagated outward as drop evaporation proceeded, i.e., as
the drop periphery moved inward. Therefore, the speed of the
moving rings reflected the contracting velocity of the drop
periphery. The outerset of rings, however, portrayed the flow

Nomenclature

e

Fig. 4 Instant laser shadowgraph of various drops evaporating on a
glass plate (a) methanol, (b) acetone, (c) ethyl acetate, (d) methylene
chloride, (e) cyclohexane, and (f)image of drop periphery

structure at the air-liquid and liquid-solid interfaces of the
drop.

In Figs. 4(@) through 4(e), the circle at the center of each
photo represented the image of each drop. The rectangle
outside the circle was a piece of transparent Scotch tape at-
tached to the center of the screen. This was done to balance
the illumination of the other portion of the screen and to
enhance the contrast of the inner rings which was printed
separately in Fig. 4(f). The inner rings in Fig. 4(f) were similar
in appearance for all three types of evaporation since the inner
rings showed the drop periphery which remained circular in
shape during the evaporation of tiny minute drops.

When a drop formed a spherical segment, with a very
smooth surface, the outer rings exhibited perfect concentric
circles; Fig. 4(e) for cyclohexane. This type of phase change,
classified as ‘‘stable-interface type evaporation,”” occurs in
the drops of cyclohexane, carbon tetrachloride, and ethyl
ether. On the other hand, should a drop surface be rippled,

diameter of outermost ring on screen (Figs. 2 and 3),
m

d = diameter of drop (Fig. 2) and its image on screen
(Fig. 3), m; d,, initial value.

d, = equivalent diameter of drop on test plate at zero
time, m

E = (ody/po)T,/T,)/ "

e = electronic charge (=1.5924 x 10~°°C)

f = focal length of spherical-segmented drop, m

h = height of spherical segment (Fig. 2), m

k = Boltzmann constant (=1.38 x 10~% J/K)

Ma = Marangoni number = (T, —T,)d,(da/dT) /{uc)

Ma* = modified Marangoni number = (0dy/pe) (T,,/T))

n = refractive index .

R = radius of spherical segment (Fig. 2), m
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~
1l

N R ey R <N;‘\]€'\]8
1

ambient temperature, K

temperature of test plate, K

boiling temperature of liquid, K

time, s

instantaneous volume of drop, m?; V,, initial value
thermal diffusivity of liquid, m?/s

dielectric constant

electrokinetic potential of interface, V

absolute viscosity, Pa S

repulsive pressure of thin layer of polar organic
liquid over water, N/cm

surface tension at air-liquid interface of con-
taminated drop, N/cm; g, of pure liquid

drop lifetime, s

electrostatic potential of interface, V

(I |

Q
1l
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Fig. 5 Direct photograph at various instants durin
process of an acetone drop on a glass plate (a)

g _avaporation

the outer rings were dissolved to form irregular radiant stripes
within a sawtooth-like circle, Figs. 4(a) and 4(b) for methanol
and acetone, respectively. The drops of acetone, ethyl
alcohol, and methanol exhibited the behavior, which is called
“‘unstable-interface type evaporation.”” There is a group of
liquids such as ethyl acetate, benzene, chloroform, and
methylene chloride whose interfacial flow patterns are in
between the two limits, Figs. 4(c) and 4(d), for ethyl acetate
and methylene chloride, respectively. The outer rings were
retained but their shape was distorted from a circular shape
and spiked. This group is categorized into ‘‘substable-
interface type evaporation.’’ In reference [4], these three basic
flow structures were referred to as ‘‘radial stripes,”
“polygonal cells,” and ‘‘ripples,”” named after their
respective appearances. It was thought that the three flow
patterns would appear in sequence during the entire process of
evaporation for all liquids. However, the present study
revealed that each structure is characteristic of a group of
liquids and describes the nature of air-liquid and liquid-solid
interfacial activities.

The direct photography was utilized to observe the mor-
phology of drops undergoing the unstable-interface type
evaporation. Two series of photos, Figs. 5 and 6, were taken
on an acetone drop with the camera at two different angles.
The evaporation process can be divided into three stages:
quiescent, vigorous, and residual stages. The duration of
these three stages varies with liquids. In the quiescent stage,
the drop formed a spherical segment with a very smooth
surface, as-shown in Fig. 5(a). Then, tiny liquid blisters began
to appear at the drop periphery. The location and order of the
blister formation were randomly formed until the entire
periphery was filled with the blisters, Figs. 5(b) through 5(e)
and Figs. 6(a) through 6(c). Meanwhile, the spherical segment
gradually deformed into a radial ridge but the air-liquid in-
terface continued to sink in. In Figs. 5(f) and 6(d), the ridge
disappeared completely because the liquid had either
evaporated or moved toward the drop periphery until it
formed a very thin film surrounded by a circular torous-

658 / Vol. 104, NOVEMBER 1982

Fig. 6 Direct photograph at various instants during evaporation
process of an acetone drop on a glass plate (b)

shaped periphery. Evaporation proceeded rapidly during this
stage, particularly at the drop center but slow at the torous
surface because of high boiling point of the absorbed water.
Due to a change in the surface tension/temperature gradient,
the film then retracted and pulled the liquid in the torous
toward the drop center, thus creating concentric ripples, Figs.
S(g) and 6(e). Finally, the torous retracted, attracting the
remaining liquid to form a tiny hemisphere. Evaporation
continued but at a very low rate in the residual stage.
However, when the ambient temperature was raised by ap-
proximately 4°C, for example, due to heating by an
illuminating lamp, the torous was not able to retract into a
single tiny drop due to insufficient surface tension force. The
torous then broke up into numerous tiny drops on a circle, as
seen in Figs. 5(h) and 6(f).

Results and Discussion

In experimental investigation, it is important to determine
the nondimensional parameters which govern the interfacial
turbulence in minute drops evaporating on an unheated
horizontal plate. Since the liquid volume is so tiny and thin,
flow patterns are induced mainly by a surface tension driven
instability. In other words, buoyancy-driven convection is
very small and can be neglected. Hence, the Marangoni
number Ma = (T,,—T,)d.(do/dT)/(pa) could be an im-
portant parameter. Electrostatic and Electrokinetic potentials
of interface, ¥ and ¢, respectively, are also origins of the
interfacial phenomena. They can be expressed in dimen-
sionless form as ye/ (kT) and e/ (kT) where e expressed the
electronic charge; k, Boltzmann constant; and 7, interfacial
temperature in the absolute scale. The polar group, because of
van der Waals bonds to the water, may absorb water vapor
from the ambient air during the evaporation process. Water
molecules, absorbed from the air-liquid interface into the
drop, induce the repulsive pressure in the liquid, which leads
to lower values of surface tension. In general, the larger is the
dielectric constant, ¢, the higher is hydrophilicity of the liquid.
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Fig.7 Correlation of drop lifetime of various liquids

Hence, € could be another parameter controlling the in- Ve ah? <R— h ) 3
terfacial flow patterns. The dimensionless quantities =m 3 @)
associated with heat transfer such as the Prandtl and Jakob herein the heieht of the spherical .
numbers are considered unimportant in the present study wherein the height of the spherical segment 1s
since evaporation takes place at room temperature. Also h=R—~R?>-d*/4 4)

neglected are the influence of the Reynolds, Weber, and
Froude numbers. However, a modified Marangoni number
defined as Ma* = ody (Tw/Tb)/(pe) is proposed which will
be combined with ¢* for correlating test data for the drop
lifetime.

Experimental evidence indicated that drop lifetime was
strongly dependent on the magnitude of the dielectric constant
of liquids e. Test data on the lifetime 7 in dimensionless form
ar/d} was correlated with the dimensionless parameter E,
defined as Ma*/¢”. Here, o denotes thermal diffusivity; d,,
initial diameter of drop image on the screen (i.e., initial
diameter of the drop on the test plate); o, air-liquid surface
tension; u, liquid viscosity; and T,, and T,, temperature at
plate surface and saturated state of the liquid, respectively.
The physical properties in [6-10] were employed. Figure 7
shows that the dimensionless drop lifetime decreases with an
increase in E. Among those liquids being tested, ethyl ether
drops shared the shortest lifetime, whereas the two alcohols
enjoyed the longest lifespan.

A method is developed to determine the drop volume-time
history from the shadowgraph: First, the diameter of liquid-
solid interface on the test plate, d, and that of the outermost
ring on the screen, D, were measured. The distances AC and
CE are known where A denotes the drop center on the test
plate, while C and E are its images on the plate front mirror
and the screen, respectively (see Fig. 2). Then, by a simple
geometric relationship, the focal length of the drop, f, which
is equal to AB, can be expressed as

d(AC +CE)
D+d

This equation also applies when B falls between A and C.
Now, one can evaluate the radius of the spherical segment
using the relationship

f=AB= ()

1 1

—=(n-1)= 2
7 (n—=1) R 2)
where # is the refractive index. For the liquids tested here, »
varies from 1.3 to 1.5. Then, the volume of the drop can be
determined as

Journal of Heat Transfer

Typical test results were listed in Table 1. The volume-time
history is presented in Fig. 8 for the stable-type and Fig. 9 for
both substable- and unstable-interface type evaporations. Vj
denotes the initial drop volume and 7 indicates the drop
lifetime. In both the stable- and sub-stable-evaporation cases,
test results fall close to a single curve. In the unstable
evaporation case, each liquid is represented by a specific
curve. However, one thing in common among the three
liquids is that the time history can be distinctly divided into
three stages: In stage 1, evaporation is controlled by the pure
component (methanol or ethanol or acetone); in stage 2, water
is absorbed from the ambient and is transported to the edges
(polarity); and in stage 3, evaporation is controlled by pure
component—water. The broken lines show the vigorous
evaporation stage in which determination of V were very
difficult due to the irregularity in drop shapes. Why is this
particular stage of unstable-interface type evaporation so
different in the evaporation rate from the other stages or the
other types of evaporation? The answer must be related to the
formation of a torous during that stage.

A liquid with a larger dielectric constant e is generally
characterized by high hydrophilicity, as shown in Table 2. It is
theorized that during evaporation, water molecules in the air
are absorbed by the surface of the liquid drop, as shown in
Fig. 10(a). The absorbed water molecules migrate down along
the drop surface toward the periphery (Fig. 10(5)). When the
water concentration reaches a certain level, liquid blisters
begin to appear in random order at the drop periphery (Fig.
10(c)). This is because the repulsive pressure = (5 may also be
referred to as “‘repulsive force’’) causes a reduction in surface
tension from a value o, for pure liquid:

0=0y—T

in which o is the surface tension of the liquid with absorbed
water molecules. When 7 exceeds gy, 0 becomes negative. The
net effect of a negative o is a tendency for the drop surface to
expand, leading to the formation of a torous at the periphery
accompanied by a significant enhancement in the evaporation
rate, Fig. 10(d). The drop surface recedes very rapidly until
the central portion of the drop forms a very thin film, Fig.
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Table 1 Typical test results

Methanol Ethanol Acetone
t D d t D d t D d
s cm cm s cm cm s ¢m on
0 25 0.65 0 20 0.67 0 15 0.7
1 20 0.65 4 18 0.67 3.5 13 0.7
6 12 0.65 6 16 0.67 6.5 11 0.7
13.5 11 0.65 14.5 14,5 0.67 9.5 9 0.7
25.5 10 0.65 24 13 0.65 12 8§ 0.7
33 9 0.65 50 12 0.65 15 7 07
40 8 0.65 62 11 0.65 19 6 0.7
47 7.5 0.65 67 10 0.65 23 5 0.7
52 6 0.65 80 9 0.65 27 4 0.7
120 - - 140 - - 30 - -
150 - - 210 12 0.25 40 2 03
160 10 0.25 260 12 0.2 56 2 0.2
190 10 0.2 305 4 0.2 70 0 0
240 4 0.2 363 0 0
320 0 0
Methylene
Benzene chloride Ethyl acetate Chloroform
t D d t D d t D d t D d
s cm cm s cm cm s cm cm s cm cm
0 24 0.8 0 18  0.65 0 18 0.75 0 16 0.8
1.5 22 0.75 2.5 17 0.65 6.5 16 0.75 6 15 0.8
7.5 20 0.75 4 16 0.6 9.5 15 0.75 8.5 14 0.8
12 18 0.75 6 14 0.6 13 14 0.75 11 13 0.8
17.5 16 0.75 8 13 0.6 16 13 0.75 14 12 0.8
23.5 14 0.75 10 13 0.55 19.5 12 0.75 19 12 0.75
29.5 13 0.7 145 13 0.5 28.5 11 0.75 24 12 0.7
34 12 0.7 21 13 045 36.5 10 0.75 33 12 0.65
41 11 0.7 25 12 04 39.5 9 0.75 39.5 12.2 0.6
47.5 10 0.7 29 11 0.4 44.5 9 0.7 47 12.2  0.55
54.5 9 0.7 305 10 04 49.5 8 0.7 54.5 122 0.5
70 9 0.65 32.5 9 04 55 7 0.7 59 12.2 045
73.5 9 0.6 34 8 0.35 58 6 0.7 65.5 12.2 04
79.5 8.5 0.55 35.5 6 0.35 69 ) 0.7 69.5 13 0.35
86 8 0.5 37 5 03 87.5 5 0.65 78 12.6 0.3
92.5 8 0.4 38.5 4 0.3 96 5 0.6 80.5 12 0.3
100 8 0.3 40.5 4 025 107 4 0.5 85.5 13 0.25
110 7 0.25 42.5 0 0 114.5 3.6 04 89.5 14 0.2
115 0 0 120 0 0 92 14 0.15
97 0 0.
Carbon
Cyclohexane Ethyl ether tetrachloride
t D d t D d t D d
S cm cm s cm cm s cm cm
0 14 0.8 0 12 0.65 0 14 0.85
2.5 13 0.75 1.5 10  0.65 2 12 0.85
5 12 0.7 2.5 9 0.6 45 10 0.85
7.5 11 0.7 6.5 9 0.55 6.5 10 0.8
11 10 0.7 7.5 9 0.5 10.5 10 0.75
15 9 0.65 10 8 0.5 15,5 10 0.7
19 9 0.6 11.5 8 0.45 23 10 0.65
22.5 8.5 0.6 12.5 8 04 34 10 0.6
31 6.6 0.6 15 8 0.35 39 9.6 0.55
37.5 6.6 0.55 16.5 7 0.35 45.5 9 0.55
39 6.4 0.55 17 7 0.3 51.5 9 0.5
42.5 6.0 0.55 18.5 6 0.25 57.5 9 0.45
45 6.0 0.5 19 5 0.2 69 8 0.4
49 5.6 0.5 22.5 0 72.5 8 0.35
55 5.0 0.5 78 7 0.35
61 50 045 80.5 6 0.35
62.5 4.4 045 83 6 0.3
64.5 40 0.4 87.5 6 0.25
66.5 3.0 0.35 100 0 0
69.5 2.4 0.35
71 24 03
75 2 0.2
80 0 0
AC= 63 cm
CE =95.25cm
10(e). The surface tension of the liquid film acts to pull the In order to verify that the repulsive pressure contributes to

liquid from the torous toward the center to form a new, tiny a reduction in surface tension at the air-liquid interface, a
hemispherical drop, Fig. 10(f). The new drop evaporates at a  drop of ethyl ether mixed with 1 percent by volume of carbon
low rate as it contains a substantial fraction of water in it. tetrachloride was placed on the glass plate. Two photos in Fig.
Figure 10(g) is the alternate of Fig. 10(f) when the ambient. 11, obtained by direct photography, show the formation of
temperature is raised. liquid blisters at the drop. periphery which eventually
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Table2 Some properties of the liquids tested
Fluid Bo‘iling Dielectric Surface Solubility
point strength tension water alcohol ether acetone benzene
Ty, K € a,N/m
Stable-type
carbon tetrachloride 349.7 2.238 0.0269 i s inf s inf
cyclohexane 353.9 2.023 0.0257 i inf inf inf inf
ethyl ether 307.7 4.335 0.0172 del inf inf v inf
Substable-type
ethyl acetone 350.3 6.02 0.024 s inf inf v v
benzene 353.3 2.284 0.0292 del inf inf inf -
chloroform 334.3 4.806 0.0273 del inf inf s inf
methylene chloride 313. 9.08 - del inf inf - -
Unstable-type
methanol 337.8 33.62 0.0224 inf inf inf inf inf
ethanol 351.5 24.3 0.0024 inf inf inf inf inf
acetone 3294 20.7 0.024 inf inf inf inf inf
C
F
w3} _m--——
D or
N/ ¢
o) o —
B
~
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o

Quiet-Evaporation Stage

Riaorous-Evaporation Stace

Residual-Evanoration Staoe

Fig. 10 Mechanics of unstable-type drop evaporation

developed into a torous. Another test method involved an
addition of 1 percent by volume of carbon tetrachloride to a
drop of a pure ethyl ether after the latter was placed on the
test plate. A torous was seen at the drop periphery during the
process of evaporation. This is in contrast to the pure com-
ponent evaporation where no liquid blisters or torous were
observed when drops of either pure ethyl ether or pure carbon
tetrachloride were evaporated. The pure component drops
remained in the shape of a spherical segment. with a placid
surface throughout the entire evaporation process.
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In order to prove no influence of physico-chemical
characteristics of test surface on the nature of interfacial
turbulence, tests on the evaporation of various liquids were
repeated on a polished copper plate under the identical
situation as using the glass plate. A series of photos, by direct
photography in Fig. 12, showed the evaporation process of an
acetone drop. The variation of drop morphology is identical
with that which had occurred on the glass plate. For example,
the formation of liquid blisters followed by a very thin film in
the central portion of the drop appeared in Fig. 12(b) to 12(f).

NOVEMBER 1982, Voi. 104/ 661



; : %
Fig. 11 Direct photograph showing formation of liquid blisters at the
periphery of an ethyl ether drop mixed with 1 percent by volume of
carbon tetrachloride during evaporation process on a glass plate

D

i
Fig. 12 Direct photograph at various instants during evaporation
process of an acetone drop on a copper plate

We have thus proved that the liquid blisters and the torous
were not produced as a result of surface characteristics of the
test plates.

An interfacial flow map was constructed in Fig. 13 to define
the domains of the three basic interfacial flow structures. The
figure is a plot of the Marangoni number versus the dielectric
constant. It is seen that unstable interfacial type liquids are
characterized by high Ma and ¢, whereas the liquids with low
Ma and e have stable interface during their evaporation.
However, the addition of a small amount of stable-interfacial
type liquid can induce an interfacial turbulence in another
stable-interfacial type liquid, as previously discussed. For
example, both carbon tetrachloride and ethyl ether take the
form of a spherical segment with a perfectly smooth surface
during evaporation. However, in presence of 1 percent by
volume of carbon tetrachloride, interfacial turbulence ap-
pears in the drop evaporation of ethyl ether.
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Conclusions

Interfacial stability in liquid drops evaporation on flat
plates at room temperature was studied by both the direct
photography and laser shadowgraphy. A method was
developed to determine the volume-time history of
evaporation drops from shadowgraphic photos. It is con-
cluded from both flow visualization and volume-time history
that liquids can be classified into three types: unstable,
substable, and stable evaporation. The interface of stable-
type drops remains smooth and takes the shape of a spherical
segment. The unstable-interface type drop undergoes three
stages of the evaporation process: quiet, rigorous, and
residual evaporation. A theory is proposed and confirmed
that the vigorous stage of an unstable interfacial type drop is
caused by the action of surface tension on the drop interface
mixed with the water molecules that are absorbed from the
ambient during the process of evaporation. An interfacial
flow map is constructed which defines the domains.
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Comparison of the Rhine River
and the Oresund Sea Water
Fouling and Its Removal by

L. Novak

Alfa-Laval,
Lund, Sweden

Chlorination

Microbiological fouling is usually the main fouling mechanism occurring on heat
transferring surfaces immersed in natural water of temperature between 5-50°C.

The fouling rate of two natural waters — the Rhine river and the sea water of
Oresund — has been studied. The dependence of fouling on flow rate and tem-
perature is given. Chlorination is one of the most common biofouling control
methods and it may be used for removal of already formed microbiological
deposits. Tests performed on the Rhine water deposit are described and a
mathematic description of the chlorination kinetics is presented. The dependence of
biofilm destruction on flow rate, temperature, concentration, and operation
conditions was examined.

Introduction

A substantial number of heat exchangers, particularly plate
heat exchangers, are designed for heat transfer duties in which
all kinds of natural water sources (sea, river, and lake water)
are used as a cooling medium. Water of this type with all its
impurities causes more or less heavy fouling of these units.
Although different types of fouling deposit may be formed,
microbiological fouling is usually predominant up to tem-
perature of 50°C.

The aim of this study was therefore to extend the existing
information about the effect of process variables on biofilm
formation and its destruction by chlorine.

The tests were carried out with the Rhine river water in
Ludwigshafen, West Germany, which is a typical highly
polluted river with very high fouling potential and with sea
water of Oresund in Landskrona, Sweden, which is not at all
typical of sea water, since its salinity is roughly 1/3 of the
typical standard sea water.

Experimental Method

The tests have been carried out on two identical Alfa-Laval
portable fouling units (PFU). The PFU is designed for testing
the fouling rate, and testing fouling preventive methods, as
well as for testing fouling removal methods. The schematic
diagram of the PFU is shown in Fig. 1.

Test water enters the test plate heat exchanger (PHE) and is
heated up by circulating heating medium (demineralized
water). After having passed the test PHE, the hot test water
enters the recovery PHE and is cooled down by the cool
circulation medium. In this manner roughly 80 percent of the
heat transferred in the test PHE is recovered. The flow rate of
test water as well as the flow rate and the temperature of
circulating heating medium are maintained constant during
the test by flow and temperature controllers.

The test heat exchangers were of a plate type (Alfa-Laval P-
01) with the heat transfer area of 0.032 m? per plate and plate
spacing of 2.4 mm. The plate groupings used in this study are
schematically shown in Fig. 2. All plates were made of
commercially pure Titanium (ASTM Grade 1). The passes
were thermally insulated from each other by an ‘‘insulation”’
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Fig.1 Schematic diagram of the portable fouling unit

plate [1] which was fitted with a pair of thermocouples for
measuring liquid temperature between passes. This
arrangement allowed to evaluate the fouling history
simultaneously at six or four temperatures and three different
flow rates.

The formation of fouling deposit was evaluated in terms of
fouling resistance R, calculated for the specific passes (Fig.
2) from the initial (or clean) overall heat-transfer coefficient
calculated from the temperature record at the beginning of
each test series and the actual heat-transfer coefficient
calculated from the temperature record during the test. If
necessary, the heat-transfer coefficients were corrected with
respect to the actual temperature and flow rate.

Test conditions in specific passes are shown in Table 1.
Nevertheless, due to fouling and fluctuations of the Rhine
water and the Seawater temperatures, the temperatures shown
in Table 1 changed slightly during the test. The temperature
difference between heating medium and test water was as low
as 6-10°C, and the mean slime mass temperature was only
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2-4°C higher than the water bulk temperature. Before
starting a new series of tests, the test heat exchanger was
dismantled and cleaned manually with diluted sodium
hydroxide solution.

For the last series of tests with the Rhine water (Test Series
D) one spiral heat exchanger (SHE) was connected in series to
the plate heat exchanger. The spiral heat exchanger had a heat
transfer area of 0.31 m?, channel spacing of 5 mm, and
channel width of 75 mm. All parts of the exchanger were
made of Titanium.

The chlorination tests were performed simply by con-
tinuous injection of sodium hypochlorite solution into the

PASS  NUMBER
1 2 3 4 5 b

A./ SEAWATER, TEST SERIES A+ B+ C
RHINE WATER. TEST SERIES A+ B+ C

1 2 3 4 5 6

B./ SEAWATER, TEST SERIES D + E
1 2 3 4

C./ RHINE WATER, TEST SERIES D

Fig.2 Plate grouping of the test plate heat exchanger, test water side

inlet pipe of the test rig. The residence time of the
hypochlorite before reaching the test heat exchanger was less
than 10s.

V Test Results

Chemical Composition of Test Waters.

The Rhine Water. The chemical composition of the Rhine
water on the test site is shown in Table 2. Microbiological
examination has not been made,

Sea Water of Oresund. The Oresund sea water is a mixture
of a regular sea water coming from the North Sea with a low
salinity water of Baltic Sea. The composition of this water is
not quite stable and depends on weather and tide. Table 3
shows the composition of this water on the test site.
Microbiological examination has not been made.

Properties of Slime Deposit. At the end of the first test
with the Rhine water, a chemical analysis of the slime deposit
has been made. The results of this analysis are summarized in
Table 4. As seen, the content of silica was highest in the
fastest passages, the content of iron was highest in the slowest
passages while the contents of calcium, aluminium and
kalium were highest in the middle of the temperature interval
and without any obvious influence of flow velocity.

Besides this, several determinations of dry solids (105°C) of
sea water slime have been made. All value has ranged from
8.2 to 12.5 percent of wet deposit.

No microbiological analysis of the deposits has been made.
No scaling has been observed.

Appearance and strength of the slime deposit was a func-
tion of flow velocity. Slime deposit formed under high shear
stresses was more uniform, homogencous, and even had
better adhesion to the metal surface as slime formed under
low shear stresses.

The Fouling Rate. The fouling process is obviously a

Table 1 Summary of test conditions

Temperature Water Mean Initial Initial
Test water of heating bulk water shear heat
mediuom temperature velocity stress flux
°C m/s Pa kW/m?
Sea water 0.12-0.14 5.5-9.0 11-16
Test Series 50 18-45 0.17-0.23 13-20 18-21
A+B+C 0.35-0.43 50-68 24-27
Sea water 0.17-0.18 13-14 12-15
Test Series 40 8-36 0.34-0.36 28-30 17-19
D+E 0.51-0.53 100-108 22-27
Rhine water 0.15-0.16 8.5-10 9-11
Test Series 40 11-38 0.22-0.23 17-22 17-20
A+B+C 0.43-0.45 65-80 25-28
Rhine water 0.13 6.7 10.0
Test Series D 40 17-35 0.19 14.5 14.2
PHE 0.77 190 22.5
Rhine water
Test Series D 31 19-27 0.43 7.5 9.1
SHE "
Nomenclature
C = concentration of hypochlorous removed by chlorination, i = time,s
acid, kg/m? - m?K/W t, = chlorination time, s
G = weight of polymers or slime 7, = water bulk temperature, °C {, = time between subsequent
deposit, kg T, = wall temperature, °C chlorinations, s
K = deposition/removal rate 7, = mean slime temperature, (T, + v = flow velocity, m/s
constant ) ] T:)/2, °C -7 = shear stress at the wall-fluid
N = number of microorganisms k = constant in equation (6) interface calculated from the
R, = fouling resistance, m2K/W m = exponent in equation (3) pressure drop, channel
R} = fouling resistance of residual n = exponent in equation (1) crossectional area and surface
deposit which cannot be  p = exponentinequation (3) area of the channel, Pa
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function of time. Nevertheless, due to incessant changes of
environmental conditions such as water quality and tem-
perature, the real fouling seldom proceeds during long periods
of time along a specific and mathematically weil-defined
curve such as sigmoidal growth [2]. Although short periods of
exponential growth do exist, the extended periods of ex-
ponential growth in nature are rare. Growth more often
occurs in spurts followed by stationary or decreasing phases
3].
[ Also in this study, the observed fouling rate was as a rule
not exponential. An outline of exponential growth was ob-
served only during relatively short periods of time and mainly
during the first days of some tests. In fact, the nonlinear
fouling curves had usually a good linear approach in
[ogarithmic diagram and could be approached by expression:

Ry _gp )
e

where the exponent 7 had a value ranging from zero (linear
growth) to about 0.8. Figure 3 shows typical fouling curves
obtained in this study, as well as curves obtained by others in
laboratory [4] and field [6] studies. While in laboratory
studies [4, 5], asymptotic fouling has been obtained during
5-15 days; in field studies [6, 7, 81, asymptotic fouling has not
even been reached during 50-70 days. Likewise in this study,
test periods of up to 90 days were not sufficiently long for
estimation of asymptotic value of fouling resistance. In fact
the asymptotic value has never been reached in these tests.
Therefore the following discussion gives information solely
about the development of microbiological fouling during the
growth period and not about the asymptotic value.

Table2 Composition of the Rhine water

pH - 7.6-7.9
Suspended matter mg/1 10-100
Conductivity uS/1 350-800
Tot. hardness as CaCO; mg/1 160-170
Calcium mg/1 55-60
Chloride mg/1 40-120
Sulphate mg/1 29-42
Iron mg/1 0.15-0.90
Manganese mg/1 0.20-0.80
HCO35 ~ mg/1 140-170
Ammonia mg/1 0.05-0.40
Nitrate NO3 mg/1 4.5-6.5
Phosphate mg/1 1.0-1.5
Oxygen mg/1 8-12

Table3 Composition of the seawater in Landskrona

Since both linear and nonlinear fouling curves were ob-
served, for simpler evaluation of test results, all the fouling
curves obtained were linearized prior to further evaluation.

The Effect of Temperature on Fouling Rate. Since the
fouling rate at each flow velocity has been evaluated at two
different temperatures, the effect of temperature on fouling
rate was simply evaluated by comparison of mean values of
fouling rate for each series. The evaluation was done by linear
extrapolation between each pair of temperatures and was
expressed in terms of the fouling rate at 25°C in the case of
the Rhine water (Fig. 4) and at 30°C in case of sea water (Fig.
5). In the Rhine water, the fouling rate reached a maximum at
a mean slime temperature of approximately 32°C and in sea
water at approximately 35-37°C.

The Effect of Flow Rate on Fouling Rate. To eliminate the
effect of temperature on the fouling rate, linearized rate
values, obtained with the Rhine water were recalculated
according to Fig. 4 from the actual temperatures to tem-
perature of 25°C. Recalculated data are shown in Fig. 6 as a
function of water shear stresses. It may be discussed whether
shear stresses or the linear flow velocity should be used as a
correlating parameter of biological fouling. However,
comparison of the fouling rate obtained during Test Series D
with the Rhine water (see Table 5) indicates clearly that the
comparison of microbiological fouling on velocity basis is not
adequate.

s
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0 1 20 3B &L N 0 AN & P 1o

OPERATION TIME , DAYS -

gginity m;/l ;g:?; 1033 Fig.3 Development of fouling resistance at various conditions:
Chloride mg/1 4.1-8.3+10 (A) Rhinewater,v = 0.2mis, 7 = 18 Pa, T}, = 22°C
. 1V = V. s T = s th
Sodium mg/1 2.3-4.6:10° (B) seawater,v = 0.14m/s, 7 = 9Pa, T, = 35°C
Sulphate mg/1 0.42-0.86+10 (C) seawater,v = 0.53m/s, 7 = 108 Pa, T,, = 22°C
Calcium . mg/1 88-176 (D) Rhine water,v = 0.77 m/s, r = 190 Pa, T;, = 23°C
Total alkalinity (E) reference [6], sea water,v = 0.6mis,r = 2Pa, Ty = 25°C
as CaCO, ~ mg/1 25-75 (F) reference [6], sea water,v = 1.8m/s, 7 = 14Pa, T, = 25°C
Phosphor as PO4 ™ mg/1 0.003-0.13 (G) reference [4], lab. study, v = 0.6 m/s, r = 2.3Pa, T, = 28°C
Nitrate NO3 mg/1 0.005-0.06
Tabled Chemical composition of slime deposit from the Rhine water at the end of Test Series A

Pass number 1 2 3 4 5 6

Residue at 105°C, % 9.0 10.1 10.5 10.1 10.8 10.9

Residue at 850°C, % 6.2 6.9 7.0 7.3 7.7 7.2

Silica 1.10 1.19 1.04 1.40 1.38 1.05

Iron 0.77 0.95 1.17 0.77 0.98 1.27

Calcium 0.49 0.54 0.52 0.64 0.63 0.57

Aluminium 0.38 0.43 0.47 0.50 0.47 0.42

Kalium 0.14 0.17 0.21 0.21 0.19 0.17

Sodium 0.04 0.04 0.25 0.09 0.05 0.12

Other elements found
by spectral analysis:

Mg, Mn, P, Zn, S, Ag, Cu, Cl
B, Co, Cr, Mo, Ni, Pb, Sb, Sn, V, Ti, Ba

All values are in % of the wet slime.
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Similarly, linearized values of the fouling rate obtained
with sea water were recalculated according to Fig. 5 but in this
case to temperature of 30°C (see Fig. 7).

As seen in both cases, the fouling rate decreased con-
siderably with increasing shear stresses, but the sensitivity was
somewhat lower than the one previously observed [1].

Comparison of Fouling Rate in the Rhine River and in the
Oresund Sea Water. Figure 8 shows the average values of the
linearized fouling rate observed during tests with the Rhine

" water and the Oresund sea water. As seen, the fouling rate of
the Rhine water was between 20 and 40 percent higher than
the fouling rate of the Oresund sea water. The low fouling
rate of sea water Test Series E was a result of intermittent
chlorination performed daily during half-hour at a dosing
level of 2 ppm. As seen, no drastic reduction of the fouling
rate has been observed during the winter months. Therefore,
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Fig.5 Dependence of the Oresund Sea water fouling on temperature

the drastic reduction of fouling rate which is frequently
observed during winter months is probably caused, to the
greatest extent, by lower temperature of cooling water.

Removal of Biological ¥ouling by Chlorination.

The Action of Chlorine. Hypochlorous acid is an extremely
powerful oxidizing agent which easily diffuses through the
cell walls of microorganisms. It is considered that
hypochlorous acid oxidizes the active sites on certain enzyme
sulfhydryl groups, which constitute intermediate steps in the
production of adenosine triphosphate (ATP) essential for
respiration, since ATP serves as the prime energy carrier in
living organisms [9, 10, 11].

Beside this, it is considered that hypochlorous acid also
attacks the extracellular polymers of microbiological slime.
These polymers maintain the integrity of the biofilm matrix.
Oxidative action of chlorine causes depolymerization and
results in removal of the weakened biofilm matrix by fluid
shear stress [2].

This destructive action differentiates chlorine from other
nonoxidizing biocides and indicates that chlorination would
be used not only for disinfection and control of biological
fouling, but also for removal of already formed slime deposits
as well.

The Kinetics of Slime Removal. The effect of chlorination
upon unicellular organisms may be described by the following
expression, which sometimes is called Chick’s law [3]:

dN
dt
where dN/dt is the death rate.

Since slime deposits consist of living organisms as well as of
extracellular polysaccharides and polypeptides, the death of
the unicellular organisms does not necessarily result in im-

mediate destruction and release of the slime deposit. The
immediate effect of such disinfection of living organisms may
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Fig.6 Dependence of the Rhine water fouling on shear stress

Table 5 Comparison of fouling rate at 25°C in different heat exchangers,

the Rhine water of Test Series D

Exchanger Flow Shear stress Fouling rate
type velocity
m/s Pa 1077 «m2K/Wsh
0.13 6.7 7.4
PHE 0.19 14.5 4.3
0.77 190 0.6
SHE 0.43 7.5 5.0
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be limited only to reduction or inhibition of slime production.
Therefore, the above equation (2) does not necessarily
describe the removal of slime deposit.

As mentioned above, chlorine (hypochlorous acid) not only
kills the living organisms, but also attacks the extracellular
polymers. This attack (destruction and release) may ‘be
perhaps explained — like a disinfection of unicellular
organisms [3] — by analogy with chemical reactions.

Assuming that diffusion rate of hypochlorous acid into the
slime is sufficient, i.e., concentration of hypochlorous acid in
slime is approximately constant and equal to the con-
centration in water phase, the destruction rate of polysac-
charides can be, in analogy with chemical reactions described
by expression:

ﬁ =—-KCm G? 3
dt
If the destructed slime is continuously removed by water shear
stresses, equation (3) would also describe the removal rate of
the slime deposit.

Nevertheless, the assumption of a high diffusion rate of
hypochlorous acid in a slime deposit is not correct, as may be
easily shown by calculation of concentration profile of
hypochlorous acid in a hypothetical slime deposit being in
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Table 6 The rate of slime removal KC in different passes

Pass number 3 4
Shear stress, Pa 9 72
Temperature, °C 25.4 21.5
KC, 107 "Tm?*K/Ws 4.2 5.1

contact with chlorinated water and having for the sake of
simplicity diffusional properties of water.

Since hypochlorous acid is a very strong oxidant and reacts
quickly with a number of organics [11], we have all reasons to
believe that for low concentrations of hypochlorous acid, as
applied in this study, the slime destruction is mass transfer
controlled, and therefore exponents m and p in equation (3)
areequalto 1.

Further, fouling resistance is proportional to the amount of
the deposit. Assuming that heat conductivity of the deposit is
constant, equation (3) may be rewritten as

R _ _kcr @)
dr 4
If the deposit contains a part which can not be removed by
action of hypochlorous acid, for example, scale or ac-
cumulated sediment, equation (4) is modified as follows:
dR
f
— = —KC(R;—R/ 5
ai (R;—Ry}) &)
The rate constant, K, is a function of temperature, water
quality, slime properties, and flow conditions. It should be
pointed out that equations (4) and (5) are valid for constant
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concentration, C, of hypochlorous acid in water, and that this
concentration, due to chlorine demand of water itself, is not
necessarily equal to the nominal concentration calculated
from the dosage rate.

Upon integration, equations (4) and (5) give the first-order
relationships; and when the logarithm of R, or (R,—RY}) is
plotted against time, a straight line with slope of KC will be
obtained.

From January to September 1980, a total of eleven
chlorination tests on slime deposits carried out in Lud-
wigshafen formed in the Rhine water.

The effect of chlorination on slime deposit was very strong.
As seen in Figs. 9 and 10, the dosage of only 10-15 ppm may
considerably reduce the fouling resistance within only a few
hours.

Figure 10 clearly demonstrates that periodic chlorination
performed every 10-15th day at a level of 10-20 ppm would
be able to keep the fouling resistance of a heat exchanger at a
reasonable level for a long time. On the other hand, Fig. 9
indicates that periodic chlorination may be insufficient if

performed too late after cleaning of the heat exchanger, or in,

too long intervals.
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Fig. 13 Dependence of removal rate constant KC on dosing rate of
sodium hypochlorite

For the purpose of examination, whether or not equations
(4) and (5) describe the kinetics of chlorination, the fouling
resistance of the whole test heat exchanger, as well as that of
the specific passages, has been measured several times during
the chlorination tests No. 7, 8, 10 and 11. Figure 11 shows the
reduction of fouling resistance of the test heat exchanger
during the test No. 11. As seen, the reduction of the logarithm
of fouling resistance with time was roughly linear, which
indicates that equations (4) and (5) describe the kinetics of
chlorination at low concentrations of hypochlorous acid. This
conclusion agrees well with the work of Bryers et al. [2], in
which the authors suggest that chlorination would be a
reaction of the first order or mass transport controlled.

Obtained data are unfortunately not sufficient for deter-
mination, whether the chlorination is reaction of the first
order or is controlled by mass transport.

The Effect of Operational Variables, When applying the
results of this study to other systems, it should be always kept
in mind that the slime deposit has been formed at the same
conditions — temperature and flow velocity — as the
chlorination procedure has been carried out and that therefore
the properties of the slime deposit were not identical in the
specific passages.

The Effect of Temperature. The experimental method
allowed for simultaneous evaluation of destruction rate
constant at six different temperatures and three different flow
rates. The effect of temperature and flow rate on the rate of
biofilm destruction could therefore be evaluated simply by
comparison of the particular destruction rate constants.
Figure 12 shows the average values of KC obtained in this
study.

As seen, temperature had a promoting effect. The increase
in temperature from 15 to 35°C increased the rate of biofilm
removal roughly by a factor of 2. Interestingly the diffusion
rate of hypochlorous acid in pure water increases from 15 to
35°Croughly by a factor of 1.7.

The Effect of Flow Rate. The rate of biofilm removal was
independent of flow rate in this experimental arrangement.
This is clearly demonstrated by comparison of the mean
values of the destruction rate constant for passages 3 and 4
(see Table 6).

It should be again pointed.out that due to different shear
stresses, the properties of the slime deposit in specific passages
were not identical. Slime formed under higher shear stresses
was more compact and strong and not at all as voluminous as
slime formed under low shear stresses. Therefore, to avoid
missunderstanding, the results of this study should be in-
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terpreted as follows: It has been shown that within the range
of shear stresses 5-200 Pa, (i.e., highly turbulent flow), and
under conditions that chlorination is performed in the same
flow conditions as the slime deposit has been formed, the rate
constant of slime removal was independent of flow rate.

The Effect of Concentration. Figure 13 shows the values of
the rate constant KC calculated for the whole test exchanger
and recalculated from the actual average temperature to
temperature of 27°C. The figure gives an indication that the
chlorine demand of the Rhine water was less than 5 ppm and
that the rate of biofilm destruction was proportional to the
net concentration of hypochlorous acid.

The difference between Test Series D and Test Series B and
C is very interesting. These differences and especially the
difference between Test Series D and Test Series B and C can
not be explained by the chlorine demand of the Rhine water.
However, a look at the history of the tests presents a credible
explanation: While chlorination tests of Test Series C were
performed in 12-17 day intervals and always had good
performance, chlorination tests of Test Series D were per-
formed after the 51st and the 91st day and the first tests of
Test Series B were performed with too low dosage of
hypochlorite. Therefore, slime deposits in Test Series C were
always “‘fresh,”’ contained less foreign debris, and had
probably higher sensitivity to chlorine.

Chliorination Procedure. Since the quality of removed slime
is proportional to the applied amount of hypochlorous acid
(chlorine), and since the quantity of formed slime is
proportional to the growth time, there is obviously also a
rough proportionality between the chlorine (hypochlorous
acid) dose and the time during which the fouling resistance
again reaches the original value. This proportionality may be
expressed as:

tz =kCt1 (6)

where f; is chlorination time and ¢, is time between
chlorinations during which fouling resistance (amount of
slime deposit) reaches the value prior to chlorination and C'is
net concentration in ppm (not the dosing rate). The value of
the constant k& depends naturally on the fouling rate and on
the rate of fouling removal. The value of the constant k&
ranged in this study (all performed tests) from 3.9 to 8.0
ppm ! with the average value of 5.8 ppm ~!. The fouling rate
of the Rhine water belongs certainly to the highest of all.
Since the test conditions used in this study cover most of the
operating conditions used in plate heat exchangers, the value
of k = 4.0 ppm~" would be sufficient for good control of
microbiological fouling in plate heat exchangers (i.e., tem-
perature = max. 40°C, shear stress = min. 10 Pa).

Journal of Heat Transfer

Generally, the optimal chlorination procedure can be
determined for a specific exchanger designed with specific
fouling margins by equations (1) and (4) or (5) and using
figures similar to Figs. 4-7 and 12 but determined for that
specific water source. However, in order to obtain a high
efficiency of the chlorination procedure, fouling margins
exceeding a value of 2x10*m?K/W should not be con-
sidered. It should be pointed out that in waters with pH- value
above 8.0, the above values are not sufficient due to reduced
efficiency of hypochlorous acid.

Conclusions
The results of the tests may be summarized as follows:

e Microbiological fouling reached its maximum at a
temperature of approximately 30-37°C.

® The rate of microbiological fouling is dependent on water
shear stresses and decreases with increasing shear stresses.

® The slime deposit is rapidly destroyed by hypochlorous
acid at relatively low concentrations of 10~15 ppm and can be
removed by water shear stresses.
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Forced-Convection Heat Transfer
in @ Spherical Annulus Heat
Exchanger’

Results are presented of a combined numerical and experimental study of steady,
forced-convection heat tranfer in a spherical annulus heat exchanger with 53°C
water flowing in an annulus formed by an insulated outer sphere and a 0°C inner
sphere. The inner sphere radius is 139.7 mm, the outer sphere radius is 168.3 mm,
The transient laminar incompressible axisymmetric Navier-Stokes equations and
energy equation in spherical coordinates are solved by an explicit finite-difference
solution technique. Turbulence and buoyancy are neglected in the numerical
analysis. Steady solutions are obtained by allowing the transient solution to achieve
steady state. Numerically obtained temperature and heat-flux rate distributions are
presented for gap Reynolds numbers from 41 to 465. Measurements of inner sphere
heat-flux rate distribution, flow separation angle, annulus fluid temperatures, and
total heat transfer are made for Reynolds numbers from 41 to 1086. The angle of
separation along the inner sphere is found to vary as a function of Reynolds
number. Measured total Nusselt numbers agree with results reported in the
literature to within 2.0 percent at a Reynolds number of 974, and 26.0 percent at a

Reynolds number of 66.

1 Introduction

In a spherical annulus heat exchanger (see Fig. 1), fluid
enters and exits the annulus through diametrically opposed
openings in the outer sphere, and temperature control is
achieved on a material inside the inner sphere. The spherical
annulus heat exchanger is suited to situations requiring
maximum volume of inner sphere material per unit surface
area. Applications exist wherever the temperature of a large
volume of material must be controlled by a relatively low
volume of working fluid [1]. Applications include cryogenic
storage systems and guard heating systems. In addition,
certain gyroscopic gymbols are cooled by spherical annulus
flow [2], and the heat exchanger has been proposed for
cooling spherical fuel elements in homogeneous nuclear
reactors [3].

This paper presents a numerical and experimental study of
steady, forced-convection heat transfer in a spherical annulus
with a 0°C cooled inner sphere and an insulated outer sphere.
Water at 53°C enters the annulus at the bottom and exits at
the top.

In the numerical analysis, the transient finite difference
equations of mass, momentum, and energy conservation are
solved in spherical coordinates for laminar, incompressible,
axially symmetric flow. Computed temperature and heat-flux
rate distributions are compared to measurements. The
spherical coordinate system is shown in Fig. 1.

It is believed that this is the first combined analytical and
experimental investigation of heat transfer in a spherical
annulus. In addition, this numerical analysis is the first-two-
dimensional analysis using the full Navier-Stokes equations
for steady spherical annulus forced-convective heat transfer,
and these experiments are the first in which local variations of
inner sphere heat flux and separation angle have been
measured.

One of the first analytical treatments of fluid flow in a
spherical annulus was by Cobble [4] who assumed a simplified
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Fig.1 Spherical annulus heat exchanger and coordinate system

tangential velocity distribution and then calculated heat
transfer based on the energy equation. Ward [5] provided a
flow visualization study of isothermal flow in a spherical
annulus between 60 and 120 deg downstream of the entrance.
Rundell, Ward, and Cox [1] measured the fluid temperature
profiles and the total inner sphere heat-transfer coefficient for
steady flow. They obtained a heat-transfer correlation for two
sets of sphere sizes. Bozeman and Dalton [6] added to the
isothermal flow visualization work by focusing on the en-
trance region.

Rundell observed a flow rate independent separation point
located at approximately 45 deg downstream of the inlet.
Bozeman showed that upstream of the separation point the
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flow is characterized by a high-velocity jet of fluid near the
inner sphere with a relatively low-velocity return flow near the
outer sphere.

The problem of laminar natural convection flow is a closed
spherical annulus was solved numerically by Brown [7} by an
explicit finite difference technique coupled to .an iterative
solution of the vorticity stream function relation. Astill [2]
applied a boundary layer order of magnitude analysis to the
steady laminar incompressible Navier-Stokes equations in
spherical coordinates to reduce them to a set of parabolic
differential equations. Astill used boundary layer assump-
tions that were valid in regions of nearly parallel flow, and
thus separated and recirculating flows could not be handled.
The present numerical analysis extends the work of Astill by
including all the terms in the Navier-Stokes equations, thus
allowing treatment of separation and recirculating flows in
the inlet and outlet regions.

Newton [8] investigated spherical annulus convective heat
transfer experimentally. Local velocity and temperature
profiles and total heat-transfer coefficients were measured
with air as the working fluid.

A numerical analysis of the transient filling of a spherical
annulus was presented by Tuft [9]. A modified form of the
Marker-and-Cell method was used to handle the free surface
aspects of the problem. The full Navier-Stokes equations were
solved, and recirculation and separation were considered.
Transient temperature contours and inner sphere heat flux at
various times were presented.

2 Numerical Solution Technique

The governing equations are the conservation equations of
mass, radial momentum, azimuthal momentum, and energy.
The variables of pressure, velocity, and temperature are used,
and the equations are solved in the spherical r — 8 plane shown
in Fig. 1. For all equations, transient laminar incompressible
axially-symmetric flow of a fluid with constant properties is
assumed. The assumption of flow symmetry has been checked
by dye injection and has been studied experimentally by
others [1, 3, 5]. In the energy equation, viscous dissipation is
neglected, and, in the momentum equations, buoyancy forces
are neglected. It is recognized that buoyancy forces may be
important at low Reynolds numbers,

The governing equations for this problem are:

Radial Momentum

du d v2 1 opP
v+ e 9 __
ar r2 ar ( it rsinf 96 (uvsin) - r o or

+ —I—Q{i(usine ou 9 ( 0 )} 1
r2sind L 36 30‘) 35 \sindo2(r0) O

Azimuthal Momentum
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4 (r?uT +_...__ Tsi -
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[ riz % (ar2 g) * rzslmﬁ af 35 (@sind) 55 ] @

The differential equations are written in terms of the radial
velocity, u, azimuthal velocity, v, pressure, P, and tem-
perature, 7. The momentum and energy equations are
nonlinear parabolic partial-differential equations. The energy
equation is coupled to the momentum equations by velocity,
and the momentum equations are uncoupled from the energy
equation.

Equations (1-4) are approximated by variable-mesh finite
differences. The full spherical axisymmetric geometry is
modeled by a variable mesh containing sixteen radial cells and
84 azimuthal cells. A geometrically stretched mesh is used to
improve resolution near the inner sphere and in the inlet
region. The radial stretching factor is 1.07, and the azimuthal
stretching factor is 1.007. Variable donor-cell differencing
[10] is applied to the convective terms, and forward-time
centered-space finite differences to all other terms [11]. The
finite-difference equations are given in {12].

Nomenclature
A = inner sphere area, m?
a = thermal diffusivity, m?/s
¢ = specific heat, J/kg°C t = time,s
H = total system heat-transfer T = temperature, °C D = inner sphere diameter
coefficient, H=Q/A (T, - T = average temperature, °C e = conditions at equator (6=90
Tp), W/m?°C u = radial velocity, m/s deg)
h = local heat-transfer coef- v = azimuthal velocity, m/s f = annulus flow
ficient, W/m?°C V = average velocity across an- g = gap, (R, —R))
k = thermal conductivity, nulus, m/s in = average conditions at the inlet
W/m°C d = partial derivative i = radial index
m = mass flow rate, kg/s A = increment Jj = azimuthal index
Nu = Nusselt number, dimen- @ = azimuthal coordinate, out = average conditions at the
sionless degrees outlet
P = pressure, Pa v = kinematic viscosity, m?/s r = radial direction
Q = total system heat-transfer p = density, kg/m? 6 = azimuthal direction,
rate, Q=rc (Tou — Tin), W ¢ = longitudinal coordinate, azimuthal location
g = local heat-transfer rate, degrees s = separation
equation (5), W/m? ] t = total
Re = Reynolds number, equation Subscripts w = conditions across inner
(7), dimensionless a = conditions across annulus sphere wall
r = radial coordinate, m B = bulk, average of inlet and 1 = inner sphere
R = sphereradius, m outlet conditions 2 = outer sphere
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Fig.2 Cross-sectional drawing of the spherical annulus apparatus

No-slip boundary conditions are imposed at both the inner
and outer sphere walls. The temperature of the inner sphere
wall either is held constant at a temperature of 7=0°C, or is
maintained at the experimentally measured temperature
distribution. At the outer sphere wall, zero heat flux is
specified. Application of explicit boundary conditions on
pressure at the walls is not required because a slope boundary
condition is implicitly applied by the solution technique. In
addition, singularities in the equations at §=0 and §=r are
avoided by placement of velocities in the finite-difference
mesh.

The numerical solution of the finite-difference equations
proceeds in three steps. The first step is the explicit solution of
velocity from the finite-difference momentum equations. In
the second step, the continuity equation is satisfied by
simultaneously iterating pressures and velocities until mass
conservation is achieved, The pressure-velocity iteration
begins by calculating the divergence in a cell and adjusting the
cell pressure and velocities to force the divergence to zero. In
so doing, the neighboring cells are affected, and the mesh
must be swept iteratively to relax the solution. Iterations are
continued until the maximum cell divergence in the mesh
drops below a specified limit. When all cells have converged,
the velocity solution with correct vorticity and vanishing
divergence is achieved [12]. An equivalent technique was
introduced by Chorin [13] and has been applied by others [10,
14].

In the third step, the finite-difference energy equation is
solved explicitly for temperature using the velocity solution
from step two.

3 Experimental Apparatus

Spherical Annulus Apparatus. The experimental ap-
paratus consists of a spherical annulus approximated by
hemispheres (see Fig. 2). Hemispheres are used to permit
circulation of cooling water inside the inner hemisphere. The
effect of using hemispheres is discussed later.

The inner hemisphere is made of 3.175-mm thick copper
with an outer radius of 139.7 mm, and the outer hemisphere is
made of 12.7-mm thick Plexiglas with an inner radius of 168.3
mm. Both inner and outer hemispheres are supported by a
12.7-mm thick Plexiglas mounting plate that provides a
thermally insulated plane. Access ports located every 15 deg

around the outer hemisphere allow temperature probes to be -

inserted into the annulus. The access ports are located in a
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plane perpendicular (¢ =90 deg) to the Plexiglas mounting
plate. The 38.1-mm diameter inlet and outlet tubes are also
Plexiglas. A bundle of glass tubes straightens the flow before
it enters the annulus.

Water Flow System, The water flow system consists of
separate tanks and flow loops to provide cold and hot water
to the spherical annulus apparatus. Cooling water obtained
from a reservoir containing a fifty-fifty mixture by volume of
ice cubes and water is pumped through the inside of the inner
hemisphere. Three centrifugal pumps on parallel insulated
lines provide cooling water flow at 0.14 kg/s.

Annulus water temperature is controlled to 53.0 £1°C by a
proportional temperature controller and electric heaters. The
annulus water is pumped with a centrifugal pump through
insulated lines., Immediately downstream of the pump, a flow
rate controller provides flow rate regulation to within £1.5
percent of set point,

A pair of direct acting solenoid valves with an opening time
of less than 50.0 ms is used to divert the annulus water flow
into a weighting tank for flow rate measurement. A digital
timer is used to actuate simultaneously the valves for a timed
period. The collected water is then weighed on a balance scale.

Instrumentation. Instrumentation consists of sixteen
spot-welded, cooper-constantan thermocouples and thirteen
heat-flux thermopiles (see Fig. 2) around the inner
hemisphere, six resistance thermometers for measuring
average water temperature in the annulus, and three ther-
mocouple ladders for measuring water temperature
distribution in the annulus. All instrumentation is located in a
plane perpendicular to the Plexiglas mounting plate (¢ =90
deg), with the exception of two thermocouples located at
longitudes of ¢= +15 deg and at an azimuth of ¢ =85 deg to
check the symmetry of the temperature field. An integrating
digital voltmeter, a digital delay generator, a crossbar
scanner, and a digital printer are used to collect voltage data.

The inner hemisphere thermocouples and thermopiles are
constructed from 0.076-mm constantan wire spot welded to
the inner hemisphere. The copper of the inner hemisphere acts
as a common leg for all thermocouples. To achieve enough
resistance to produce welds, both sides of the copper
hemisphere are plated with 0.0051-mm thick nickel.

Each thermocouple ladder has five thermocouples
positioned across the annulus gap. The ladder thermocouple
junctions are chromel-constantan constructed from 0.076-mm
wire with a bead size of approximately 0.254 mm.

Each heat-flux thermopile consists of ten copper constantan
thermocouples placed on alternating sides of 6.4-mm dia and
3.17-mm thick copper plugs that were installed in the inner
hemisphere. The plugs were insulated from the hemisphere by
a 1.27-mm thick film of epoxy [12].

A 40-channel crossbar scanner is used to scan thermocouple
and thermopile channels, and voltage is measured with an
integrating digital voltmeter. The integration period is
controlled by a digital delay generator, and a digital printer is
used to print channel number and voltage. The digital volt-
meter, when calibrated against a precision voltage standard,
varied by no more than +1.0 uv over a range from 0 uv to 500

uv.

4 Experimental Procedure

Calibration. All thermocouples and resistance ther-
mometers were individually calibrated against a platinum
resistance thermometer which has an accuracy of +0.01°C.
The accuracy of the calibrated thermocouples was +0.1°C. A
linear curve was fitted to the resistance thermometer
calibration data between 20 and 55°C by the least squares
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Fig. 3 (a) Computed inner sphere heat-tlux rate profile with measured
temperatures as boundary conditions (see Fig. 5);
(b) Measured inner sphere heat-flux rate profiles

method. The linear curves fit the calibration data to within
+0.15°C for the worst case.

Annulus flow rate measurement was achieved by collecting
and weighing a timed flow sample. The standard deviation of
collected water weight was less than 2.0 percent of the average
weight. The overall accuracy of the flow rate measurement
was =0.45 g/s which represents an accuracy of =+3.2 percent.

Data Acquisition. In all experiments, temperature
fluctuations were observed due to eddies and turbulence in the
flow. To obtain an average temperature reading, a 30.0 s or
longer integration period was used for ladder thermocouples
and a 10.0 s or longer period for spot-welded thermocouples.

The accuracy of the thermopile heat-flux gages was
determined in a separately designed experiment in which the
temperature rise in a calorimeter was compared with the heat
flux measured by the gages. The ten thermocouples of the heat
flux gages produced a multiplication of the output voltage
and, as a result, temperature differences across the inner
hemisphere wall as low as +0.008°C could be measured.
Thus, the accuracy of the heat-flux measurements ranged
from + 0.93 to £ 11.1 percent at a flow of Re; =41 and +
0.46 to + 2.8 percent at a flow of Re, =465. The maximum
accuracy occurred at the inlet and the minimum accuracies
were observed in the region between § =80 and 100 deg.

Data Reduction. Voltages were converted into tem-
perature and heat flux by a computer code written specifically
for that purpose. Calibration data for individual ther-
mocouples, material property tables, thermocouple sensitivity
data, and resistance thermometer equations were built into
the data reduction code.

The local heat transfer per unit area at the inner wall was
calculated from the expression
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AT,
Arw

where &, is the thermal conductivity of the copper wall and
AT, is the measured temperature difference across the wall.
The thermal diffusivity of the copper was measured by a laser
flash method. The density and specific heat also were
measured, and thermal conductivity was calculated from the
measured values.

It is of interest to compute the total Nusselt number based
on the total amount of heat transferred. The expression used
to calculate the total Nusselt number is

_ e(Toy — Tiy) (Rz - R, )
£ A(T, - Ty) k;
where Ty is the bulk fluid temperature calculated as the
arithmetic average of the measured inlet and outlet tem-
peratures, and T is the area weighted average temperature of
the inner wall.

The average velocity varies with angle in the spherical
annulus. The velocity used to calculate the Reynolds number
is the average velocity at §=90 deg. Material properties used
to calculate the Reynolds number are evaluated at the bulk
fluid temperature. The expression used for the gap Reynolds
number is

qdy = _kw (5)

Nu

©

Re, = KM %)
14
The Reynolds number is based on the gap width because of
historic precedent. Astill [2] based his results on the gap
Reynolds number, and Rundell [3] discussed the disadvantage
of using a Reynolds number based on hydraulic diameter.

As a part of the data reduction for each experiment, a
numerical integration of local heat-flux measurement was
performed, and the integrated heat flux rate was compared to
the total heat-flux rate calculated from the expression

Q:mc(Tout - Tm) (8)

5 Discussion of Results

Experimental results reported in the literature [1, 3, 5, 6]
indicate that turbulence and vortex shedding are present in
spherical annulus flow at Reynolds numbers as low as 200. In
this study, turbulence in the flow was visually observed at a
Reynolds number of 41. This paper presents a laminar
computational analysis of spherical annulus flow to extend
the numerical work of Astill [2]. It is recognized that the
laminar computational results are compared with ex-
perimental results over a range of Reynolds numbers for
annulus flow that contains turbulence.

Figure 3 shows computed and measured inner sphere heat-
flux rates. The numerical computation results shown in Fig.
3(a) are for laminar flow at gap Reynolds numbers ranging
from 41 to 465. All computations are made with measured
inner sphere temperature distribution as a boundary condition
and with an insulated outer sphere. No-slip velocity con-
ditions are applied at sphere walls, and the inlet fluid tem-
perature is specified at the measured value. Constant material .
properties of water at the measured bulk temperature are
used. In each calculation the transient solution is carried out
in time until the maximum time rate of change of temperature
at any point is less than 0.05°C/s.

The computed inner sphere heat-flux rate shown in Fig. 3(a)
is based on the hot water temperature gradient at the wall.
Heat transfer at all Reynolds numbers decreases from a
maximum value near the inlet to a well-defined local
minimum downstream. This local minimum was found
always to coincide with flow separation. Separation in the
calculations is identified by a zero velocity gradient normal to
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Fig. 4 Measured and computed heat-flux rate distributions for
Rey, =110

the wall. The increase in heat-flux rate just beyond separation
is due to a recirculation eddy formed near the inner sphere
just downstream of separation.

Measured inner hemisphere heat-flux rate as a function of
azimuthal angle is shown in Fig, 3(b) for selected Reynolds
numbers from 41 to 1086. The location of separation in the
experiments is determined from the shape of the heat-flux rate
distribution. Laminar computations indicate that separation
coincides with a local minimum in the heat-flux rate profile.
Therefore, the separation angle in the experiment was
determined from the location of the local minimum.

The large heat-flux rates near the inlet resulting from the
jetting action of the flow make the inlet region an important
part of the spherical annulus heat exchanger. For example, in
the experiments, at Re, =110, the flow separates at 45 + 5
deg, and the region between inlet and separation accounts for
32 percent of the total heat transfer with 15 percent of the
total area.

Measured and computed heat-flux rate distributions are
shown in Fig. 4 for Re, =110. The profiles shown are typical
of computed and measured profiles at all Reynolds numbers
considered in this study. In the computations, measured inner
wall temperature distribution and hot water inlet tem-
peratures are specified as boundary conditions, and material
properties at the measured bulk temperature are used.

Measured distributions of heat-flux rate show the same
general trends as computed distributions. Both profiles begin
at a maximum near the inlet and drop to a local minimum at
separation, followed by a small increase and a relatively level
portion. The maximum heat-flux rate occurs near the inlet
where maximum wall jet velocities and fluid temperatures
exist. The decrease in heat-flux rate with increasing angle is
created by deceleration of the wall jet in the adverse pressure
gradient and the increasing thickness of the thermal boundary
layer. At the point of separation, the velocity gradient at the
wall is zero and a local minimum in the heat-flux rate occurs
due to stagnant fluid near the wall. Just downstream of
separation, a reverse flow eddy is created. The heat-flux rate
increases in the area of the eddy. The flow reattaches
downstream of the eddy and the heat-flux rate decreases to a
minimum. The relatively flat region downstream of reat-
tachment occurs in a region of low flow velocity.

Two major differences are observed between measured and
computed heat-flux rates. The first difference is the
magnitude of the heat-flux rate. In this example, the
measured heat-flux rate is more than twice the computed rate
in some areas. Turbulence is not accounted for in the com-
putations, and is responsible for experimental heat-flux rates
that are higher than computed. Experiments with turbulent
flow over spheres have shown that heat flux increases with
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turbulence [15, 16]. Vortex shedding and irregular flow
patterns beginning near the inlet are reported in the majority
of the spherical annulus experimental flow studies in the
literature [1, 3, 5, 6]. Newton [8] reports fluctuations in
temperature near the inlet region exceeding 50 percent of the
average values. Temperature fluctuations near the inner
hemisphere are also observed at all Reynolds numbers con-
sidered in this study. These results suggest that the spherical
annulus is an unstable flow geometry with turbulence and
vortex motion present even at low flow rates.

The second major difference between measured and
computed results is the location of separation. Separation
creates a local minimum in the heat-flux rate profile and
causes a distinct change in the shape of the profile. In Fig. 4,
the measured separation angle is 45 5 deg, and the com-
puted separation angle is 82 deg. The omission of turbulence
and buoyancy in the computation may account for the dif-
ferences in the computed and measured separation angles.
Buoyancy would have the effect of opposing the wall jet
momentum, thereby causing earlier separation.

A numerical integration of the measured local heat-flux
rates agreed in the worst case within +10.2 percent of the
total heat transferred from the annulus fluid. The total heat
transfer from the annulus was calculated using equation (8)
and measured temperatures. On the average, the results
agreed within +5.9 percent. This comparison demonstrated
the accuracy of the thermopile heat-flux rate measurement
technique. A similar integration of computed heat-flux rates
agreed within +2 percent of total heat transfer computed
from equation (8).

Measured distributions of inner hemisphere temperature

Transactions of the ASME

Downloaded 19 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



b ]

"M—r—r——7——T1 T ‘:
3 100 (o) _
;'f 90 @ Computed |
= A Measured
< 80 —
[+
= 70 —
[~ .
£ £ ]
8
[

o
a
-
&

50
40 -
30 PR (SN T TR T SR B
0 200 400 600 800 1000 1200
V(R, - Ry)
L BLIL
14

Fig. 7 (a) Computed temperature contours at 2.0°C increments with
separation angles indicated; (b) computed and measured separation
angles

are shown in Fig. 5 for various Reynolds numbers. These
temperature distributions were specified as boundary con-
ditions for all calculations presented in this paper unless
otherwise specified, The average temperature of the inner
sphere for use in equation (6) is computed based on area
weighting. Thus, higher temperatures near the inlet have a
reduced effect on the computed average because of the smaller
amount of area involved. The increase in temperature at 170
deg is due to recirculation of the cooling water above the
coolant inlet (see Fig. 2), as well as stagnation flow of the hot
water in the annulus near 180 deg.

To check the use of hemispheres to approximate spheres,
and to check the symmetry of the inner hemisphere tem-
perature field, thermocouples are placed at three longitudes at
an azimuth of #=85 deg. The temperature spread at these
longitudes was found to range from 12 to 26 percent of the
average temperature. For example, at Re, =110 the tem-
perature spread was 0.89°C and the average inner sphere
temperature was 3.60°C. Similar longitudinal asymmetries in
temperature were reported by Rundell {3]. In addition, the
symmetry of flow in the annulus was checked qualitatively by
dye injection, and a symmetrical flow pattern was observed.

Figure 6 shows computed heat-flux rate profiles using 0°C
isothermal and measured temperatures as inner sphere
boundary conditions (see Fig. 5). As expected, the 0°C
isothermal inner sphere creates higher heat-flux rates,
especially near the inlet where measured inner sphere tem-
peratures are highest. The largest difference occurs at
Re, =465 near the inlet. At this Reynolds number the annulus
flow rate approximately equals the coolant flow rate.

Computed temperature contours for various Reynolds
numbers over the range studied are shown in Fig. 7(a).
Contours are plotted at 2.0°C increments and are computed
with measured temperatures as boundary conditions. The
location of separation is indicated in each case. The effect of
separation and thermal boundary-layer growth on tem-
perature contours can be seen.

Plots of computed and measured separatlon angles as a
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function of gap Reynolds number are shown in Fig. 7().
Both computed and measured separation angles vary with
Reynolds number. For all experiments up to Re, =360,
separation occurs at 45 + 5 deg. At Re, =465, separation
shifts to 55 + 5 deg, and, for Reynolds numbers above 690,
separation occurs at 65 & 5 deg. Previous investigations {1, 3,
5] have reported a fixed separation angle at approximately
45-50 deg based on flow visualization. The laminar com-
putations predict larger separation angles that increase more
rapidly with Reynolds number than measured angles.

Fluid viscosity plays an important role in the computed
location of separation. Both viscosity and buoyancy. oppose
the momentum of the wall jet and help create separation.
Computations with constant geometry and flow rate show
that the separation angle decreases as the fluid viscosity in-
creases in the absence of buoyancy. Several calculations were
performed in which flow rates and fluid viscosities were
varied independently by factors as high as 10. In all cases, the
separation angle was found to depend on the Reynolds
number, as shown in Fig. 7. These computations demonstrate
that the location of laminar separation is dependent only on
the balance between viscous and inertia forces in the absence
of buovancy forces. The computed minimum angle at which
separation occurs (48.7 deg) agrees with experiments and with
the observation of Rundell [1, 3] who observed by flow
visualization a fixed separation angle at approximately 45
deg.

Figure 8 shows plots of computed and measured average
temperature for various Reynolds numbers. The computed
temperatures shown in Fig. 8(a) are arithmetic averages of cell
temperatures at each azimuthal angle normalized by the inlet
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measured temperature boundary conditions (see Fig. 5),
(b) Measured normalized radial fluid temperature profiles

temperature. The location of separation is indicated on each
curve as determined by the presence of a zero velocity gradient
at the inner sphere. Separation causes dips in the computed
temperature curves which become less and less pronounced as
the Reynolds number increases.

Figure 8(b) shows the distribution of normalized average
annulus water temperature measured for various Reynolds
numbers. Average water temperature in the annulus was
measured with resistance thermometers that measure average
temperature across the annulus. In each case, the measured
minimum temperature exists just downstream of separation.
The separation angle indicated on each curve was deduced
from the shape of the measured heat-flux rate profile (see Fig.
3(b)). At Re, =465 and above, the average temperature
downstream of separation increases continuously. The in-
crease is less than 2.0°C and is attributed to asymmetric
cooling of the inner hemisphere.

Computed and measured radial temperature profiles are
shown in Fig. 9 for Re, =110. Temperatures are normalized
by the inlet temperature. In the computation of Fig. 9(a), the
separation angle is 82 deg, whereas the measured separation
angle corresponding to Fig. 9(b) is 45 +5 deg. The computed
profiles at 45 and 60 deg are upstream of separation and show
the effect of the wall jet. Downstream of separation the
computed temperatures are lower and show the same general
shape as the measured profiles. ’

Measurements of local temperature at various radial and
azimuthal locations were made with thermocouple ladders.
The integrating digital voltmeter with a 30-s integration
period and thermocouple ladders were used to obtain the
temperature profiles shown in Fig. 9(b). All the measured
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profiles are downstream of separation. After separation,
measured temperatures outside the inner wall boundary layer
increase as hot fluid from the separated wall jet begins to mix
with colder fluid in the annulus. Temperatures near the inner
hemisphere are lower at 165 deg than at 120 deg in both
computations and measurements, and reach approximately
the same temperature in the region from the annulus center to
the outer hemisphere.

Figure 10 shows the computed and measured total system
Nusselt numbers as a function of gap Reynolds number. The
total Nusselt number is calculated from average inner sphere
temperature, average hot water inlet and outlet temperatures,
and annulus mass flow rate using equation (6). A correlation
based on a nonlinear least squares curve fit to the ex-
perimental data is given. The experimental correlation by
Rundell [1] is also plotted for comparison. In Rundell’s ex-
periments, the inner sphere was heated with steam, and room-
temperature water was pumped through the annulus. A full
spherical annulus was used which included a concentric pipe
inlet and outlet for heating and cooling fluids. Thus, the inlet
and outlet areas were considerably different from these ex-
periments.

In general, for heat exchangers, Nusselt numbers for
heating situations are higher than cooling situations. The
difference is attributed to differences in fluid viscosity near
the wall where the heat transfer is taking place. For heating,
the fluid near the wall is less viscous than the fluid in the
center and, consequently, the velocity of the heated fluid near
the wall is greater for heating than for cooling. Seider and
Tate [17] have suggested the empirical correction factor
(uy/pg)®1* to account for the effect of temperature variation
of physical properties. When measured Nusselt numbers from
Rundell’s experiments and from these experiments are
multipled by this factor, they agree within 2 percent at
Re, =974 and within 26 percent at Re, = 66. Differences in
the inlet and outlet regions and methods of inner sphere
temperature control may account for the different slopes.

The slope of the computed data is larger than the measured
data because computed separation angles increase with
Reynolds number faster than in the experiments. The wall jet
acts over a larger area in the computations due to the in-
creased separation angle. Since the wall jet is the region of
highest heat flux rates, the computed heat transfer increases
more rapidly than measured heat transfer. Experimental
Nusselt numbers, like the local heat flux rates, are higher than
computed due to turbulence.

6 Summary and Conclusions

A combined experimental and analytical study of steady,
forced-convection heat transfer in a spherical annulus has
been performed. It is believed- that this is the first ex-
perimental study of spherical annulus convective heat transfer
where local variations of inner sphere heat transfer have been
measured. In addition, this study presents the first actual
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measurement of separation angle by other than flow
visualization means.

The experimental data indicate that the stagnation and wall
jet regions are important to the total heat-transfer process.
For example, at Re, =41, the wall jet separated at 45 + 5 deg,
and the region between inlet and separation accounted for 38
percent of the total heat transfer with only 15 percent of the
total area. Similarly, at Re, =465, the wall jet separated at 55
+5 deg, and the corresponding values for heat transfer and
area are 44 and 22 percent, respectively.

The location of separation as indicated by measured heat-
flux distributions was found to be a function of Reynolds
number. Below Re, =350, separation occurred at 45+ 5 deg in
agreement with the fixed separation angle observed by
Rundell [1]. For larger Reynolds numbers, the separation
angle increased. Fluctuations in temperature were observed at
all flow rates, especially in the inlet region and near the inner
sphere. Measured total Nusselt numbers agreed well with
results reported in the literature after being adjusted to ac-
count for the effects of heating versus cooling.

Experimental heat-flux rates are over two times larger than
computed laminar heat-flux rates, and the measured
separation angles are considerably less than computed
separation angles. These major differences between ex-
periment and computations are attributed to the presence of
vortex shedding and turbulence in the experiments which were
not modeled in the computations. In addition, neglecting
buoyancy in the computation may affect the computed
separation angle. Temperature fluctuations are present in the
experiments near the inner sphere at all angles, and fluc-
tuations of over 50 percent of the average value are observed
near the inlet.

The numerical analysis is the first one in which the full
laminar axisymmetric Navier-Stokes equations (excluding
buoyancy) have been applied to steady spherical annulus
convective heat transfer. Astill [2] previously performed a
similar analysis in which simplified equations, also neglecting
buoyancy, were solved numerically. In the present study the
computed angle of wall jet separation was found to be a
function of Reynolds number. Computations at constant flow
rate showed that the separation angle decreased with in-
creasing viscosity. It was also found by varying viscosity and
flow rate independently that the separation angle depends
only on the Reynolds number in the absence of buoyancy.

Calculations at higher Reynolds numbers may require a
different solution technique than used here. The code used for
these calculations was originally written for transient
solutions involving a free surface [9]. The code was modified
to exclude the free surface treatment for this study. The
transient solution technique was expensive to use for steady-
state results. Long thermal time constants required the
solution to be carried on for a long time requiring as much as
one hour on a CDC 7600 computer. In addition, a finer mesh
would be required to resolve the boundary layer at high
Reynolds number. For these reasons, different radius
combinations and Reynolds number above 465 were not
considered in this numerical study.

Journal of Heat Transfer

The results of this study indicate that a computational
turbulence model is required even at relatively low Reynolds
numbers. The most critical areas for turbulence modeling are
the stagnation and wall jet regions. Turbulence in these types
of flows has been studied by others, and the results could be
applied to develop a model for spherical annulus flow
[18-20]. However, the general qualitative features and trends
of spherical annulus flow are predicted by the laminar model.
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Heat Transfer in Laminar Flow
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With a Phase Change Boundary

Thermal analysis of a shell-and-tube heat exchanger with a phase change material
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(PCM) on the shell side and a heat transfer fluid flowing through the tube is
presented. The phase change material was initially liquid at its solidification
temperature. The heat transfer fluid originates from an isothermal reservoir at q

temperature which is lower than the temperature of the phase change material,

Mechanical Engineering and
Materials Science Department,
Rice University,

Houston, Texas 77001

Numerical results of finite difference method are obtained with a ratio of the
thermal properties of the phase change material to the fluid to represent n-
octadecane, wax-water system. Variations of the temperature distribution for the
Sfluid, and the PCM, and the interface position of the phase change material in the

radial and axial directions are presented. The bulk temperature of the fluid is shown
to be a function of the Stefan number, the Fourier number and the velocity profile.
It is also shown that the Biot number varies in the axial direction and the heat
capacity effects of the phase change material, even at low Stefan numbers are

significant.

1 Introduction

Phase change materials are ideally suited to situations
where a large amount of energy must be stored but only a
small temperature difference between the phase change
material and the heat-transfer fluid is possible. One class of
storage unit which has recently received attention is the shell-
and-tube heat exchanger with the phase change material on
the shell side and the fluid on the tube side. As the energy
recovery cycle begins, the phase change material is largely
liquid. Imitially, sensible heat is recovered until the phase
change material temperature approaches its freezing point,
after which latent heat is removed and the phase change
material begins to solidify adjacent to the tube. As energy
recovery proceeds, the boundary between the solid and liquid
phase of the phase change material moves with time. Since the
heat transfer between the working fluid and the phase change
material depends on the axial position along the tube, this
boundary also varies with the axial direction.

The present work investigates the transient problem of heat
recovery from a phase change material around a tube as
shown in Fig. 1. The problem consists of four regions. The
phase change material fills the shell side in Region 4 between 0
=< x < L, and it is initially at a liquid state. A laminar flow of
a fluid flows from an isothermal reservoir into the tube
passing through Regions 1, 2, and 3. While Region 2 is
surrounded by the phase change material, Regions 1 and 3 are
insulated. The isothermal reservoir is at a temperature which
is lower than the phase change material solidification tem-
perature.

Since the analytical solutions of Stefan type problems are
difficult to obtain except for certain idealized cases, the
numerical methods of finite differences or of finite elements
are probably the most convenient for solving complicated
problems and the method of finite differences [1-7] is
probably the most popular one. The most recent studies of the
shell-and-tube heat storage restrict themself to one-
dimensional phase change heat transfer. Balhet, Vanburen,
and Viskanta [8] studied the problem assuming a constant
fluid temperature. Shamsundar [9] neglected the heat capacity
of the phase change material and assumed a constant heat-
transfer coefficient and a uniform fluid bulk temperature
along the axis of the tube. Shamsundar and Srinivasan [10]
incorporated the fluid bulk temperature variation but kept
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their constant heat-transfer coefficient assumption at the tube
wall. Here, we present the interaction of the heat-transfer
fluid with the phase change material at the wall, through
solving an unsteady, two-dimensional, nonlinear energy
equations.

2 Analysis

The thermal and the geometric symmetry of the problem
indicate that the temperature field in both fluid and phase
change material vary with the axial (x-direction) and the
radial (r-direction) as shown in Fig. 1. The mathematical
formulation of the problem, including the axial conduction
effects is given in nondimensional form as follows.

The energy equation for the fluid inside the tube:

8%9, 106, %0, RePr [_ a0, 60,-] o, 30

s S =i+ [+=

32 g oy an? 2 a¢ an o dFo
where i = 1, 2, 3 indicates Regions 1, 2, and 3.
The energy equation for the phase change material is
820, 1.0%, 0%, a6,
A g Iy am?  dFo

The equation (1) and (2) are subjected to the following

boundary conditions:

~ =1, 4, Fo)=0

7 01( R s M 0

30,-(5, 05 FO)
o

(1

)]

(Ga)

=0 where i=1,2,3 (3b)

a9,
a—' (& 1, Fo)=0 where i=1,3 (30
1

PCM

insulated REGION 4 insulated
PIIIVIIIIIY o VI IIITIIIA

N r

T =T, rEcion 1 X
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/////////am’ - v////////
- i

o
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Fig. 1 Schematic description regions in

mathematical model
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physical properties of the phase change material and the fluid

6,0, 7, Fo)=06,(0, n, Fo), 5 (0 1, Fo) are constant. The viscous dissipation effect is neglected. A
steady flow of a Newtonian fluid in the tube is considered.
_80,(0, 0, Fo) Since the velocity fluid is independent of the temperature
- ot (4 fluid, if desired, the velocity field can be obtained by solving
the Navier-Stokes equations. Knowing that the heat-transfer
0 (L_z F ) —p (Lz F 99, ( 2 g characteristics of the present problem will be a function of the
AN R e g MO "0t \R’ 7, ro velocity profile of the fluid, we will consider the two limiting
velocity profiles. That is, the fluid will have a uniform
_ 80, (Lz F velocity profile along the axial direction of the tube or it will
- 3{ 7" o (e reachits fully developed velocity profile very near the inlet of
Region 1 and will have a parabolic velocity profile along the
oL ¢ .
0,(, 1, Fo)=6,(£, 1, Fo), ( £, 1, Fo) axial direction of the tube
k, 36 2.1 Transformation. A transformation of the equations
A R (¢ 1, Fo) (3f) associated with the PCM (Region 4) is required to remove the
k ay difficulty of tracking the interface. Following the procedure
36,(, 15, Fo) of Landau [11] the radial coordinate % is replaced by %’
__3_._’62’— =0 (3g) defined by the following transformation
L
84(5, n*, Fo)=1 (3h) =’ = 1 @)
a0, an*\ ? 1 an* ) . . . . , .
74 [1 + ( ) ] = (3/)) This change of variable fixes the interface at 4’ = 0, which
an ¢ Ste aFo applies only to Region 4, and equation (2) becomes
a0 a6 3%6 1—n' ay*7 3%6 (n' =1)? /on*\ 2
Tl =0 S| 4, =0 @ w2 5 s Lo Gie)
9 a1, _L 9 n*—1 8§ 1 d¢ay (n*—1)° \ ¢
R 2 R 2% ’_ * 2
Various dimensionless quantities are defined as + 1 2} 9 0‘; [1 n' 8 ’72 + 2(n 12 <a7’ )
v, PR (=102 372 " Ly =1 98 T (r = 1) \ o
= — = e g p— j= — = —
SRTRTTR T T 1 1 d-n) 617*}304_%()
* b kT * * __
,_L-T _T,-T, 7" +q" =n*n’ (n"—1) (9" —1) dFo) 43" dFo
T, -7, " T,-T,’ The transformation makes it necessary to alter the boundary
R c CAT —T conditions of Regions 2 and 4 as follows,
m— 1
Re=2 YR pr_ s sw:i(—h—”—"—), Fo=2% 6,(¢, 1, Fo)=6,(¢, 1, Fo) (64)
1 sl
60 k a0
In the foregoing analysis, the densities of the solid and 2 1, Fo)= k—:——l— o ‘t (¢, 1, Fo) (6b)
liquid phases of the phase change material are equal. The (n )
solidification temperature of phase change material, the 04(¢, 0, Fo)=1 (6¢)
Nomenclature
C, = specific heat of fluid
P —
C,, = specific heat of phase change material Re = Reynolds number, 2 p UR/p
P, - ; Ste = Stefan number, C (T, —T,)/h
k = thermal conductivity of fluid ps\tm 0// sl
k, = thermal conductivity of phase change material Greek Letters o ]
h = convective heat-transfer coefficient « = thermal diffusivity of fluid, k/oC,
h,, = latent heat of fusion of phase change material a; = thermal diffusivity of phase change material,
r = radial coordinate ks/ps Cps ) _
r* = location of phase change interface in radial n = dimensionless radial coordinate, r/R
direction n’ = dimensionless transformed coordinate, (9*—
R = radius of tube n)/(n* —1)
{ = time n* = dimensionless location of phase change interface
T = temperature in radial direction
u = axial velocity 0; = dimensionless temperature variable, (7;—
. 2 R To)/(Tm - To)
U = mean velocity, 2/R . U dr 6, = dimensionless bulk temperature of fluid, (7, —
# = dimensionless axial velocity, u/U 7jo)/ (T,',,—To) . .
v = radial velocity £ = dlmqnsmnless_ axial coordinate, x/R
0 = dimensionless radial velocity, v/U p = density of fluid .
x = axial coordinate oy = d_ensny of phas'e change material
Bi = Biot number, —dT,(x,R,\)/rR/[T,(%,R,1)~ # = viscosity of fluid
T,(x,t)}=hR/k, Subscripts
Fo = Fourier number, o ¢/R? b = bulk
PCM = phase change material m = melting
Pr = Prandtl number, C,u/k o = inlet to Region 1
Pe = Péclét number, Re Pr i = Regions1,2,3,and 4
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2.2 Method of Solution. The nonlinear character of the
governing equations precludes an analytical solution. Finite
difference techniques are used because of their simplicity and
relatively low cost. The existence of possible sharp gradients
in the neighborhood of ¢ = 0, suggests the use of variable
mesh spacing. The Crank-Nicholson method is chosen in lieu
of forward or backward difference methods because it is a
second-order approximation in time, whereas both the for-
ward and backward difference methods are only first-order
approximations in time.

The heat balance equation for the phase change interface,
equation (6d), is nonlinear and requires an iterative
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procedure, therefore the Newton-Raphson method is chosen.
The finite difference analogue for the energy equations for the
fluid and the phase change material results in five and nine
unknows, respectively, per node. If a standard Crank-
Nicholson procedure is followed, a difference solution
technique other than the simple tridiagonal bond matrix
solver would be required. Two possible alternatives could be
either an iterative Gauss-Seidel procedure, or a Gaussian
elimination procedure, neither of which are attractive from a
computing cost stand point.

The standard alternating direction procedure (Douglas [12])
breaks a singie time step increment into two steps, each of
which calls for the solution of a simple tridiagonal matrix.
The resulting procedure is identical to the Crank-Nicholson
with the addition of a term which is second order in time. This
method can be applied directly to the energy equations written
for the fluid, but must be modified when applied to the phase
change material energy equation as follows.

The additional four unknowns in the energy equation for
the phase change material come from the mixed derivative
term, 826/3£0v. If this term be treated at time level # instead
of half the half time level between {#n and n+ 1} errors may be
encountered either if a big time step size is chosen, or if the
magnitude of the mixed derivative term itself is large com-
pared to the others.

An alternating direction method can be developed for the
energy equation written for the phase change material. To do
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this we break down the Crank-Nicholson operator into three
separate operators, each calling for the solution of a
tridiagonal matrix. The proposed method uses one step to
create an intermediate approximation 8*. The next step is used
to predict 6, ; with some simplifying assumptions concerning
the mixed derivative terms. The third step is used as a
corrector to the results of the second step. Further details of
the finite difference equations can be found in reference [13].

3 Results and Discussion!

The parameters which one needs for calculation of the
temperature distribution and the interface position are the
ratio of the thermal conductivity of the phase change material
to that of the fluid, the ratio of the thermal diffusivity of
PCM to that of the fluid, the Peclet and the Stefan numbers,
the mesh size of each region, and the time step size. The
results of this work are obtained for a case where the thermal
conductivity ratio is 4 and thermal diffusivity ratio is 2.5. This
represents a system which consists of wax (n-octadecane) as
the PCM and water as the heat-transfer fluid.

The effect of velocity profile on the temperature
distribution in the fluid can be studied with Fig. 2. The
temperature profile is flatter with the uniform velocity
profile, and near the wall it is steeper with the parabolic
velocity profile. Hence, the uniform velocity profile leads to a
higher heat transfer from the PCM to the fluid, resulting in a
higher rate of solidification and a higher temperature gradient
at the wall for the phase change material in Region 4. In
addition high Stefan numbers (which indicate either a higher
differential between the melting and the entrance tem-
perature, or a lower latent heat of fusion) will result in more
solidification. Figure 3 shows the effect of Stefan number on
the bulk temperature of the fluid and its variation in the axial
direction. The bulk temperature decreases as Stefan number
increases because a higher Stefan number implies a thicker
layer of solid which in turn increases the thermal resistance
between the fluid and the liquid PCM. In Fig. 3, we have
presented the results for the Fourier number of 0.5. The
results at different Fourier numbers indicate that, at a fixed
axial location, as the solidification process proceeds, the bulk
temperature decreases merely because of the increase in

'The results and discussion of this work are presented in terms of non-
dimensionalized parameters, €.g., temperature, interface position, axial and
radial directions.
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Table 1 Effect of Stefan number on heat capacity for
Pe =50 and uniform velocity

Ste Fo Qa Op Qs % Error
0.1 70.52 46.79 33.62 33.48
1
0.5 30.375 20.406 9.96 32.8
0.1 84.26 65.23 9.03 22.5
0.5 0.5 44,74 33.896 10.85 24,2
0.9 35.96 27.3 8.67 24.1
0.1 113.7 111.74 1.95 1.7
0.1 0.5 64.07 61.77 2.3 2.6
0.9 51.8 48.47 3.23 6.4
Qa dimensionless total heat abstraction

Op = dimensionless total heat for phase change
Qs = dimensionless total sensible heat

Table 2 Comparison of axial gradient of temperature to the
gradient of temperature in radial direction for uniform
velocity profile

Maximum Minimum

temperature temperature Y T max

gradient in gradient in e

Fo=0.5 axial radial V Tmin

direction direction

V T'max V Tnin
Ste=1., Pe=50 0.061 1.081 0.0564
Ste=0.5, Pe=50 0.0737 0.9615 0.0766
Ste=0.5, Pe=100 0.0504 1.0465 0.04816
Ste=0.1, Pe=100 0.0775 0.897 0.086

thermal resistance between fluid and the liquid PCM. This is
shown in Fig. 4. The same figure also shows the effect of the
velocity profile on the bulk temperature.

Figure 5 shows the effect of the velocity profile on Biot
number. The Biot number is directly proportional to the
gradient of the temperature profile near the wall and inversely
proportional to the difference between the wall temperature
and bulk temperature. With a fluid having a uniform velocity
profile, indicating higher temperature gradient at the wall and
higher bulk temperature of the fluid, and lower wall tem-
perature, we have higher Biot numbers than with a fluid
having a parabolic velocity profile. It is interesting to observe
the significant variation of the Biot number in the axial
direction. Recalling the relation of the Biot number to the
convective heat-transfer coefficient, 4, Fig. 5 indicates the
possible errors, that may be introduced, in the applications
where the bulk temperature of the fluid is calculated through
a heat balance equation in the axial direction using a constant
heat-transfer coefficient.

Figure 6 shows the effect of the Stefan number on the phase
change interface position. A higher Stefan number results in
faster solidification.

Most of the currently available studies of the shell-and-tube
heat storage system either assume a one-dimensional
axisymmetric model, or solve Laplace’s equation (Laplace’s
equation can be solved if the heat capacity of PCM is
negligible, implying a small Stefan number) for PCM, subject
to a convective boundary condition at the tube wall.

To study the heat capacity effects of the PCM, the total
heat removal from the tube surface and the total heat required
for change of phase at the interface at each time level was
calculated for Pe=350 and uniform velocity profile. The
difference in these two values indicates the amount of sensible
heat removed from the PCM. Table 1 lists these values for
various Stefan numbers. For Ste=1, sensible heat represents
33 percent of the total heat removed and for Ste=0.1, the
sensible heat represents from 1.7 to 6 percent of the total heat
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removed. Even for Ste=0.1, the heat capacity effects of the
phase change material are not negligible.

The temperature gradient in the axial direction in the PCM
is found to be negligible. The maximum temperature gradient
was calculated and compared to the minimum gradient of the
temperature in the radial direction for the case where the
length of the shell was twice the radius. Table 2 represents the
results for Pe =50, 100, and Ste=0.5, and 1.

During the latent heat storage cycle, the phase change
material around the tube will liquify, and depending on the
orientation of the tube, the free convective heat transfer can
significantly enhance the heat-transfer rate in the PCM. Here
we have presented the calculations for the energy recovery
cycle, that is, PCM will solidify around the tube, and initially
it is at its solidification temperature. Therefore the free
convection effect in the PCM is not considered.
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A computer code has been developed for analysis of air-cooled heat exchangers and
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timization code is a general purpose program based on the Method of Feasible
Directions and ‘the Augmented Lagrange Multiplier Method. The capability is
demonstrated by the design of an air-to-water finned-tube heat exchanger and is

shown to be a useful tool for heat exchanger design.

Introduction

The design of an air-cooled crossflow heat exchanger is a
complex task requiring the examination and optimization of a
wide variety of heat transfer surfaces. Smith [1] has listed
some typical advantages of direct cooling with air as com-
pared to cooling with water in a shell-and-tube exchanger.
Studies have shown that a poor choice of either the heat-
transfer surfaces or design parameters can more than double
the costs chargeable to a heat exchanger {2].

For the optimized design of heat exchangers with the
computer, reliable, but fast, calculation methods for the mean
overall heat-transfer coefficient and the overall pressure drops
are needed for the following reasons:

(a) Conventional simple methods using mean values of
temperatures as reference temperatures can lead to un-
desirable errors {3].

(b) Numerical stepwise integrations are prohibitively time
consuming.

A number of heat-exchanger design methods have been
proposed to determine the optimum heat-exchanger design.
Bergles et al. [4] performed an evaluation of different ob-
jective functions for compact heat exchangers with different
heat-transfer surfaces, but the same specifications. The
method did not inclpde any actual optimization techniques,
but results did show that a great improvement in heat-
exchanger performance can be made by proper selection of
design parameters.

The method of Fax and Mills [5] used Lagrange multipliers
to optimize a heat-exchanger design under specified con-
straints. This technique required that the objective function
and constraints be expressed explicitly and be differentiable
throughout the range of interest. The total number of con-
straints had to be less than the total number of variables, and
all constraints had to be equality constraints.

Mott et al. [2] discuss a computerized procedure for
designing a minimum cost heat exchanger. The method
minimizes a cost index expressed as a function of fluid
pumping power. The algorithm imposed no constraints. The
concepts and techniques of nonlinear programming have been
applied to optimizing the design of heat exchangers. Palen et
al. [6], in 1974, proposed using the Complex Method [7], for
the heat-exchanger optimization problem. They found a
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minimum cost shell-and-tube exchanger by varying six
geometrical parameters. The Complex Method requires
several feasible starting designs before optimization can be
performed.

Johnson et al. [8] coupled an existing shell-and-tube
condenser design code with a constrained function
minimization code to produce an automated marine con-
denser design program of vastly different complexity.

The most complete work to date has been accomplished by
Afimiwala [9]. He has applied various nonlinear program-
ming methods of optimization to the heat-exchanger design
problem, including an experimental interactive graphical
approach and exterior penalty function techniques. The
gradient-based search methods of Davidon-Fletcher-Powell
and conjugate gradient were used for the resulting un-
constrained minimizations. The exterior penalty method is
extremely useful, since an initial solution satisfying the
constraints is not required. The gradient based search
methods are efficient when considering computer time.

Finally, Fontein and Wassink [10] utilized the Simplex
Method of Nelder and Mead [11], and a steepest decent
method for optimizing a shell-and-tube exchanger.

It can be seen that although there are many methods that
have been presented for heat-exchanger optimization, each of
the methods has its own limitations; none is completely
general. Of all the design procedures cited above (those of
which are applicable to crossflow, air-cooled heat ex-
changers), all are limited to the 120 individual surfaces found
in the open literature [12] for the calculation of the airside
heat-transfer coefficient and friction factor. Therefore, the
designer is faced with choosing an optimum surface from a
number of individual optimal designs calculated from one of
the above methods. In addition, the above methods treat the
overall heat-transfer coefficient as a constant, or they become
involved with time-consuming numerical stepwise integrations
in an attempt to account for the varying heat-transfer
coefficients.

This paper tries to bridge this gap by presenting an op-
timization routine that: (a) selects an optimal surface; (b)
takes into account the varying heat-transfer coefficients and
friction factors across the exchanger; (c) performs each
analysis in an iterative-free manner, and may start with an
infeasible design. The emphasis here is on the iterative-free
analysis technique. Therefore, only a brief discussion of
numerical optimization is presented in the following section.
A more detailed discussion of the analysis technique is then
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given, followed by a representative design example. Ad-
ditional details may be found in reference [13].

Numerical Optimization

Almost all design problems require either the maximization
or the minimization of some parameter. This parameter is
usually called the design objective function. For example, the
problem may call for a heat exchanger with a minimum
" volume. The expression for volume would be the design
objective function. For the design to be acceptable, it must
satisfy certain constraints. For example, an air heater must be
designed so that it will fit into a given space. Therefore, the
engineer must set design constraints on the maximum size of
the exchanger.

Many numerical optimization techniques have been
developed specifically for computer utilization. These
techniques usually do not require a specific algebraic
equation, but rather any computer algorithm to which design
variables can be input and from which the objective function
and design constraint values can be determined is aceptable.
For this reason, nonlinear programming methods were chosen
for the air-cooled, heat-exchanger design. Some of these
techniques were summarized by Shah et al. [14].

An optimization program based upon the method of
feasible directions and the Augmented Lagrangian Multiplier
Method was chosen for this project [15, 16]. This program is
called control Program for Engineering Synthesis and
Constrained Function Minimization (COPES/CONMIN). It
is a well established general purpose nonlinear optimization
program that has been used extensively in numerous different
optimization applications including thermal engineering.
Therefore, for the heat-exchanger design problem, it was
necessary to develop a subroutine, ‘ANALIZ, which for a
given design, would analyze an air-cooled heat exchanger, and
which would be suitable for coupling with the optimizer.

In discussing optimization, the following definitions will be
useful:

1 Design Variables —those parameters which the op-

design. COPES/CONMIN can handle in excess of 200 design
variables!

2 Design Constraints —those parameters which must not
exceed given bounds for the design to be acceptable,
COPES/CONMIN can handle thousands of  design con-
straints.

3 Objective Function — the parameter which is going to be
minimized or maximized.

To couple the analysis subroutine directly to
COPES/CONMIN it is required that the subroutine name
ANALIZ be used. The heat-exchanger analysis which forms
the content of the subroutine ANALIZ for the present
problem is developed later in this paper.

The general nonlinear constrained optimization problem
can be written mathematically as follows [17]:

Minimize F(.X) )
Subject to:
g;(X)=0 j=l,m @
h (X)=0 k=1,1 3)
X=X <X i=l,n @

where the vector, X, is the vector of n design variables. The
objective function, F(X), given by equation (1), as well as the
constraint functions given by equations (2) and (3), may be
linear or nonlinear functions of the design variables. They
may be explicit or implicit functions of X, but must have
continuous first derivatives. The number of inequality
constraints is m, and / is the number of equality constraints.
Side constraints, X! and X¥, are the lower and upper bounds
placed on the design variables. Side constraints could be
included in equation (2), but are treated separately for ef-
ficiency. References [18-25] provide an extensive discussion
of numerical optimization techniques and their application to
engineering design.

Although the original version of COPES/CONMIN
performs very well with inequality constraints, equality
constraints such as

timization program can change in order to improve the e (X)=0
Nomenclature
Pr = Prandtl number, dimensionless
A = total heat transfer area, m Q = heat-transfer rate, W
Ay = free flow area - ius. mm .

cf;{ = specific heat, kJ/kg C Ig = ;ziltl-ltsr,ansfer resistance, Subscripts

C = heat capacity rate = rizc, W/C m? °C/W a = air

D = diameter, mm Re = Reynolds number based on tube ¢ = cold

f = friction factor, dimensionless i.d. or fin root diameter, f = fin

F = LMTD correction factor, dimensionless Jf = free face
dimensionless s = distance between adjacent fins, h = hot

g = gravitational acceleration, m/s? mm [ = inside

H = corrected heat transfer coef- S = fin spacing center-to-center, J = reference number, I or II
ficient, W/m2C mm ! = limiting

h = bank height, m t = finthickness, mm L = longitudinal

J = Colburn factor, St Pr?/3, T = temperature, °C : m = mean
dimensionless AT = temperature difference, °C 0 = outside

k = thermal conductivity, W/mC U = overall heat-transfer coef- p = pass

L = length,m ficient, W/m °C r = rows

! = fin height, mm w = bank width, m t = transverse

m = mass flow rate, kg/s no = surface efficiency, dimen- T = total

N = number of tubes sionless w = water

n = number of . . . (when used with 7, = fin efficiency, dimensionless Xx = cross-sectional (flow)
appropriate subscript) p = viscosity, Paes 1 = entering

p = pressure, Pa p = density, kg/m 2 = leaving

P = pitch, mm § = pitch angle (see Fig. 2) o = ambient
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Heat exchanger geometry

cannot be dealt with directly, but must be treated separately,
using a different method.

A recent addition to COPES (still in the development
stages), has put the Augmented Lagrangian Multiplier
method (ALM) at the disposal of the programmer. Because of
its good rate of convergence and its theoretical properties, the
ALM is preferred for equality constrained problems [26]. For
detailed explanation of the ALM, its background and
mathematical derivation, consult reference [26].

Heat Exchanger Analysis

To produce a complete detailed design package, an analysis
program for an air-cooled heat exchanger must be coupled
with a numerical optimization scheme. The analysis
subroutine should:

1 take into account the variation of heat-transfer coef-
ficients and differential pressure drop with temperature
and/or length of flow path;

2 beiterative free, if possible;

3 be written in such a manner that the optimizer will play a
role in surface selection.

With the number of design variables approaching the
practical limit, the importance of an iterative free analysis
subroutine cannot be overemphasized. The reason being, that
at the beginning of each design iteration in the optimization
routine CONMIN, the calculation of all gradients (of the
objective and each active constraint) requires a complete pass
through the heat-exchange analysis routine, ANALIZ.
Therefore, the computational time required by ANALIZ
directly affects the time required to reach the optimum.

Problem Formulation. The air-cooled heat exchanger is
shown schematically in Fig. 1. A crossflow arrangement with
both fluids unmixed was chosen. The energy balances and
heat-transfer rate. equation for the heat exchanger can be
written as:

Q3 = macp,a ( Tc,2 - Tc‘,l) (5)
Q4= 11,,Cpy (Tiy = T2) ®)
Qs =U,AAT, (7

where #i1,, T.., T, and ri1,,, T}, T}, are the fluid mass flow-

rates, entering temperatures, and exit temperatures of air and

Journal of Heat Transfer

water, respectively. U, is the true mean overall heat-transfer
coefficient based on the outside root tube area, A is the total
heat transfer surface area of the exchanger used to compute
U,,, and AT, is the mean temperature difference of the ex-
changer (MTD).

The optimizer will manipulate the design variables in order
to find an optimum, while at the same time, insuring that the
energy balance is satisfied, that is:

0=0;=04=0s (8)
where  may be some given heat transfer rate.

Performance Calculation Procedure. With the tem-
peratures, mass flow rates, and specific heats all specified in
the listing of design parameters (whether they be constant or
variable), the only unknown quantities on the right-hand side
of equations (5-7) are U,,,, A, and AT,,.

For many flow arrangements, various approaches for
determining MTD, mainly using diagrams, are available [27],
which have proven very useful in manual design efforts. For
computerized design, however, an explicit, approximate
equation is desirable in order to achieve a fast, sufficiently
accurate calculation of the mean temperature difference of a
given flow arrangement.

Roetzel et al. [28], presented such an approximate equation
together with empirical coefficients for nine counter-current
crossflow arrangements as they apply to air-cooled heat
exchangers.

Roetzel used the familiar equation for the MTD of the
given flow arrangement AT,:

AT, =F+AT,, ©)
where AT, is the log mean temperature difference in the
limiting case of pure countercurrent flow, and Fis a log-mean
temperature difference correction factor determined by a

different set of coefficients for each flow arrangement.
Roetzel reported the following function suitable for F:

m h

F=1-Y, ¥ ay(-»,,)*sin(2iarctan R) (10)
i=1 k=1 '
where », ,, is the dimensionless LMTD,

ATl,m (1 1)

Vg =

b Ty =Te,

y P

R=tnt = ha (12)

Tc,2 - Tc,l

and the coefficients a;, of the approximating equation (10),
were calculated using a standard least squares estimation
program [29], and are reported in reference [28]. The
assumption that both streams were unmixed was used in their
calculation.

When more than four tubeside passes are used, it is
assumed that the heat exchanger has approached the limiting
case of pure counterflow, and F'is set equal to one [2].

Having determined the MTD, the remainder of the analysis
procedure follows Roetzel’s [30] general approximation
method for determining the mean overall heat-transfer
coefficient, U,,, for any flow arrangement while taking into
account the variation of the heat-transfer coefficients and the
pressure drop with temperature and/or length of path.

Before continuing with specific analysis procedures, a brief
summary of Roetzel’s general approximation method is in
order.

The local overall heat-transfer coefficient based on the
outside root tube area can be written as follows:

1
U= (13)
AO 1 Aoln(ro/ri) 1
Ai Hi 27rkL Ho')')o
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where %, is the efficiency of the extended surface.
In order to determine the individual convection heat-
transfer (film) coefficients, H; and H,, according to the

conventional methods, the coefficients would be considered

constant, and the necessary fluid properties for their
calculation would be evaluated at some mean bulk tem-
peratures, T, , and T,

However, the film coefficients are not constant, but vary ‘

with temperature and/or length of flow path. Roetzel has
taken these variations into account with the use of corrected
reference temperatures. Two sets of corrected reference
temperatures are determined: 77, ;, T,y and T 51, T 5. Details
of the determination of these reference temperatures can be
found in references [31] and [32]. Therefore, for each set of
corrected reference temperatures, the film coefficients are
determined in the conventional manner using the reference
temperatures in place of the bulk temperatures.

With the film coefficients H,;, Hy,, H;; and H,y, two
local overall heat-transfer coefficients, U; and Uy can be
calculated from equation (13).

Finally, the true mean overall heat-transfer coefficient is
calculated as:

1 1[ 1 N 1 ] (14)
Um 2 Ul UII

The corrected reference temperatures are now used to
determine the thermal conductivities and absolute viscosities
of fluids for later use in the calculation of the film coef-
ficients. Water and air were chosen as two fluids that were
likely to be involved in air-cooled, heat-exchanger design. The
thermal conductivities of air and water and the viscosity of air
can be approximated by a second-order polynomial.

Calculations for the tubeside heat-transfer coefficient in the
laminar, transition, and turbulent regions all involve a
correction, such as (u/pw)®'¢. In the past, an iterative
procedure was required to determine the inside tube wall
temperature in order to evaluate u,,;. Roetzel [34] has
developed an iteration-free method for determining this
correction. Roetzel’s method assumes that the tubeside fluid
viscosity follows the Andrade equation, that is:

p=aefT (15)
The tubeside heat-transfer coefficient is calculated from

one of three Nusselt-type empirical equations, as follows [33]:
For laminar flow, Reynolds Number < 2,100

HD[ D. 1/3 U 0.14
——=1.86<RePr—'> ( ) (16)
k L Pewalt
For transition regions, 2,100 < Re < 10,000
HD;
T’ =0.116[Re?3 - 125][1
D\ 23 0.14
+(——') ]Pr'/3< s ) a7
L Pewall
For turbulent flow, Re > 10,000
HD 0.25
0 20.027 Re8Pr!? (L) (18)
k Hwall

Therefore, before any calculations can even begin, the
Reynolds number, Re, must be computed to determine the
type of flow.

The Reynolds number will be calculated as

_ Dym,,
Ax#h,/

D;, m,, are supplied in the initial list of parameters and p,, is
calculated from equation (15). This leaves only the cross-
sectional flow area, 4., to be determined, where:

Rej
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wD;?
AX =Np T
and N, is the number of tubes per pass. With Re calculated,
the Prandtl number is computed from given and previously
determined thermophysical properties.

The uncorrected tubeside heat-transfer coefficients, H; ;,
that is H, ; without the viscosity correction factor, can be
calculated from the proper choice of equations (16-18).
Before the viscosity correction factor can be determined using
Roetzel’s method, the outside heat-transfer resistance, R,
must be computed. :

Equation (13) can be written in a more gener form as

1
"~ Ri+Ryu +R,

where R;, R,, R, are the inside, wall, and outside heat-
transfer resistances, respectively. Additional resistances, such
as contact or fouling, can also be added here.

In order to have the optimization program play a
significant role in the selection of an optimized surface for a
finned tube heat exchanger, an explicit equation for H, in-
volving the tube and bank design parameters as independent
variables is a necessity. )

In the past, comparison methods, as described by Shah
[35], were used to choose the best surface from a list of
surfaces for which experimental heat-transfer and friction
data existed. The data is presented in graphical form, where
friction and Colburn factors are plotted as a function of
Reynolds Number. With J, r1,, ¢, and Pr known, the film
coefficient can be computed.

Therefore, in previous heat-exchanger optimization
programs, a given surface (described by its pitch, outside fin
diameter, fin thickness, fin spacing, and outside tube
diameter) had to be chosen beforehand. After the surface
configuration had been selected, expressions for f and J were
obtained by fitting polynomials to the experimental data
described earlier.

Briggs and Young [36] provide a means of getting past this
obstacle with an improved convection heat-transfer
correlation for air flowing across triangular pitch banks of
high finned tubes, as shown in Fig. 2.

Briggs and Young expanded the work of Ward and Young
[37] to cover a total of eighteen differently configured finned
tube banks in order to determine the effect of fin thickness
and tube pitch on the airside heat-transfer coefficient. The
heat-transfer data for the high-fin banks were correlated to
give

U (19)
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N, =

H 0.296
%) 20)

Hu,iDa _ o 1378 Rev 118y 13 ( =
k; /
where s is the distance between adjacent fins and / is the fin
height. Equation (20) is based on tubes having a wide range of
fins heights, fin thicknesses, fin spacing, and outside tube
diameter, and can be used to predict H, ; for a bank of tubes
six rows deep. Figure 11 of reference [37] is used to correct
H, ; for banks of other than six rows.

In order to calculate the outside heat-transfer resistance,
which will be used to calculate the correction for the tubeside
heat-transfer coefficient, and finally, the local overall heat-
transfer coefficients, the extended surface efficiency, 5,, must
be computed.

The surface efficiency can be expressed as [33]

A
770=1‘Zf(1_77f)

where 7, the fin efficiency for a radial fin, can be found from
the analytical form involving modified Bessel functions [33].

The finned area, 4, and the total heat-transfer area, A4, are
computed as follows:

i

Ay = Npwn, 2 (D =D

A = NTW[n,%r (D> -Dy?)+(1 —nft)7rD0]
With R calculated from equation (19), the correction to the
tubeside film coefficient can be made.

In the past, with the tubeside heat-transfer coefficient
dependent on the wall temperature, the dependence has either
been neglected, or the wall temperature has been calculated
with an iterative technique. Roetzel [34] has proposed an
improved iterative-free method for finding the ¢‘Sieder-Tate”’
correction, (u/py.)®'%, when the tubeside fluid obeys An-
drade’s viscosity equation.

All the parameters on the right-hand side of equation (19)
are now available. Therefore, the two reference overall heat-
transfer coefficients, Uy and Uy;, can be calculated. The mean
overall heat-transfer coefficient follows easily from equation
(14). With U,,, Qs can be calculated, with the heat balance to
be performed by the optimizer.

The final calculations before computing objective and
constraint functions for the optimization problem involve the
pressure drops in the heat exchanger.

The basic equations that will be used for the calculation of
the pressure losses are as follows:

(a) Tubeside [33]
fimiwn,

u)“
I

wall

(np - l)mlzl

Ap;=
’ 2g.A% p

@1

28,4200 (

where z = 0.14 below Re = 2100 and z = 1.25 for Re greater
than 2100.
(b) Airside [38]
_ fo”r”"g
}fgcp
where A ;- is the minimum flow area.
The friction factor for the tubeside flow, f;, is taken from
Fig. 9.5 of reference [33], assuming fully developed flow. For
use on the computer, an explicit expression for f was obtained

by fitting a line and an exponential to the experimental data of
Fig. 9.5. This follows

fi=64/R,
f,=0.46 R, 07

Apq @2)

R, <1000
R, =1000
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Just as in the case of the airside film coefficient, for surface
optimization on the computer, an explicit equation for the
airside friction factor, f;, is desirable. Robinson and Briggs
[38], presented such an expression for f;, for air flowing across
triangular pitch banks of finned tubes. Robinson and Briggs’s
work closely parallels that of Briggs and Young [36]. The
Robinson-Briggs Correlation

fO =18.93 Re _0‘3‘6(P,/D0)"0'927(P,/PL)0'515 (23)

covers the range of tube sizes and pitches used in air-cooled
heat exchangers [38].

Therefore, with Re; and Rey;, the four reference pressure
drops, 4p, ; and Ap, ;, may be computed from equations (21)
and (22). Following Roetzel’s general approximation method:

Ap, = gﬂ [Api,l + Api,[]]
‘ 2 UI UII

For a gas, an additional correction is needed because the

density in equation (23) is strongly dependent on pressure,

which is changing through the exchanger. Using the inlet
pressure as reference

wim [+
Ap0=[1—<1—2%>m] 24)

All the necessary information from an analysis viewpoint
has now been calculated. Functions needed for the numerical
optimization process follow.

The choice of objective functions for minimization are
defined as follows:

(@) Volume=w h [D,+ (n,—1) P cosb]
where

@25

6 =arcsin(P,/2P;)
(b) Heat-transfer area

3 t
=NTW[2—S (sz*DOZ)“‘ (1 - ’s_)'IrDo]

1377]
(¢) Air horsepower = APy g

(d) Airside pressure drop
(e) Tubeside pressure drop

Results

Case studies were chosen as the best way to test the
capabilities of the program for Heat Exchanger Design using
Numerical Optimization (HEDSUP). The design problems
posed were made as realistic as possible.

HEDSUP currently has the capability to design for nine
different configurations of triangular pitch banks of finned
tubes:

TYPE 1-1Row,1PASS
TYPE 2-2Row,1PASS
TYPE 3-3Row,1PASS
TYPE 4—-4Row, 1 PASS

TYPE
TYPE

5—-2Row, 2 PASS
6—3 Row, 3 PASS
TYPE 7-4Row, 2PASS
TYPE 8--4Row, 4 PASS
TYPE 10— PURE COUNTERFLOW

Type 10 will include exchangers with a configuration of n
rows, n passes, where n can go from five to twenty.

The banks must be constructed of high-finned tubes (! >
1.59 mm [33]) with the fins having rectangular profile of
constant thickness.
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At present, HEDSUP can provide the design parameters for
an air-cooled heat exchanger optimized for any one of the
following design objectives:

(a) Minimum volume

(b) Minimum heat-transfer surface area
(¢) Minimum air horsepower

(d) Minimum airside pressure drop

(¢) Minimum tubeside pressure drop

Additional design objectives can be used, provided that they
can be expressed as a function of the design variables. It
should also be pointed out that any design variable may
simultaneously be a design objective as long as it conforms to
the restrictions of both. For example, an exchanger may be

The design variables must be singled out and given side
constraints. All parameters must be given an initial value and
only the values of the design variables will change.

Assuming constant specific heats, the mass flow rates of
both fluids can be determined because the heat-transfer rate
and temperature differences are given

Q

m,=——— =16.8kg/s
p,hATh
. Q
w,=-——— =150kg/
C, AT, &/s

A crossflow arrangement, fin profile, and tube material
must be chosen.
The design variables for this example are

5.89 <D, <59.06 mm

6.1 =D;=<63.5mm

1.59=</

0.25=<¢=<0.597 mm

2.0 =5=<3.18 mm

0.0

=P, <102.0 mm

0.0 =P,=<102.0mm ' =0.58mm
0.0 =w=12.6mm St =2.82mm
0.0 <h<12.7mm P,' =54.0mm
D,/ =50.8mm P, =102.0mm
Dy’ =50.8 mm w! =12.34 mm
/' =11.7mm A =8.9mm

designed for minimum bank height.

The airside fluid is restricted to dry air. The tubeside fluid is
presently limited to water in single phase. Other tubeside
fluids can be used by HEDSUP, provided that their viscosities
obey Andrade’s Law and the fluid thermal conductivities can
be expressed as a function of temperature. The fluid specific
gravity would also have to be placed in the denominator of
equation (21).

Case Study. An air-cooled heat exchanger is to be designed
for minimum volume with a heat-transfer rate 2.93 x 105 W
(107 Btu/hr). Water is to be cooled from 93.4°C (200°F) to
51.7°C (125°F). Dry air will enter the exchanger at 35°C
(95°F) and leave at 54.4°C (130°F). Specifications call for a
fan that can produce a pressure difference of 498 Pa (2 in.
H,0). Although air outlet temperature and air mass flow rate
are design variables in an air-cooled heat exchanger, these are
fixed in this specific problem used to illustrate the procedure.
They could have been considered as design variables.

The side constraints on the design variables are of a practical
nature with the exception of the lower bounds on fin height.
Recall that the use of equation (20) is restricted to high fins.
High fins will also tend to keep the fluid unmixed, which was
an assumption used when defining the coefficients «; ,, used
in equation (16).

From the problem statement, the airside pressure drop must
be less than 498 Pa.

0=Ap,<498 Pa

From a practical standpoint:
0.0=6=1.3,1.0=D,/Dy=<2.5

Dy -D,
0.46 < (—"—i——) <4.6mm, p,, <956 p,

The equality constraint

Q5/Q=10

Table1l Case study results

my = 16.8kg/s m, = 150kg/s Rectangular fin profile
Ty, = 93.3°C T, = 35°C Aluminum fins
Thy = 517°C Te, = 54.4°C Copper tubes
0=2.93x10°W

Initial

design 3 ROW 2ROW 3ROW 4ROW 2ROW 4ROW 4 ROW 5 ROW

TYPE 1 3 PASS 1 PASS 1 PASS 1 PASS 2 PASS 2 PASS 4 PASS 5 PASS
D, mm 50.8 12.19 27.84 18.62 11.28 17.17 13.69 13.59 14.55
Dy, mm 63.5 13.28 28.8 19.61 12.22 18.29 14.63 14.61 15.47
/, mm 11.7 2.09 9.98 7.39 7.01 4,11 3.25 2.17 1.86
t, mm 0.58 0.40 0.60 0.60 0.55 0.55 0.53 0.44 0.42
S, mm 2.82 2.03 2.03 2.03 2.03 2.03 2.03 2.03 2.03
P,, mm 102 18.8 48.8 34.6 29.5 26.5 25.9 23.4 26.5
P;,mm 54 18.0 48.9 35.9 26.4 26.4 26.5 19.9 20.3
h, m 8.9 12.69 5.69 4.42 3.95 8.69 6.06 12.70 12.68
w, m 12.45 3.07 9.49 5.82 4.97 7.25 4.73 2.70 2.52
QW 3 6052021 2929416 2930457 2930867 2928756 2930157 2930689 2930702 2930499
Volume, m 15.66 1.87 4.93 2.50 1.81 3.12 2.06 2.30 2.58

Optimum
design
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where
QS = UmA ATm
=2.93x 106W

will satisfy the heat balance.

A three-dimensional design matrix can now be constructed
of optimum exchanger designs with minimum volumes. The
matrix would be constructéd by first holding the tube and fin
materials constant and varying the configuration, i.e., Type 1,
Type 2, Type 3, etc. Next the tube material would be varied
with the fin material and exchanger configuration held
constant and so forth, However, for this case study, the tube
material will be chosen as copper, £ = 346 W/m C and the fin
material will be aluminum, & = 204 W/m C. Also, in order to
simulate an actual trade-off study, the constraint framework
will be fixed throughout the individual case studies.

The design matrix is presented in Table 1. The optimum
design is a Type 4 configuration and shown in Fig. 3.
Typically, for this case study, when starting far from the final
design, COPES/CONMIN would require approximately 1700
calls to ANALIZ to reach an optimum. However, when
beginning from a reasonable starting point only 600 calls were
needed. Note that each call to ANALIZ required ap-
proximately 0.06 s of CPU time on an IBM 360/67.

Conclusions

The intent of this investigation was to couple an analysis
program with a numerical optimization. scheme,
COPES/CONMIN, to produce a complete, detailed design
program (HEDSUP) for an air-cooled heat exchanger. In
addition, the analysis program was to be written such that: (/)
the variation in the film coefficients with temperature/length
of flow path would be taken into account; (ii) the surface

Journal of Heat Transfer

would be optimized; and (i) it would be iterative free and
thus minimize the computer time required during an actual
trade-off study.

Although COPES/CONMIN could optimize the objective
function satisfying the inequality constraints, a reliable heat
balance could not be obtained. The solution to this problem
was the addition of the ALM option to COPES. In this way,
the method of feasible directions, which works best with
inequality constraints, was used to satisfy this type of con-
straint. The multiplier method, which works best with
equality constraints, was used to perform the heat balance.

The results of the case studies show that HEDSUP will yield
reliable designs for various design objectives and problems
with only minor man-machine interaction.

The value of numerical optimization in a design problem of
this size cannot be overemphasized. For example, in the case
study, the problem is taking place in a nine-dimensional
design space and intuition on how an optimized design
“‘should’” turn out is quickly lost. This capability of surface
optimization is dependent upon the use of the Briggs-Young
and Robinson-Briggs Correlations, equations (20) and (22),
respectively. The reliability of the correlations as compared to
the ‘‘conventional” method, using charts and graphs, is
questionable. Actual experimental data for a particular tube
and pitch will always be the most useful in predicting pressure
drop and film coefficients across banks of finned tubes.
However, the correlations mentioned above cover the ranges
and pitches used in air-cooled heat exchangers and should
therefore be sufficiently accurate in predicting H, and Ap,,.

References

1 Smith, E. C., *‘Air-Cooled Heat Exchangers,”’
Nov. 17, 1958, pp. 145-150. .

2 Mott, J. E., Person, J. T., and Brock, W. R., ““Computerized Design of
a Minimum Cost Heat Exchanger,”” ASME Paper 72-HT-26, 1972,

3 Nakayama, E. U., “Find the Best Air Fin Cooler Design,”’ Petroleum
Refiner, Vol. 38, No. 4, Apr. 1959, pp. 109-114.

4 Bergles, A. E., Blumenkrantz, A. R., and Taborek, J., Proceedings of the
Fifth International Heat Transfer Conference, Vol. 11, 1974, pp. 239-243,

5 Fax, D. H., and Miils, R, R., Jr., ““Generalized Optimal Heat Exchanger
Design,”” ASME Trans., Vol. 79, 1957, pp. 653-661.

6 Palen, J. W,, Cham, T. P., and Taborek, J., **Optimization of Sheli-and-
Tube Heat Exchangers by Case Study Method,”” Chemical Engineering
Progress Symposium Series, Vol. 70, No, 138, 1974, pp. 205-214.

7 Box, M. J., “A New Method of Constrained Optimization and Com-
parisons with Other Methods,”” The Computer Journai, Vol. 8, 1965, pp.
42-52.

8 Johnson, C. M., Vanderplaats, G. N.,
Condenser Design Using Numerical Optimization,”
Design, Vol. 102, 1980, pp. 469-475.

9 Afimiwala, K, A., Interactive Computer Metliods for Design Op-
timization, Ph.D. thesis, Mechanical Engineering Department, State University
of New York at Buffalo, 1976.

10 Fontein, H. J., and Wassink, J. G., *'The Economically Optimal Design
of Heat Exchangers,”” Engineering and Process Economics, Vol. 3, 1978, pp.
141-149,

11 Nelder, J. A., and Mead, R.,, “A Simplex Method for Function
Minimization,” Computer Journal, Vol. 7, 1965, pp. 308-313.

12 Kays, W. M,, and London, A. L., Compact Heat Exchangers, 2nd ed.,
McGraw-Hill, 1964.

13 Hedderich, C. P., “Heat Exchanger Optimization,”” M.S. thesis,
Mechanical Engineering Department, Naval Postgraduate School, Monterey,
Calif., Sept. 1980.

14 Shah, R. K., Afimiwala, K. A., and Mayne, R. W, *“Heat Exchanger
Optimization,”” Proceedings of the Sixth International Heat Transfer Con-
ference, Vol. 4, 1978, pp. 185-191.

15 Vanderplaats, G. N., “CONMIN—A FORTRAN Program for Con-
strained Function Minimization, User’s Manual,’”” NASA Ames Research
Center Technical Memorandum, NASA TM X-62, 282, Aug. 1973.

16 Madsen, L., and Vanderplaats, G. N., *“COPES—A Conirol Program
for Engineering Synthesis Users Manual,”” Naval Post-graduate School
Technical Report NPS-69-81-003 VN, Monterey, Calif., July 1981.

17 Vanderplaats, G. N., “The Computer Design and Optimization,” in
Computing in Applied Mechanics, ASME Symposium, AMD—Vol. 18,
ASME, New York, Dec. 1976.

18 Himmelblau, D. M., Applied Nonlinear Programming, McGraw-Hill,
1972.

Chemical Engineering,

and Marto, P. J., “Marine
Journal of Mechanical

”

NOVEMBER 1982, Vol. 104/ 689

Downloaded 19 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



19 Fox, R. L., Optimization Methods for Engineering Design, Addison-
Wesley, 1971,

20 Pierre, D. A., and Lowe, M. J., Mathematical Programming Via
Augmented Lagrangians, Addison-Wesley, Reading, Mass., 1975.

21 Johnson, C. M., “Marine Steam Condenser Design Using Numerical-

Optimization,”” M.S. thesis, Mechanical Engineering Department, Naval
Postgraduate School, Dec. 1977,

22 Fletcher, R., and Reeves, C, M., “Function Minimization by Conjugate

Directions,’’ British Computer Journal, Vol. 7, No. 2, 1964, pp. 149-154,

23 Zoutendijk, G. G., Methods of Feasible Directions, Elsevier, Am-
sterdam, 1960,

24 Vanderplaats, G. N., and Moses, F., ‘“‘Structural Optimization by
Methods of Feasible Directions,”’ Journal of Computers and Structures, Vol. 3,
1973, pp. 739-755. )

25 Vanderplaats, G. N., Hicks, R. N., and Murman, E. M., ““Aerodynamic
Analysis Requiring Advanced Computers NASA SP-347: Part II—
Appplication of Numerical Optimization Techniques to Airfoil Design,”’ Mar.
1975, pp. 749-748.

26 Imai, K., “Configuration Optimization of Trusses by the Multiplier
Method,”’ Ph.D. thesis, University of California at Los Angeles, June 1978.

27 Bowman, R. A, Mueller, A, C., and Nagle, W. M., ‘“Mean Temperature
Difference in Design,’’ Trans. ASME, Vol. 62, May 1940, pp. 283-294,

28 Roetzel, W., and Nicole, F. J. L., “Mean Temperature Difference for
Heat Exchanger Design—A General Approximation Explicit Equation,”’
JoURNAL oF HEAT TRANSFER, Vol. 97, 1975, pp. 5-8.

29 Middleton, J. A., ““Least-Squares Estimation of Nonlinear Parameters—
NLIN,** Share Program Library Agency, Program Order No. 360D-13,2.003.

690/ Vol. 104, NOVEMBER 1982

30 Roetzel, W., “Heat Exchanger Design With Variable Transfer Coef-
ficients for Crossflow and Mixed Flow Arrangements,”’ International Journal
of Heat Transfer, Vol. 17, 1947, pp. 1037-1049.

31 Roetzel, W., ‘‘Berucksichtigung veranderlicher Warmeuber-
gangskowffizienten und Warmekapazitaten bei der Bemessung von War-
meastaushern,’” Warme-und Stoffubertragung, Vol, 2, 1969, pp. 163-170.

32 Roetzel, W., “Calculation of Single Phase Pressure Drop in Heat Ex-
changers Considering the Change of Fluid Properties Along the Flow Path,”
Warme-und Stoffubertragung, Vol. 6, 1973, pp. 3-13.

33 Kern, D. Q., and Kraus, A, D., Extended Surface Heat Transfer,
MecGraw-Hill, 1972.

34 Roetzel, W., “‘Iteration-Free Calculation of Heat Transfer Coefficients in
Heat Exchangers,”” Chemical Engineering Journal, Vol. 13, 1977, pp. 223-237.

35 Shah, R. K., *“Compact Heat Exchanger Surface Selection Method,”
Proceedings of the Sixth International Heat Transfer Conference, Vol. 4, 1978,
pp. 193-199.

36 Briggs, D. E., and Young, E. H., “Convection Heat Transfer and
Pressure Drop of Air Flowing Across Triangular Pitch Banks of Finned
Tubes,”” Chemical Engineering Progress Symposium Series, Vol. 59, No. 41,
1963, pp. 1-10. '

37 Ward, D. J., and Young, E. H., ““Heat Transfer and Pressure Drop of
Air in Forced Convection Across Triangular Pitch Banks of Finned Tubes,”
Chemical Engineering Progress Symposium Series, Vol. 55, No. 29, 1959, pp.
37-44,

38 Robinson, K. E., and Briggs, D. E., “Pressure Drop of Air Flowing
Across Triangular Pitch Banks of Finned Tubes,”” Chemical Engineering
Progress Symposium Series, Vol. 62, No. 64, 1966, pp. 177-184.

Transactions of the ASME

Downloaded 19 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



E. M. Sparrow
Fellow ASME

R. Ruiz

Department of Mechanical
Engineering,

University of Minnesota,
Minneapolis, Minn. 55455

row.

Introduction

Flow maldistribution is a widely encountered operational
problem in heat-exchanger practice. In general,
maldistribution may be classified in two categories, depending
on whether the fluid flow which enters the heat exchanger is
maldistributed or whether the maldistribution is induced
within the heat exchanger itself. The focus of the present
paper is on maldistributed entering flows, illustrations of
which will be described shortly. Internally induced
maldistributions are caused by geometrical irregularities and
imperfections, which give rise, for example, to leakage and
bypass in shell and tube heat exchangers, and by differential
heating, which is of particular relevance in laminar heat
exchangers employing viscous liquids.

There are numerous causes of possible maldistributions in
the flow that is delivered to the inlet cross section of a heat
exchanger. If the inlet were situated downstream of a bend or
an elbow, the nonuniform packing of the flow in the bend
would be reflected in a nonuniform distribution across the
inlet. Furthermore, secondary motions (i.e., corkscrewlike
motions) are generated in bends and turns, and such motions
further complicate the flow entering the heat exchanger.
Overly rapid enlargements of the ductwork which feeds a heat
exchanger will give rise to zones of flow separation and
recirculation which are carried into the exchanger inlet.
Partially open valves and misaligned baffles are sources of
nonuniform flow, and the eddies shed from these devices
constitute a further degree of complexity. In applications
where a heat exchanger is fed from the exhaust of a rotating
device such as a gas turbine, there will be a strong swirl
superposed on the inlet flow.

The foregoing slate of physical situations which favor
maldistributed inlet flows is illustrative rather than
exhaustive. Furthermore, the agents causing maldistribution
are often compounded, as seen, for example, in a swirling
flow delivered to a heat exchanger via a bend and an overly
rapid enlargement.

Waste heat recovery 'systems, which have become an
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Effect of Blockage-Induced Flow
Maldistribution on the Heat
Transfer and Pressure Drop in a
Tube Bank

Detailed experiments, encompassing per-tube heat-transfer measurements and row-
by-row pressure measurements, were performed to investigate the response of a
tube bank to maldistribution of the flow at the inlet cross section. The
maldistribution was created by a partial blockage of the inlet section. Baseline
experiments for uniformly distributed inlet flow were also carried out. The ex-
periments spanned an order of magnitude range in the Reynolds number. On the
whole, the inlet-section flow maldistribution tends to enhance the heat transfer at a
given Reynolds number, with an accompanying additional pressure drop of about
2Y4 velocity heads. Enhancements in the 30-40 percent range are encountered in the
first several rows in the corridor downstream of the unblocked portion of the inlet
section. Reductions (up to 50 percent) are confined to a narrow alley behind the
blockage. Ten-percent maldistribution-related effects persist to the seventh row,
while effects at the 5 percent level occur at least as far downstream as the twelfth

essential factor in effective energy management, are especially
vulnerable to pathological ducting arrangements for delivery
of hot gases to the heat-exchanger inlet. This is because such
systems are often retrofitted in an existing plant site and, as a
consequence, both the ductwork and the heat exchanger have
to be adaptive to the available space. Even in new in-
stallations, the size of waste heat systems and the cost of
physical space often leads to nonideal ducting arrangements.

The importance of maldistributed inlet flows is widely
recognized among heat-exchanger practitioners (e.g., [1, 2]),
but the complexity of the problem appears to have been a
deterrent to research at a fundamental level. The work
reported in the published literature is mainly focused on
estimating the effects of the maldistribution by employing
analytical models in which the heat-transfer coefficients,
needed as input, are based strictly on assumption (e.g., [3-6]).
For example, heat-transfer coefficients for uniformly
distributed flows have been employed, while in others, a
simple power-law relation between the transfer coefficient
and the mass velocity is assumed to hold. It does not appear
that detailed measurements have heretofore been made of the
transfer coefficients in heat exchangers subject to a
maldistributed inlet flow.

In the research to be reported here, experiments are per-
formed in which, seemingly for the first time, heat-transfer
coefficients are measured internal to a heat exchanger with a
maldistributed inlet flow. In planning the research program, it
appeared most appropriate to model a generic type of
maldistribution rather than to reproduce one of the myriad of
specific maldistribution arrangements that occur in practice.
The heat-exchanger configuration to be studied here is, itself,
generic —a tube bank through which air passes in crossflow.
Attention will be focused on the heat-transfer characteristics
of the flow external to the tubes (in contrast to the internal
flow).

The special feature of the research is that heat-transfer
coefficients were measured at each of the individual tubes of
the array. These detailed measurements were performed for
both the maldistributed flow and for the case of a uniformly
distributed flow, both at the same Reynolds numbers. The
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Fig.1 Photograph of the test section and the afterduct
per-tube heat-transfer coefficients in the presence of the
maldistribution were ratioed with the corresponding coef-
ficients for the uniform flow. The deviation of each ratio
from unity provides an immediate index of the effect of the
maldistributed inlet flow in either degrading or enhancing the
per-tube heat-transfer coefficient.

The aforementioned ratios are presented on a plan view of
the tube bank, with each tube being inscribed with its in-
dividual ratio. In this presentation, zones of enhancement and
degradation are readily identified. In addition, the
propagation of the inlet section maldistribution through the
heat exchanger can be observed, as can the homogenization of
the flow as the maldistribution wanes.

In the experiments, the maldistribution was created by a
partial blockage of the inlet cross section of the heat ex-
changer. Owing to the inability of the entering flow to turn
sharply and fill the space downstream of the blockage, a low-
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Fig.2 Schematic diagram of the front face of the test section

velocity recirculation zone is set up. On the other hand, the
flow passing through the unconstricted portion of the inlet
section creates an alley of relatively high velocity fluid that
penetrates the heat exchanger. To create a severe case of
maldistribution, the experiments were performed with an
inlet-section blockage of 50 percent. The Reynolds number
was varied over an order of magnitude during the course of
the experiments.

In order to obtain the detailed information described in the
foregoing, it was found advantageous to perform mass-
transfer experiments rather than direct heat-transfer ex-
periments. The naphthalene sublimation technique was used
in the mass-transfer experiments, and the mass-transfer
coefficients were converted to heat-transfer coefficients by
employing the analogy between the two processes. As the first
order of business in the experimental program, the validity of
the analogy was examined by comparisons of the present
results for uniform inflow with well established results in the
heat-transfer literature. The remarkable level of agreement
that emerged from these comparisons provides unassailable
support for the use of the analogy in heat-exchanger work.

In addition to the heat and mass-transfer studies, the
pressure drop was measured as a function of position along
the length of the heat exchanger, both for the maldistributed
and uniform flow cases. The comparison of the results
enables identification of the incremental pressure drop due to
the flow maldistribution. These multi-station internal
pressure measurements represent a departure from con-

Nomenclature
Apnin = minimum free flow area
between tubes Nu = Nusselt number
Auapn = per-tube mass-transfer area Pr Prandtl number
D = tube outside diameter p pressure w = rate of fluid flow through
® = naphthalene-air diffusion Pw pressure upstream of array array
coefficient Ap pressure drop, (D, —p{(x)) x = axial coordinate
f = friction factor, equation Re Reynolds number, pVD/u § = viscosity
(11) Sc Schmidt number v = kinematic viscosity
K = per-tube mass-transfer Sh = per-tube Sherwood p = air density
coefficient, #1/(0,, — Pnp) number, KD/D pnp = naphthalene vapor density
AM = per-tube change of mass - S; = longitudinal pitch in bulk flow
m = per-tube rate of mass Sr transverse pitch pnw = naphthalene vapor density
transfer per unit area V characteristic  velocity, at tube surface
N = row number W/ pA min 7 = duration of data run
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Fig. 3 Plan view of the test section with the top wall removed

ventional heat-exchanger practice where pressure
measurements are made only before and after the exchanger.

The Experiments

Experimental apparatus. The description of the ex-
perimental apparatus is facilitated by reference to Figs. 1-3.
The first of these is a photograph of the test section and
related downstream ductwork (hereafter designated as the
afterduct). Figures 2 and 3 are schematic diagrams showing
various details of the test section.

In Fig. 1, the test section is the portion of the apparatus that
is forward of the flange. The photograph was taken with the
inlet cross section unblocked, and the first row of tubes can be
seen through the open inlet. Another feature of the test
section that is evident in Fig. 1 is that the top wall is
removable. In connection with the removable top, there are
three quick-release clamps affixed to the upper edge of the
respective side walls. When the clamps are closed, they bear
down on the top wall, causing it to seal against O-rings. With
the opening of the clamps, the top wall can be removed in a
matter of seconds with the aid of the specially machined
handles that are attached to the wall. A row of static pressure
taps, deployed along the spanwise centerline of the top wall,
can also be seen in Fig. 1.

Figure 2 is a schematic diagram of the front face of the test
section, with the blockage in place (but shown as semitrans-
parent in order to reveal the parts that are situated behind the
blockage). As seen in the figure, the test section is a square
duct whose lower and side walls were fabricated from thick
aluminum plates (2.54 cm, 1 in.) to enable laps to be cut for
interleaving the walls and ensuring precise positioning. Laps
at the outer edges of the bottom wall provided seating for the
side walls and, in turn, laps at the upper edges of the side walls
seated the top wall. These laps also served as flats into which
the O-ring grooves were milled. All surfaces of the duct walls
which interface with the airflow were painstakingly polished
with 600-grit wet or dry sandpaper (used wet) as the final step
of the fabrication process.

The spanwise arrangement of the tubes in the first row can
be seen in Fig. 2. This arrangement, which is repeated in the
third, fifth, and all other odd rows, includes five regular tubes
(away from the side walls) and a half tube adjacent to each of
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the side walls. The wall-adjacent half tubes were employed to
more closely model an infinitely wide array, and the success of
this approach will be documented later.

A plan view of the test section with the top wall removed
and without the blockage in place is presented in Fig. 3; also,
for clarity, the quick-opening clamps are not shown. This
figure illustrates the layout of the tube bank. The tubes are
seen to be positioned in a staggered array, with six tubes in
each row. Precise, positive positioning of the tubes was en-
sured by seating them in holes that had been drilled into the
lower wall of the duct. The aforementioned wall adjacent half
tubes situated in the odd numbered rows are seen, in actuality,
to be regular tubes that are recessed into the side walls so that
only half of each tube is exposed to the airflow,

Further study of the figure shows that the tubes are
positioned on equilateral triangular centers. The transverse
center-to-center distance, Sy, between the tubes was chosen to
be twice the tube diameter, D, (i.e., S;y/D=2). The
corresponding longitudinal pitch-to-diameter ratio S; /D=
(v¥3/2)S;/D =0.866(S7/D). The array employed in the ex-
periments contained 15 rows of tubes, as pictured in the
figure. The portion of the test section aft of the array served
as a downstream plenum chamber.

The experiments will be characterized in dimensionless
terms so that the test-section dimensions are relevant only for
orientation purposes. The cross section is a 7.62 X 7.62 cm
(3% 3 in.) square. Each tube is 0.635 cm (0.250 in.) in
diameter and 7.62 cm (3 in.) in length, and the transverse
pitch Sy is 1.27 ¢cm (0.500 in.). The 12:1 aspect ratio of the
tube is sufficient to eliminate concern about mass-transfer end
effects, especially since there is zero mass transfer at the duct
walls (the duct walls are metallic and, therefore, do not
participate in the mass-transfer process). It should be noted
that in a corresponding heat-transfer experiment, the end
effects would, in all likelihood, be greater due to both con-
ductive and convective interactions between the tubes and the
duct walls.

As indicated in the Introduction and illustrated in Fig. 2,
the selected blockage element constricted half of the inlet
cross section. In considering a plate to serve as the blockage
element, it was recognized that flow separation would occur
at its exposed edge (i.e., the left-hand edge of the element
pictured in Fig. 2). To achieve a sharply defined separation, a
thin brass plate was used (0.020 cm, 0.008 in.). It was verified
that the plate, when in place, did not deform under the action
of the forces exerted by the airflow.

For the determination of the pressure distribution along the
test section, twelve regularly spaced pressure taps were in-
stalled along the spanwise centerline of the top wall, as seen in
Fig. 1. The first tap is positioned midway between the second
and third rows of tubes, 2.750 cm (1.083 in.) from the leading
edge of the duct. All subsequent taps are separated by an axial
distance of 25; (=2.200 ¢cm, 0.866 in.).

In addition to the regular top wall of the test section, a
special top wall was fabricated and used during a preparatory
stage of each data run. During that stage, it is necessary to
pass air through the test section for a preselected time so that
thermal equilibrium is achieved between the naphthalene mass
transfer element and the flow. During this equilibration
period, the mass-transfer element is jacketed by a teflon cover
which protrudes above the top of the test section. The special
top wall contains an elevated section which accommodates the
protruding portion of the jacket. Furthermore, the elevated
section can be positioned at any axial station to accommodate
a mass transfer element situated in any row of the array.

In the fully assembled experimental apparatus, air was
drawn from the temperature-controlled laboratory into the
inlet of the test section. The air traversed the test section and
exited into the afterduct (Fig. 1), which served as a transition
piece between the square test-section geometry and the cir-
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Fig. 4 Comparison of Sherwood numbers for uniform inlet flow with
those of the literature

cular downstream piping. The afterduct was designed to be
sufficiently long so that the contraction experienced by the
flow at the downstream end of the duct (i.e., as the flow
entered the downstream circular piping) was not felt in the test
section. From the afterduct, the flow passed into a metering
section (two calibrated rotameters), through a control valve,
and then was ducted to the blowers. The blowers were situated
in a service corridor outside the laboratory, and their exhaust
was vented to the outdoors. The capacity of the air-handling

_system was 130 scfm (0.0614 m3/s). Experiments were per-
formed over the range from 13 to 130 scfm.

The operation of the system in the suction mode and the
placement of the blowers outside the laboratory, together
with the room temperature control, enabled the attainment of
steady, readily measurable operating temperatures in the test
section—a necessary prerequisite for the naphthalene
sublimation technique. Also, the outside exhaust, coupled
with strict handling procedures, ensured that the laboratory
was free of naphthalene vapor.

Tubes and naphthalene test element. Each tube is, in
actuality, a solid cylinder machined with a shank of smaller
diameter at one end to facilitate its seating in the lower wall of
the test section. To ensure uniformity of diameter for all the
cylinders, they were fabricated from 0.635 cm (0.250 in.) drill
rod. The length of each cylinder was machined so that the
clearance between the tip of the cylinder and the top wall of
the test section was 0.0025-0.005 cm (0.001-0.002 in).

In each data run, only one of the cylinders in the array
participated in the mass-transfer process'. The participating
cylinder was a composite consisting of a naphthalene coating
enveloping a metal substrate. The first step in the fabrication
of a coated cylinder was to reduce the diameter of the body of
one of the aforementioned standard cylinders by about 3/4
mm. Following the undercutting operation, the resulting
surface was machined so as to form a 1/4-mm deep screw
thread. The purpose of the screw thread was to provide
cavities to aid in the adhesion of the naphthalene. The thus-
machined cylinder was dipped into a container of molten
naphthalene, the dipping process being performed in many
stages so that the surface temperature was kept low enough to
avoid remelting of the naphthalene that had solidified on it.
Once a sufficiently thick coating had been built up, the coated
cylinder was machined in a lathe to remove the excess
solidified naphthalene. The machining was continued until

1'The effect of this transfer arrangement on the results will be discussed at the

end of the Concluding Remarks section of the paper.
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the diameter of the naphthalene-coated cylinder was equal to
the diameter of the uncoated cylinders of the array. The tip
was machined to completely remove the solidified
naphthalene.

For efficiency in executing the experiments, it was standard
practice to coat and machine at least eight to ten cylinders at a

- time. Upon completion of the coating process, the cylinders

were wrapped in impermeable plastic and placed in the
laboratory where the experiments were to be conducted. A
freshly prepared coated cylinder was employed for each data
run (i.e., coated cylinders were never reused). Subsequent to
each data run, the remaining naphthalene coating was
removed by melting and evaporation in preparation for the
next round of coating and machining operations.

Experimental procedure and instrumentation. The key
measurements made during a mass-transfer data run included
the mass of the naphthalene-coated cylinder, the temperature
of the air entering the test section, the airflow rate, and the
barometric pressure. The mass measurements were made with
a Sartorius analytical balance with a resolution of 0.0001 g
and a capacity of 200 g. Air temperature was sensed by an
ASTM-certified thermometer with a smallest scale division of
0.1°F. As noted earlier, calibrated rotameters equipped with
static pressure taps were employed for the airflow
measurements.

In supplementary runs (without mass transfer) made to
determine the pressure drop characteristics of the array, the
pressure signals from the test-section static taps were con-
veyed to a specially fabricated selector switch. The output of
the switch was fed to the terminals of a Baratron solid-state,
capacitance-type pressure meter capable of resolving 1074
mm Hg at levels of 1, 10, and 100 Hg, depending on the
sensing head employed.

Certain aspects of the experimental procedure have already
been mentioned, and additional relevant details will now be
described. To prepare for a data run, the room lighting and
the blowers in the air-handling system were turned on at least
30 min before the intended start of the run. A steady tem-
perature was thereby established and subsequently maintained
to within 0.05-0.1°C during the data run by the temperature
control system of the room.

The next preparatory step involved the attainment of
thermal equilibrium between the naphthalene-coated cylinder
and the airflow passing through the array. The attainment of
temperature equality is a necessary prerequisite for the
evaluation of the naphthalene surface temperature from the
measured air temperature. To attain the desired equilibrium,
the naphthalene-coated cylinder, jacketed in a close-fitting
sealed teflon sleeve to minimize extraneous sublimation, was
inserted at a preselected position in the array. The cylinder
was allowed to remain in the array for about 30 min, during
which time it was exposed to the airflow rate that had been set
for the data run. After the equilibration period, the cylinder
was removed from the array, weighed on the analytical
balance (with teflon jacket removed), and then returned (with
jacket in place) to the array for an additional 5-10 min
equilibration period.

The mass-transfer period was initiated by the removal of
the teflon jacket, thereby exposing the naphthalene-coated
cylinder to the airflow. During the run, readings of tem-
perature, flow rate, rotameter pressure, and barometric
pressure were taken at regular intervals. The duration of the
run was chosen so that the average change of thickness of the
naphthalene coating due to sublimation would be about
0.0025 c¢m (0.001 in.), equivalent to about a 0.05 g mass loss.
To terminate the run, the naphthalene-coated cylinder was
jacketed, removed from the array, and weighed (with jacket
removed).

At this point, a supplementary data run was carried out to
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flow

determine a correction for any extraneous mass transfer that
may have occurred in the period between the first and second
weighings. All of the steps that had been performed between
the first and second weighings were repeated, except for the
exposure to the airflow, and following this, a third weighing
was made. The thus-determined correction was on the order
of 1 percent of the net mass transfer.

Data Reduction

The procedures employed to evaluate the per-tube Sher-
wood number (i.e., the mass-transfer counterpart of the
Nusselt number), the Reynolds number, and the pressure-
drop coefficient will now be described. For the Sherwood
number determination, the first step is to obtain the per-tube
mass-transfer coefficient, K, from its definition

K'—:m/(pnw_pnb) (1)

in which s is the per-tube mass-transfer per unit time and
area, and p,, and p,, denote the densities of naphthalene
vapor at the tube surface and in the bulk airflow. The
quantity, 71, was determined from the measured mass loss,
AM, due to sublimation from the surface of the naphthalene-
coated cylinder and from the duration, 7, of the data run and
the area, A .0, Of the naphthalene surface, so that

th = AM/7A )

In evaluating A4 ,,,,, account was taken of the slight change in
the cylinder diameter during the data run.

The naphthalene vapor density, p,., was evaluated by a
two-step process. In the first step, the naphthalene vapor
pressure at the cylinder surface was calculated from the Sogin
vapor pressure —temperature relation [7]. Then, the vapor
density was determined. from the perfect gas law. In these
calculations, it was assumed that the surface temperature of
the naphthalene coating was equal to the temperature of the
air passing through the tube array. The general validity of this
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assumption was ensured by the equilibration period which
preceded each data run.

There are, however, two possible causes of a small tem-
perature difference between the surface and the air. The first
is related to the fact that the latent heat of sublimation must
be supplied to sustain the mass-transfer process and, if the
heat were supplied by the airstream, a temperature difference
must exist, The maximum possible difference due to this
process was calculated to be 0.09°C. The second possible
cause of temperature difference arises from the fact that the
airstream thermometer measures the stagnation temperature
while the naphthalene surface is at the recovery temperature.
For a recovery factor of 0.8, the maximum difference between
the stagnation and recovery temperatures was found by
calculation to be 0.044°C. The maximum temperature dif-
ference due to the aforementioned causes is about 0.13°C,
which corresponds to a maximum uncertainty of 1.3 percent
in the results. This uncertainty was judged to be tolerable.

Once the mass-transfer coefficient is evaluated from
equations (1) and (2), it may be recast in dimensionless form
in terms of the Sherwood number, Sh

Sh=KD/D 3)

where D is the tube diameter and » 